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"The goal of this paper is to illustrate the qualitative behaviour of a fourth order difference equation with 
neutral terms of the form 
Δ ቀݏଵ(ߴ)൫Δଷ(ߴ)ݍ൯

ఉభቁ = ߴ)ఉమݕ(ߴ)ଶݏ − ݊ + 1) + ߴ)ఉయݕ(ߴ)ଷݏ + ݊∗) 
where   (ߴ)ݍ = −(ߴ)ݕ ߴ)ఉరݕ(ߴ)ସݏ − ݇) Here ߚଵ,ߚଶ,ߚଷ ଵߚ ସ are the ratios of odd positive integersߚ, ≥
1, ,ଵݏ ,ଶݏ ,ଷݏ ,݊ ସ are positive sequences andݏ ݊∗,݇ ∈ ܰ are such that   ݊ > 3, ݊∗ > 3,   ݇ < ݊ − 2. With the help 
of comparison techniques, we are able to acquire some novel oscillations results. Examples are given to 
illustrate the importance of the discoveries. 
 
Keywords : comparison techniques, fourth order, neutral terms, oscillation.  
  
 
INTRODUCTION 
 
Due to the fact that neutral difference equations are used in the study of economics, mathematical biology, and many 
other areas of mathematics, the issue of establishing oscillation phenomena for these equations has drawn a lot of 
attention in recent years [1],[2],[11],[12],[17]. The sources cited there as well as [4], [21], [22], [23] provide some 
fascinating new findings on the oscillatory behavior of second-order differential equations. A examination of the 
literature reveals that every conclusion made for fourth order difference equations with neutral terms ensures that 
each solution oscillates or monotonically approaches to zero. As far as we are aware, no conclusions have been 
drawn for fourth order neutral difference equations that suggest that all solutions are just oscillatory. This study's 
goal is to provide the equation some revised oscillation restrictions as a result. 
Δ ቀݏଵ(ߴ)൫Δଷ(ߴ)ݍ൯ఉభቁ = ߴ)ఉమݕ(ߴ)ଶݏ − ݊ + 1) + +ߴ)ఉయݕ(ߴ)ଷݏ ݊∗)     (1) 

ABSTRACT 

 RESEARCH ARTICLE 
 

http://www.tnsroindia.org.in
mailto:buvanasankari@gmail.com


Indian Journal of Natural Sciences                                                             www.tnsroindia.org.in ©IJONS 
 

Vol.14 / Issue 80 / Oct / 2023      International Bimonthly (Print) – Open Access      ISSN: 0976 – 0997 

64073 
 

   
 
 

where(ߴ)ݍ = (ߴ)ݕ − ߴ)ఉరݕ(ߴ)ସݏ − ݇) via comparing first order equations with known oscillatory phenomena, or by 
comparing second-order difference equations with neutral terms. The reader can refer to [5], [6], [7] for relevant 
results on oscillation theory of applications. 
The following conditions are always considered to hold: 
(i) ߚଵ ଷߚ,ଶߚ, ଵߚ ସare the ratios of odd positive integers withߚ, ≥ 1; 
(ii) ݏଵ ଶݏ, ଷݏ,  ;ସare positive sequencesݏ,
(iii) ݊,݊∗,݇ ∈ ܰare such that ݊ > 3,݊∗ > 3,݇ < ݊ − 2. 
A solution to (1) is said to be oscillatory if it is neither eventually negative nor finally positive. If not, it is regarded as 
non-oscillatory. Equation (1) is oscillatory if and only if all of its solutions are oscillatory." The aim of this work is to 
generate adequate conditions for (1) to oscillate whenever ߚସ < 1 and subject the assumption  
ଵܵ(ߴ,ߴଵ) → ∞asߴ → ∞ where ଵܵ(ݑ,ݎ) = ∑  ௥ିଵ

దୀ௨
ଵ

௦భ

భ
ഁభ(ద)

      (2) 

AUXILIARY RESULTS 
 
Lemma 2.1 (see [7], Lemma 1 and 19 , Lemma 2.2). 
(I) If the first order delay difference inequality 
Δ(ߴ)ݍ− ߴ)ݍ)݂(ߴ)ଶݏ − ݊ + 1)) ≤ 0 
has an eventually positive solution, then so does the corresponding delay difference equation. 
(II)If the first order advanced difference inequality 
Δ(ߴ)ݍ− ߴ)ݍ൫݂(ߴ)ଶݏ − ݊∗)൯ ≥ 0 
has an eventually positive solution, then so does the corresponding advanced difference equation. 
 
Lemma 2.2. (see [9]) 
If ܺ,ܻ ≥ 0, then 
ܺఊ + ߛ) − 1)ܻఊ − ఊିଵܻܺߛ ≥ 0     for ߛ > 1       (3)                                                                      
and 
ܺఊ + (1 − ఊܻ(ߛ − ఊିଵܻܺߛ ≤ 0 for 0 < ߛ < 1.       (4) 
 
Lemma 2.3. Assume (2). Then Δܳ(ߴ) > 0 eventually, where 

ܳ: =  ൯ఉభ        (5)ݍଵ൫Δଷݏ
suggests that one of the below four scenarios occurs: 
Case (ܫ). (ߴ)ݍ > 0, Δ(ߴ)ݍ > 0, Δଶ(ߴ)ݍ > 0 Δଷ(ߴ)ݍ > 0; 
Case (II). (ߴ)ݍ > 0, Δ(ߴ)ݍ > 0, Δଶ(ߴ)ݍ > 0 Δଷ(ߴ)ݍ < 0; 
Case (III). (ߴ)ݍ < 0, Δ(ߴ)ݍ < 0, Δଶ(ߴ)ݍ < 0 Δଷ(ߴ)ݍ < 0; 
Case (ܸܫ). (ߴ)ݍ < 0, Δ(ߴ)ݍ > 0, Δଶ(ߴ)ݍ < 0 Δଷ(ߴ)ݍ < 0. 
Proof. From (5), we can find ߴ଴ ∈ ଴ܰ such that 

Δܳ(ߴ) > 0 ߴ∀      ≥ ଴ߴ .       (6) 
We suppose that there exists ߴଵ ≥  ଴ withߴ

(ଵߴ)ܳ > 0       (7) 
From (6) and (7), we get, ∀ߴ ≥  .ଵߴ

(ߴ)ܳ = (ଵߴ)ܳ + ෍  
ణିଵ

దୀణభ

Δܳ(߷) ≥ (ଵߴ)ܳ > 0 

Thus, 
Δଷ(ߴ)ݍ > ߴ∀      0 ≥ ଵߴ .         (8) 
From (6) and (7) we obtain, for ߴ ≥  ଵߴ
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Δଶ(ߴ)ݍ = Δଶݍ(ߴଵ) + ∑  ణିଵ
దୀణభ  Δ

ଷݍ(߷) = Δଶݍ(ߴଵ) +∑  ణିଵ
దୀణభ  

ொ
భ
ഁభ(ద)

௦భ

భ
ഁభ(ద)

≥ Δଶݍ(ߴଵ) + ∑  ణିଵ
దୀణభ  

ொ
భ
ഁభ(ణభ)

௦భ

భ
ഁభ(ణభ)

≥ Δଶݍ(ߴଵ) + ܳ
భ
ഁభ(ߴଵ) ଵܵ(ߴ,ߴଵ) → ∞  as ߴ → ∞.

 

because of (2). 
Therefore, there exists ߴଶ ≥  ଵ withߴ
 Δଶ(ߴ)ݍ > 0 ߴ∀ ≥ ଶߴ .                                                                       (9) 
From (8) and (9) we get, ∀ߴ ≥  .ଶߴ

Δ(ߴ)ݍ = Δݍ(ߴଶ) + ෍  
ణିଵ

దୀణమ

 Δଶݍ(߷) ≥ Δݍ(ߴଶ) + ෍  
ణିଵ

దୀణమ

 Δଶݍ(ߴଶ)

= Δݍ(ߴଶ) + ߴ) − (ଶߴ)ݍଶ)Δଶߴ → ∞  as ߴ → ∞.

 

Hence, there exists ߴଵ > (ߴ)ݍଶ withΔߴ > ߴ∀     0 ≥  ଷ.                                               (10)ߴ
From (9) and (10) we obtain for ߴ ≥  ,ଷߴ

(ߴ)ݍ = (ଷߴ)ݍ + ෍  
ణିଵ

దୀణయ

 Δݍ(߷) ≥ (ଷߴ)ݍ + ෍  
ణିଵ

దୀణయ

 Δݍ(ߴଷ)

= (ଷߴ)ݍ + ߴ) − (ଷߴ)ݍଷ)Δߴ → ∞  as ߴ → ∞.

 

Hence, there exists ߴସ ≥  ଷ withߴ
(ߴ)ݍ > ߴ∀      0 ≥  ସ                                                                                 (11)ߴ
By (8)-(11), we get 

(ߴ)ݍ > (ߴ)ݍ߂,0 > 0, Δଶ(ߴ)ݍ > 0, Δଷ(ߴ)ݍ > ߴ∀0 ≥  ସߴ
Thus, Case (I) holds if (7) does not hold, then the only other possibilities is (ߴ)ݍ < 0 
forߴ ≥  ,଴ and thusߴ

Δଷ(ߴ)ݍ < 0 for all ߴ ≥  ଴         (12)ߴ
we suppose that, there exists ߴଵ ≥  ଴ withߴ
Δଶݍ(ߴଵ) < 0                                                                                  (13) 
From (12) and (13) we get, ∀ߴ ≥  ଵߴ

Δଶ(ߴ)ݍ = Δଶݍ(ߴଵ) + ෍  
ణିଵ

దୀణభ

Δଷݍ(߷) ≤ Δଶݍ(ߴଵ) < 0 

Hence 
Δଶ(ߴ)ݍ < 0 ߴ  ∀      ≥  ଵ                                                              (14)ߴ

Now, from (12) and (13) we obtain for ߴ ≥  ଵߴ

Δ(ߴ)ݍ = Δݍ(ߴଵ) + ෍  
ణିଵ

దୀణభ

 Δଶݍ(߷) ≤ Δݍ(ߴଵ) + ෍  
ణିଵ

దୀణభ

 Δଶݍ(ߴଵ)

≤ Δݍ(ߴଵ) + ߴ) − (ଵߴ)ݍଵ)Δଶߴ → −∞  as ߴ → ∞,

 

Hence there exists ߴଶ ≥  ଵ withߴ
Δ(ߴ)ݍ < ߴ ∀      0 ≥  ଶ             (15)ߴ
Now, from (14) and (15) we can get, for ߴ ≥  ,ଶߴ

(ߴ)ݍ = (ଶߴ)ݍ + ෍  
ణିଵ

దୀణమ

 Δݍ(߷) ≤ (ଶߴ)ݍ + ෍  
ణିଵ

దୀణమ

 Δݍ(ߴଶ)

≤ (ଶߴ)ݍ + ߴ) − (ଶߴ)ݍଶ)Δߴ → −∞ ߴ → ∞,

 

Thus, there exist ߴଷ ≥  ଶ withߴ
(ߴ)ݍ < 0 ߴ ∀  ≥  ଷ                                                                                 (16)ߴ
By equation (12)-(16), we get (ߴ)ݍ < (ߴ)ݍ߂,0 < 0, Δଶ(ߴ)ݍ < 0, Δଷ(ߴ)ݍ < 0. 
Thus, Case III holds. Further, if (13) does not hold, then the only other possibility is 

Δଶݍ(ߴଵ) > ߴ  ∀    0 ≥  ଴                                                                         (17)ߴ

Kaleeswari and Buvanasankari 

http://www.tnsroindia.org.in


Indian Journal of Natural Sciences                                                             www.tnsroindia.org.in ©IJONS 
 

Vol.14 / Issue 80 / Oct / 2023      International Bimonthly (Print) – Open Access      ISSN: 0976 – 0997 

64075 
 

   
 
 

Suppose that, there exists ߴଵ ≥  ଴ withߴ
Δݍ(ߴଵ) > 0                                                                                                 (18) 
Then, from (17) and (18) we get ∀ߴଵ ≥  ,଴ߴ

Δ(ߴ)ݍ = Δݍ(ߴଵ) + ෍  
ణିଵ

దୀణభ

Δଶݍ(߷) ≥ Δݍ(ߴଵ) > 0. 

Therefore, there exists ߴଶ ≥  ଵ withߴ
Δ(ߴ)ݍ > ଵߴ ∀  0 ≥  ଴                                                                                (19)ߴ
Now, from (18) and (19)∀ߴ ≥  ,ଶߴ

(ߴ)ݍ = (ଶߴ)ݍ + ෍  
ణିଵ

దୀణమ

 Δݍ(߷) ≥ (ଶߴ)ݍ + ෍  
ణିଵ

దୀణమ

 Δݍ(ߴଶ)

≥ (ଶߴ)ݍ + ߴ) − (ଶߴ)ݍଶ)Δߴ → ∞ as ߴ → ∞

 

Hence, there exists ߴଵ ≥  ଶ withߴ
(ߴ)ݍ > ߴ ∀  0 ≥ ଷߴ .                                                                               (20) 
By Equations (12),(17),(19),(20) we get, (ߴ)ݍ > (ߴ)ݍ߂,0 > 0, Δଶ(ߴ)ݍ > 0, Δଷ(ߴ)ݍ < 0. Case (II) is so upheld. In the 
event ߷ (15) does not hold, the sole option is 
Δ(ߴ)ݍ > ߴ ∀   0 ≥ ଴ߴ .                                                                                (21) 
By Equation (12), (14),(16),(21) we get, (ߴ)ݍ < (ߴ)ݍ߂,0 > 0, Δଶ(ߴ)ݍ < 0, Δଷ(ߴ)ݍ < 0, Thus, Case (IV) holds. The rest 
the article is based on the assumption that 
݇଴ ,݇ଵ ,݇ଶ ,݇ଷ ,݇ସ ∈ ℕ  satisfying 3݇଴ < ݊∗,݇ଵ < ݊ + 2, and ݇ଶ < ݇ଷ ≤ ݊ + 1 − ݇.        (22) 

Note 2.4: 
1. Consider the constraints ݊ > 3,݊∗ > 3, and ݇ < ݊ − 2. For example, one may use ݇଴ = ݇ଵ = ݇ଶ = 1,݇ଷ = 2and 

݇ସ = 4. 
2. Consider that ߴ + ݊∗ − 3݇଴ > ∗݊ Since it is always possible .ߴ − 3݇଴ > 0. Therefore, equations involving ߴ + ݊∗ −

3݇଴ are advanced type. Furthermore  
ߴ + ݊∗ + ݇ଵ − 2 < ߴ,ߴ − ݊ + ݇ − 2 < ߴ ,ଵߴ − ݊ + ݇ − 2 + ݇ଵ < ݊ always since ,ߴ + 2 − ݇ଵ > 0,݊ + 2 − ݇ > 0,݊ + 2 −

݇ − ݇ଷ > 0. Therefore, equation containing ߴ − ݊ + ݇ଵ − ߴ, 2 − ݊ + ݇ − ߴ,2 − ݊ + ݇ − 2 + ݇ଷare of delay type. 

MAIN RESULTS 
We will start looking at the new result. 
Theorem 3.1.ߚ  ݐ݁ܮସ < 1. Assume that(i)-(iii), (2) and (22) hold. Suppose that there is a sequence ݏ:ܳ → (0, ∞). Such 
that limణ→∞  (݃ଵ(ߴ)) = 0, where 

݃ଵ(ߴ): = (1− ସߚ(ସߚ
ഁర

భషഁరݏ
ഁర

ഁరషభ(ߴ)ݏସ
భ

భషഁర(ߴ).  (23) 
Let ߠ଴ ଵߠ, ଶߠ, ∈ (0,1). If the first-order advanced difference equation 

Δ(ߴ)ݍ = ݖ଴ߠ
ഁయ
ഁభ(ߴ+ ݊∗ − 3݇଴)∑  ణିଵ

దୀణି௞బ ቆ∑  దିଵ
௥ୀ௧ି௞బ  ቀ

ଵ
௦భ(ద)

∑  ௥ିଵ
ఊୀ௥ି௞బ   ቁ(ߛ)ଷݏ

భ
ഁభቇ               (24) 

and the first order delay difference equation 
Δܹ(ߴ) + ߴ)(ߴ)ଶݏఉమ(ଶ݇ߠଵߠ) − ݊ + 1)ఉమ(ߴ − ݊)ఉమ 

ܹ
ഁమ
ഁభ(ߴ − ݊ + ݇ଵ − 2)[ ଵܵ(ߴ − ݊ + ݇ଵ − ߴ,1 − ݊ − 1)]ఉమ = 0                     (25) 

Δܹ(ߴ) + ௦మ(ణ)

(௦ర)
ഁమ
ഁర(ణି௡ା௞ାଵ)

ܹ
ഁమ

ഁభഁర(ߴ − ݊ + ݇ − 2) ൬∑  ణି௡ା௞
దୀణభ  ቀ∑  ௧ି௡ା௞

௥ୀ௧భ   ଵܵ(ݎଵ,ߴଵ)ቁ൰ = 0  
   

                (26) 
 and 
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Δܹ(ߴ) + ௦మ(ణ)

௦ర

ഁమ
ഁర(ణି௡ା௞ାଵ)

(݇ଶܿߠ଴)
ഁమ
ഁర ൤ܹ

భ
ഁభ(ߴ − ݊ + ݇ + ݇ଷ − 2) ଵܵ(ߴ − ݊ + ݇ + ݇ଷ − 1, ߴ − ݊ + ݇ + ݇ଷ − 1)൨

ഁమ
ഁర = 0 (27) 

are oscillatory, then so is (1) 
Proof. Suppose thaty is a non oscillatory solution of (1), say (ߴ)ݕ > ߴ)ݕ,0 − ݇) > ߴ)ݕ ,0 − ݊ + ݇) > ߴ)ݕ,0 + ݊∗) > 0 
eventually 
Δ൫ݏଵ(ߴ)൫Δଷ(ߴ)ݍఉభ൯ = ߴ)ఉమݕ(ߴ)ଶݏ − ݊ + 1) + +ߴ)ఉయݕ(ߴ)ଷݏ ݊∗) > 0�                          (28) 
Therefore (5) is fulfilled, and only four cases (I), (II), (III) and (IV) can be done according to Lemma (2.3) 
Case (I) and (II): 

Using ߛ = ସߚ ∈ (0,1),ܺ = ସݏ
భ
ഁర(ߴ)ߴ)ݕ − ݇),ܻ = ቆ ଵ

ఉర
ସݏ(ߴ)ݏ

షభ
ഁర(ߴ)ቇ

భ
ഁరషభ

 in (4) we obtain −൫ߴ)ݕ(ߴ)ݏ − ݇) − ߴ)ఉరݕ(ߴ)ସݏ −

݇)) ≤ ݃ଵ(ߴ) 
(ߴ)ݕ = (ߴ)ݍ + ߴ)ఉరݕ(ߴ)ସݏ − ݇) + ߴ)ݕ(ߴ)ݏ − ݇) − ߴ)ݕ(ߴ)ݏ − ݇)

= (ߴ)ݍ + ߴ)ݕ(ߴ)ݏ − ݇) − ൫ߴ)ݕ(ߴ)ݏ − ݇)− ߴ)ఉరݕ(ߴ)ସݏ − ݇)൯
≥ (ߴ)ݍ + ߴ)ݕ(ߴ)ݏ − ݇) + ݃ଵ(ߴ)

≥ (ߴ)ݍ ൤1 +
ߴ)ݕ(ߴ)ݏ − ݇) + ݃ଵ(ߴ)

(ߴ)ݍ ൨

 

As ݍ in both cases (I) and (II) is positive and non-decreasing, there exists ܮ > 0, fulfilling of (ߴ)ݍ >  and thus, we ,ܮ
obtain 

(ߴ)ݕ ≥ ൬1 +
ߴ)ݕ(ߴ)ݏ − ݇) + ݃ଵ(ߴ)

ߴ ൰(ߴ)ݍ 

Then due to (23), there exists ݇ ∈ (0,1) such that 
(ߴ)ݕ ≥  (29)                                                                                                (ߴ)ݍ݇
eventually 
So, we get 
Δ ቀݏଵ(ߴ)൫Δଷ(ߴ)ݍ൯ఉభቁ ≥ ݇ఉమݏଶ(ߴ)ݍఉమ(ߴ − ݊ + 1) + ݇ఉయݏଷ(ߴ)ݍఉయ(ߴ+ ݊∗) ≥ 0            (30) 

Case(I).Using (30), we get 
Δ ቀݏଵ(ߴ)൫Δଷ(ߴ)ݍ൯ఉభቁ ≥ ݇ఉయݏଷ(ߴ)ݍఉయ(ߴ+ ݊∗)                                                       (31) 
Summing (31) from ߴ − ݇଴to ߴ − 1, we have 

൯ఉభ(ߴ)ݍ൫Δଷ(ߴ)ଵݏ = ߴ)ଵݏ − ݇଴)ቀΔଷߴ)ݍ − ݇଴)ቁ
ఉభ

+ ෍  
ణିଵ

దୀణି௞బ

 Δ ቀݏଵ(߷)൫Δଷݍ(߷)൯ቁ
ఉభ

≥ ݇ఉయ ෍  
ణିଵ

దୀణି௞బ

+߷)ఉయݍ(߷)ଷݏ  ݊∗)

≥ ݇ఉయݍఉయ(ߴ+ ݊∗ − ݇଴) ෍  
ణିଵ

దୀణି௞బ

(߷)ଷݏ 

 

So we get, 

Δଷ(ߴ)ݍ ≥ ݇
ഁయ
ഁభݍ

ഁయ
ഁభ(ߴ + ݊∗ − ݇଴)ቀ ଵ

௦భ(ణ)
∑  ణିଵ
దୀణି௞బ ଷ(߷)ቁݏ 

భ
ഁభ                                     (32) 

Summing (32) again from ߴ − ݇଴toߴ − 1, we get 

Δଶ(ߴ)ݍ = Δଶߴ)ݍ − ݇଴) + ෍  
ణିଵ

దୀణି௞బ

 Δଷݖ(߷)

≥ ෍  
ణିଵ

దୀణି௞బ

 ݇
ഁయ
ഁభݍ

ഁయ
ഁభ(߷+ ݊∗ − ݇଴)ቌ

1
(߷)ଵݏ ෍  

దି

௥ୀ௧ି௞బ

ቍ(ݎ)ଷݏ 

భ
ഁభ 
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≥ ݇
ഁయ
ഁభݍ

ഁయ
ഁభ(ߴ+ ݊∗ − 2݇଴)∑  ణିଵ

దୀణି௞బ  ቀ
ଵ

௦భ(ద)
∑  దି
௥ୀ௧ି௞బ ቁ(ݎ)ଷݏ 

భ
ഁభ                           (33) 

Summing (33) again from ߴ − ݇଴to ߴ − 1, we get 

Δ(ߴ)ݍ = Δߴ)ݍ − ݇଴) + ෍  
ణିଵ

దୀణି௞బ

 Δଶ(ߴ)ݍ

≥ ݇
ഁయ
ഁభ ෍  

ణିଵ

௥ୀణି௞బ

ݍ 
ഁయ
ഁభ(߷ + ݊∗ − 2݇଴) ෍  

దି

௥ୀ௧ି௞బ

 ቌ
1

(ݎ)ଵݏ ෍  
ణିଵ

௨ୀ௥ି௞బ

ቍ(ݑ)ଷݏ 

భ
ഁభ

≥ ݇
ഁయ
ഁభݍ

ഁయ
ഁభ(ߴ+ ݊∗ − 3݇଴) ෍  

ణିଵ

దୀణି௞బ

 

⎝

⎛ ෍  
దି

௥ୀ௧ି௞బ

 ቌ
1

(ݎ)ଵݏ ෍  
௥ିଵ

௨ୀ௥ି௞బ

ቍ(ݑ)ଷݏ 

భ
ഁభ

⎠

⎞

 

Hence, we conclude that ݍ is a positive and increasing solution of 

Δ(ߴ)ݍ− ݇
ഁయ
ഁభݍ

ഁయ
ഁభ(ߴ+ ݊∗ − 3݇଴) ෍  

ణିଵ

దୀణି௞బ ⎝

⎛ ෍  
దି

௥ୀ௧ି௞బ

 ቌ
1

(ݎ)ଵݏ ෍  
௥ିଵ

௨ୀ௥ି௞బ

ቍ(ݑ)ଷݏ 

భ
ഁభ

⎠

⎞ ≥ 0 

while applying Lemma (2.1)II, (24) also has an eventually positive solution, which is a contradiction. 
Case (II). Let 
ܹ = ൯ఉభݍଵ൫Δଷݏ− > 0 eventually                                                                      (34) 
By (30) we get 
−Δܹ(ߴ) ≥ ݇ఉమݏଶ(ߴ)ݍఉమ(ߴ − ݊ + 1)                                                                      (35) 
we know that, eventually, 

(ߴ)ݍ = (ଵߴ)ݍ + ෍  
ణିଵ

దୀణభ

 Δݍ(߷) ≥ ෍  
ణିଵ

దୀణభ

 Δݍ(߷)

= ߴ) − ߴ)ݍଵ)Δߴ − 1) = ݈Δߴ)ݍ − 1) ൬1 −
ଵߴ
ߴ ൰

 

Since ణభ
ణ
→ 0as ߴ → ∞, there exists ߠଵ ∈ (0,1) such that 

(ߴ)ݍ ≥ ߴ)ݍଵΔߠߴ − 1) eventually                                                                     (36) 
Next, we have 

Δ(ߴ)ݍ = (ଶߴ)ݍ + ෍  
ణିଵ

దୀణమ

 Δଶݍ(߷) ≥ ෍  
ణିଵ

దୀణమ

 Δଶߴ)ݍ − 1)

= ߴ) − ߴ)ݍଶ)Δଶߴ − 1) = Δଶߴ)ݖ − 1) ൬1−
ଶߴ
ߴ ൰

 

Since ణమ
ణ
→ 0 as ߴ → ∞ there exists ߠଶ ∈ (0,1) such that 

Δ(ߴ)ݍ ≥ ߴ)ݍଶΔଶߠߴ − 1) eventually                                                               (37) 
Now, we get ܽ = ߴ − ݊ − 1,ܾ = ܽ + ݇ଵ > ܽ. 
Th 
en, f 
rom (34) and (28) we geteventually 
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0 ≤ Δଶݍ(ܾ) = Δଶݍ(ܽ) +∑  ௕ିଵ
దୀ௔  Δଷݍ(߷)

= Δଶݍ(ܽ) −∑  ௕ିଵ
దୀ௔  

ௐ
భ
ഁభ(ద)

௦భ

భ
ഁభ(ద)

≤ Δଶݍ(ܽ) −∑  ௕ିଵ
దୀ௔  

ௐ
భ
ഁభ(௕ିଵ)

ௌభ

భ
ഁభ(ద)

≤ Δଶݍ(ܽ) −ܹ
భ
ഁభ(ܾ − 1) ଵܵ(ܾ,ܽ)

 

and therefore, 

Δଶݍ(ܽ) ≥ܹ
భ
ഁభ(ܾ − 1) ଵܵ(ܾ,ܽ)                                                         (38) 

From (35)-(38), we obtain 
−Δܹ(ߴ) ≥ ݇ఉమݏଶ(ߴ)ݍఉమ(ߴ − ݊ + 1)

≥ ߴ)(ߴ)ଶݏఉమ(ଵ݇ߠ) − ݊ + 1)ఉమ(Δߴ)ݍ − ݊))ఉమ

≥ ߴ)(ߴ)ଶݏఉమ(ଶ݇ߠଵߠ) − ݊ + 1)ఉమ(ߴ − ݊)ఉమ൫Δଶߴ)ݍ − ݊ − 1)൯
ఉమ

≥ ߴ)(ߴ)ଶݏఉమ(ଶ݇ߠଵߠ) − ݊ + 1)ఉమ(ߴ − ݊)ఉమܹ
ഁమ
ഁభ(ߴ − ݊ + ݇ଵ − 2)[ ଵܵ(ߴ − ݊ + ݇ଵ − ߴ,1 − ݊ − 1)]ఉమ

 

Therefore, W is a positive and decreasing solution of 
Δܹ(ߴ) + ߴ)(ߴ)ଶݏఉమ(ଶ݇ߠଵߠ) − ݊ + 1)ఉమ 

ߴ) − ݊)ఉమܹ
ഁమ
ഁభ(ߴ − ݊ + ݇ଵ − 2)[ ଵܵ(ߴ − ݊ + ݇ଵ − ߴ,1 − ݊ − 1)]ఉమ ≤ 0 

while applying Lemma 2.1(I), (25) also has an eventually positive solution which contradictory. 
Case(III) and (IV): 
In the rest of the proof, let W be as in (34). Now, 
(ߴ)ݍ = (ߴ)ݕ − ߴ)ఉరݕ(ߴ)ସݏ − ݇) ≥ ߴ)ఉరݕ(ߴ)ସݏ− − ݇) eventually  
Thus, 

ߴ)ݕ − ݇) ≥ −ቀ௤(ణ)
௦ర(ణ)

ቁ
భ
ഁర                                                                                             (39) 

Here from (1) we get eventually, 
−Δܹ(ߴ) = ߴ)ఉమݕ(ߴ)ଶݏ − ݊ + 1) + +ߴ)ఉయݕ(ߴ)ଷݏ ݊∗)

≥ ߴ)ఉమݕ(ߴ)ଶݏ − ݊ + 1)

≥ − ௦మ(ణ)

௦ర

ഁమ
ഁర(ణି௡ା௞ାଵ)

ݍ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1).

                                             (40) 

Case (III). 
From (34) and (28) we obtain, 

Δଶ(ߴ)ݍ = Δଶݍ(ߴଵ) + ෍  
ణିଵ

దୀణభ

 Δଷݍ(߷)

= Δଶݍ(ߴଵ)− ෍  
దୀణభ

 
ܹ

భ
ഁభ

ଵݏ
భ
ഁభ(߷)

≤ − ෍  
ణିଵ

దୀణభ

 
ܹ

భ
ഁభ(ߴ − 1)

ଵݏ
భ
ഁభ(߷)

≤ −ܹ
భ
ഁభ(ߴ − 1) ଵܵ(ߴ,ߴଵ)

 

eventually, which implies from (28) we get 
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Δ(ߴ)ݍ = Δݍ(ߴଵ) +∑  ణିଵ
దୀణభ  Δ

ଶݍ(߷)

≤ ∑  ణିଵ
దୀణభ  Δ

ଶݍ(߷) ≤ −∑  ణିଵ
దୀణభ  ܹ

భ
ഁభ(ߴ − 1) ଵܵ(߷,ߴଵ)

≤ −ܹ
భ
ഁభ(ߴ − 2)∑  ణିଵ

దୀణభ   ଵܵ(߷,ߴଵ) eventually 

 

Therefore, from (28) we obtain, 

(ߴ)ݍ = (ଵߴ)ݍ + ෍  
ణିଵ

దୀణభ

 Δݍ(߷) ≤ ෍  
ణିଵ

దୀణభ

 Δݍ(߷)

≤ − ෍  
ణିଵ

దୀణభ

  ൦ܹ
భ
ഁభ(ߴ − 2)൮෍  

ణିଵ

௥ୀణభ

  ଵܵ(ߴ,ݎଵ)൲൪

≤ −ܹ
భ
ഁభ(ߴ − 3) ൦෍  

ణିଵ

దୀణభ

 ൮෍  
ణିଵ

௥ୀణభ

  ଵܵ(ߴ,ݎଵ)൲൪

 

eventually. 
And thus, from (40) we get eventually, 

−Δܹ(ߴ) ≥ −
(ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1)

ݍ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1)

≥
(ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1) ⎣

⎢
⎢
⎢
⎡
ܹ

భ
ഁభ(ߴ − ݊ + ݇ − 2) ൦ ෍  

ణି௡ା௞

దୀణభ

 ൮ ෍  
ణି௡ା௞

௥ୀణభ

  ଵܵ(ߴ,ݎଵ)൲൪

⎦
⎥
⎥
⎥
⎤
ഁమ
ഁర

≥
(ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1)

ܹ
ഁమ
ഁభ(ߴ − ݊ + ݇ − 2) ൦ ෍  

ణି௡ା௞

దୀణభ

 ൮ ෍  
ణି௡ା௞

௥ୀణభ

  ଵܵ(ߴ,ݎଵ)൲൪

ഁమ
ഁర

 

Hence, ܹ is a positive and decreasing solution of 

Δܹ(ߴ) +
(ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1)

ܹ
ഁమ

ഁభഁర(ߴ − ݊ + ݇ − 2) ൦ ෍  
ణି௡ା௞

దୀణభ

 ൮ ෍  
ణି௡ା௞

௥ୀణభ

  ଵܵ(ߴ,ݎଵ)൲൪

ഁమ
ഁర

≤ 0 

while applying Lemma (2.1) I, we see that (26) also has an eventually positive solution, which contradictory. 
Case (IV). Let 
ܽ = ݉−݊ + ݇ + 1,ܾ = ܽ + ݇ଶ > ܽ, ܿ = ܽ + ݇ଷ − 1 > ܾ − 1,݀ = ܽ + ݇ସ − 1 > ܿ − 1, 
First, we get eventually, 

0 ≥ (ܾ)ݍ = (ܽ)ݍ + ෍ 
௕ିଵ

దୀ௔

 Δݍ(߷)

≥ (ܽ)ݍ + ෍  
௕ିଵ

దୀ௔

 Δݍ(ܾ − 1)

≥ (ܽ)ݍ + (ܾ − ܽ)Δݍ(ܾ − 1)

 

(ܽ)ݍ− ≥ (ܾ − ܽ)Δݍ(ܾ − 1)                                                        (41) 
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Now, we obtain eventually, 

0 ≤ Δݍ(ܿ) = Δݍ(ܾ − 1) + ෍  
௖ିଵ

దୀ௕ିଵ

 Δଶݍ(߷)

≤ Δݍ(ܾ − 1) + (ܿ − ܾ + 1)Δଶݍ(ܿ − 1)

≤ Δݍ(ܾ − 1) + ܿ ൭1 − ൬
ܾ − 1
ܿ ൰൱Δଶݍ(ܿ − 1)

 

Since ௕ିଵ
௖
→ 0as ܿ → ∞, there exists ߠ଴ ∈ (0,1), such that 

Δݍ(ܾ − 1) ≥ ܿ)ݍ଴Δଶߠܿ− − 1) eventually.                                                 (42) 
Then, from (34) and (28) we have 

Δଶݍ(݀) = Δଶݍ(ܿ − 1) + ෍  
ௗିଵ

దୀ௖ିଵ

 Δଷݍ(߷)

≤ − ෍  
ௗିଵ

దୀ௖ିଵ

 
ܹ

భ
ഁభ(߷)

ଵݏ
భ
ഁభ(߷)

≤ −ܹ
భ
ഁభ(݀ − 1) ଵܵ(݀, ܿ − 1)

 

−Δଶݍ(݀) ≥ܹ
భ
ഁభ(݀ − 1) ଵܵ(݀, ܿ − 1)                                                       (43) 

Thus, from (40)-(43) we get 

−Δܹ(ߴ) ≥
(ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1)

[(ܾ − ܽ)Δݍ(ܾ − 1)]
ഁమ
ഁర

≥
(ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1)

݇ଶ
ഁమ
ഁరൣ−ܿߠ଴Δଶݍ(ܿ − 1)൧

ഁమ
ഁర

≥
(ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1)

(݇ଶܿߠ଴)
ഁమ
ഁర ൤ܹ

భ
ഁభ(ܿ − 2) ଵܵ(ܿ − 1, ܿ − 1)൨

ഁమ
ഁర

 

which implies ܹ is a positive and decreasing solution of 

Δܹ(ߴ) +
(ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1)

(݇ଶܿߠ଴)
ഁమ
ഁర ൤ܹ

భ
ഁభ(ܿ − 2) ଵܵ(ܿ − 1, ܿ − 1)൨

ഁమ
ഁర ≤ 0

Δܹ(ߴ) +
(ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1)

(݇ଶܿߠ଴)
ഁమ
ഁర ൤ܹ

భ
ഁభ(ߴ − ݊ + ݇ + ݇ଷ − 2) ଵܵ(ߴ − ݊ + ݇ + ݇ଷ − ߴ,1 − ݊ + ݇ + ݇ଷ − 1)൨

ഁమ
ഁర ≤ 0

 

Using Lemma (2.1) I, (27) also has an eventually positive solution which contradicts. 
We provide the next results to demonstrate Theorem 3.1. 
Corollary 3.2. Assume that(i)-(iii), (2), (22) and (23) hold. If the first order advanced difference equation (24) and the 
first oorder delay difference equation (25) and 

Δܹ(ߴ) + min

⎩
⎪
⎨

⎪
⎧

(ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ − ݇ + 1)

൦ ෍  
ణି௡ା௞

దୀణభ

 ൮ ෍  
௧ି௡ା௞

௥ୀ௧భ

  ଵܵ(ߴ,ݎଵ)൲൪

ഁమ
ഁర

, �

� (ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1)

(݇ଶܿߠ଴)
ഁమ
ഁర[ ଵܵ(ߴ − ݊ + ݇ + ݇ଷ − ߴ,1 − ݊ + ݇ + ݇ଷ − 1)]

ഁమ
ഁరൢܹ

ഁమ
ഁభഁర(ߴ − ݊ + ݇ + ݇ଷ − 2) = 0

 

                 (44) 
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are oscillatory for 1 > ଴ߠ ସ andߚ ଵߠ, ଶߠ, ∈ (0,1), then (1) is oscillatory. 
Corollary 3.3. Assume 1 > ଷߚ ସandߚ ≥ ଵߚ ≥  ଶ. Let(i)-(iii), (2), (22) and (23) hold. Ifߚ

lim sup
ణ→∞

 ∑  ణିଵ
దୀణି௞బ  ቆ∑  దି

௥ୀ௧ି௞బ  ቀ
ଵ

௦భ(ద)
∑  ௥ିଵ
కୀ௥ି௞బ ቁ(ߦ)ଷݏ 

భ
ഁభቇ = ∞,

                                          (45) 

lim sup
ణ→∞

ߴ)(ߴ)ଶݏ  − ݊ + 1)ఉమ(ߴ − ݊)ఉమ ଵܵ[ߴ − ݊ + ݇ଵ − ߴ,1 − ݊ − 1]ఉమ = ∞,              (46) 

lim sup
ణ→∞

  ௦మ(ణ)

௦ర

ഁమ
ഁర(ణି௡ା௞ାଵ)

ቂ∑  ణି௡ା௞
దୀణభ  ቀ∑  ௧ି௡ା௞

௥ୀ௧భ   ଵܵ(ߴ,ݎଵ)ቁቃ
ഁమ
ഁర = ∞,                                           (47) 

and 

lim sup
ణ→∞

  ௦మ(ణ)

௦ర

ഁమ
ഁర(ణି௡ା௞ାଵ)

(݇ଶܿߠ଴)
ഁమ
ഁర[ ଵܵ(ߴ − ݊ + ݇ + ݇ଷ − ߴ,1 − ݊ + ݇ + ݇ଷ − 1)]

ഁమ
ഁర = ∞,          (48) 

then (1) is oscillatory. 
Corollary 3.4.Let 1 ≥ ∞→ସ, suppose that(i)-(iii), (12) and (22) hold. Assume limణߚ (ߴ)ݏ  = 0 where 

(ߴ)ܵ = ((ߴ)ସݏସߚ)−
షభ
ഁర                                                                      (49) 

Let ߠ଴ ଵߠ, ଶߠ, ∈ (0,1). If (24)-(27) are oscillatory, then so (1). 
Corollary 3.5.Let 1 ≥ ଴ߠ ସ. Assume that(i)-(iii), (2),(22) and (49) hold. Letߚ ଵߠ, ଶߠ, ∈ (0,1). if (24), (25) and (44) are 
oscillatory then (1) is oscillatory. 
Corollary 3.6. Let 1 ≥ ଷߚ ସandߚ ≥ ଵߚ ≥

ఉమ
ఉర

. Assume that(i)-(iii), (2),(22) and (49) hold. Let ߠ଴, ߠଵ ଶߠ, ∈ (0,1). if (45)-(48) 

hold then (1) is oscillatory. 

Examples 
Example 4.1. We look at the eqution 
Δ ቀ(ߴ+ 2)ଷ ቀΔଷ ቀ(ߴ)ݕ − ଵ

ణ
ݕ
భ
య(ߴ − 1)ቁ = ߴ)ݕଶߴ − 3) + +ߴ) 3)ସݕଷ(ߴ+ 6) ��       (50) 

Now (50) is in the form (1) where ߚଵ = ଷߚ = 3, ଶߚ  = ସߚ,1 = ଵ
ଷ
݇ = 1,݊ = 4, 

݊∗ = 6, (ߴ)ଵݏ   = ߴ) + 2)ଷ (ߴ)ଶݏ, = ଶߴ (ߴ)ଷݏ, = +ߴ) 3)ସ,ݏସ(ߴ) = ଵ
ణ

. 
Then (i)-(iii) are fulfilled and so is (2), because 

ଵܵ(ܾ,ܽ) = ෍  
௕ିଵ

దୀ௔

൬
1

ଵ(߷)൰ݏ
భ
య

= ෍ 
௕ିଵ

దୀ௔

1
ݐ + 2 = ෍  

௕

దୀ௔ାଶ

1
ݐ → ∞ 

Now, (see Note 2.4) ݇଴ = ݇ଵ = ݇ଶ = 1and ݇ଷ = 2. And thus (22) is fulfilled and we get, 
ߴ + ݊∗ − 3݇଴ = ߴ + 3

ߴ − ݊ + ݇ଵ − 2 = ߴ − ݊ + ݇ − 2 = ߴ − 5
ߴ − ݊ + ݇ + ݇ଷ = ߴ − 3,

 

Furthermore, ߚସ < 1and ߚଶ < ଵߚ = ݏ ଷ. So by corollory 3.3 , we chooseߚ =  ସ thenݏ

݃ଵ(ߴ) =
2
3 ൬

1
3൰

భ
మ

((ߴ)ݏ)
షభ
మ ((ߴ)ସݏ)

య
మ

=
2
3 ൬

1
3൰

భ
మ
൬

1
൰ߴ

షభ
మ
൬

1
൰ߴ

య
మ

=
2

3√3
൬

1
൰ߴ → 0 as ߴ → ∞.

 

And so (23) is fulfilled. We also compute 
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∑  ణିଵ
దୀణି௞బ  ቆ∑  దିଵ

௥ୀ௧ି௞బ  ቀ
ଵ

௦భ(ద)
∑  ௥ିଵ
కୀ௥ି௞బ ቁ(ߦ)ଷݏ 

భ
ഁభቇ = ቀ௦య(ణିଷ)

௦భ(ణିଵ)
ቁ
భ
య = ߴ

భ
య

ߴ)(ߴ)ଶݏ − ݊ + 1)ఉమ(ߴ − ݊)ఉమ ଵܵ[ߴ − ݊ + ݇ଵ − ߴ,1 − ݊ − 1]ఉమ = ߴ)ଶߴ − 4)

௦మ(ణ)

௦ర

ഁమ
ഁర(ణି௡ା௞ାଵ)

ቂ∑  ణି௡ା௞
దୀణభ  ቀ∑  ௧ି௡ା௞

௥ୀ௧భ   ଵܵ(ߴ,ݎଵ)ቁቃ
ഁమ
ഁర =

ణమቀଵିమ
ഛቁ

య

ቀଵିర
ഛቁ

య

 

and 

(ߴ)ଶݏ

ସݏ
ഁమ
ഁర(ߴ − ݊ + ݇ + 1)

(݇ଶܿߠ଴)
ഁమ
ഁర[ ଵܵ(ߴ − ݊ + ݇ + ݇ଷ − ߴ,1 − ݊ + ݇ + ݇ଷ − 1)]

ഁమ
ഁర =

ଶߴ ቀ1− ଶ
ణ
ቁ
ଷ

ቀ1 − ଵ
ణ
ቁ
ଷ  

Hence (45)-(48) hold. Now that all of corollary 3.3's criteria have been fulfilled, Equation (50) is oscillatory 
Example 4.2.The equations are considered 
Δ ቀ(ߴ+ 2)ଷ ቀΔଷ ቀ(ߴ)ݕ − ݕߴ

భ
య(ߴ − 1)ቁ = ߴ)ݕଶߴ − 3) + ߴ) + 3)ସݕଷ(ߴ+ 6) ��                 (51) 

Now (51) is in the form (1) where ߚଵ = ଷߚ = ଶߚ,3 = ସߚ,1 = ଵ
ଷ
 

݇ = 1,݊ = 4,݊∗ = (ߴ)ଵݏ,6 = ߴ) + 2)ଷ (ߴ)ଶݏ, = ଶߴ (ߴ)ଷݏ, = ߴ) + 3)ସ (ߴ)ସݏ, = ݈. Furthermore, we have 1 ≥  ସ andߚ
ଷߚ = ଵߚ ≥

ఉమ
ఉర

 from corollary 3.6. 

We compute ܵ(ߴ) = ଷି((ߴ)ସݏସߚ)− = −ቀణ
ଷ
ቁ
ିଷ

= −ቀଷ
ణ
ቁ
ଷ
→ 0, as ݈ → ∞ and so (49) is fulfilled because all of the other 

constraints of corollary 3.6 are satisfied in the same sense as in Example 4.1, (51) is oscillatory 
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