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We provide some novel oscillation conditions for semi-canonical difference equations using the canonical 
transformation method. Our findings reinforce and improve certain earlier ones. Examples have been 
generated to highlight the relevance of the consequences. 
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INTRODUCTION 
 
Consider the third order difference equation in this instance. 
Δ(ݍ(߫)Δ(ݎ(߫)ΔΨ(߫))) = ,((߫)߷)Ψ఑(߫)ݏ ߫ ≥ ߫଴                                   (1.1) 
where ߫଴ is a positive integer. We assume the subsequent hypothesis 
H1) {ݍ(߫)}, ,{(߫)ݎ}  ;are positive real sequences {(߫)ݏ}
H2) {߷(߫)} is an increasing sequence of positive integer with ߷(߫) ≥ ߫ + 1; 
H3) ߢ is a real positive integer with ߢ > 1; 
H4) the equation (1.1) is in semi canonical form, that is 
∑  ∞
చୀచబ

ଵ
௤(చ)

= ∞ and ∑  ∞
చୀచబ

ଵ
௥(చ)

< ∞. (1.2) 

A real sequence {Ψ(߫)} that satisfies (1.1) for any ߫ ≥ ߫଴ is referred to as a solution of (1.1). Nontrivial solutions to 
(1.1) are either oscillatory or non oscillatory depending on whether the final result is positive or negative. 
Finding out the qualitative behavior of various types of second order difference equations has garnered a lot of 
attention in recent years. Despite the fact that discrete models are used in many other areas of mathematics, 
including economics, mathematical biology, and [1] and [2], difference equations have a wide range of applications in 
these fields. 
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 A number of publications have concentrated on the oscillatory and asymptotic solutions of (1.1), see [3]-[13]and the 
cited references throughout. However, the publication devotes the majority of its space to equation of the canonical 
form, (i.e), 

෍  
∞

 చ ୀచబ

1
(߫)ݍ = ∞ and ෍  

∞

చୀచబ

1
(߫)ݎ = ∞. 

In [14], the authors studied difference equation of the form 
Δ ቀݍ(߫)Δ൫ݎ(߫)ΔΨ(߫)൯ቁ = ݂(߫)ݏ ቀΨ൫߷(߫)൯ቁ , ߫ ≥ ߫଴ 
with semi-canonical condition 

෍  
∞

చୀచబ

1
(߫)ݍ < ∞ and ෍  

∞

చୀచబ

1
(߫)ݎ = ∞. 

In [15], the authors discussed about the difference equation of the form 
Δ(ݍ(߫)Δ(ݎ(߫)ΔΨ(߫))) (((߫)ߪ)Ψ)݂(߫)ݓ+ − (((߫)߬)Ψ)݃(߫)ݏ = 0. 

with semi-canonical condition 

෍  
∞

చୀచబ

1
(߫)ݍ < ∞ and ෍  

∞

చୀచబ

1
(߫)ݎ = ∞. 

To the greatest extent of our knowledge, the oscillatory features of the relevant equation have not been studied when 

෍  
∞

చୀచబ

1
(߫)ݍ = ∞ and ෍  

∞

చୀచబ

1
(߫)ݎ < ∞. 

Therefore, the aim of this paper is to provide the qualitative behavior of (1.1) if condition (1.2) is satisfied. This is 
initially established by transforming semi-canonical to canonical, after which we approach to develop some novel 
criteria for oscillatory solution of (1.1). 
 
MAIN RESULTS 
 
To make it easier to read, the following symbols will be used: 

ܳ(߫) = ෍  
చିଵ

௧ୀచభ

 
1
(ݐ)ߛ

, ܴ(߫) = ෍ 
∞

௧ୀచ

 
1
(ݐ)ݎ , (߫)ߦ = ߫)ܴ(߫)ܴ(߫)ݎ + 1),

(߫)ߛ =
(߫)ݍ

ܴ(߫ + 1) , ܵ(߫) = ,఑൫߷(߫)൯ܴ(߫)ݏ Ξ(߫) = ෍  
చିଵ

௧ୀచభ

 
1
(ݐ)ߦ ,

(߫)ܨ =
1

 ෍(ݐ)ߛ
∞

௨ୀచ

,(ݑ)ܵ  ܶ(߫) = ෍  
చିଵ

௦ୀచభ

 
1

(ݏ)ߦ ෍  
௦ିଵ

௧ୀచభ

 
1
(ݐ)ߛ .

 

where ߫ ≥ ߫ଵ ≥ ߫଴ and ߫ଵ  is large enough. 
Theorem 2.1. Assume that 
∑  ∞
చୀచబ

ଵ
ఊ(చ)

= ∞                                                          (2.1) 

Then (1.1) has the following canonical representation 

Δ൭ ௤(చ)
ோ(చାଵ)

Δቆݎ(߫)ܴ(߫)ܴ(߫ + 1)Δ ቀΨ(చ)
ோ(చ)

ቁቇ൱ = Δ(ݍ(߫)Δ(ݎ(߫)ΔΨ(߫))).                       (2.2) 

Proof. Direct computation demonstrates that 
(߫)ݍ

ܴ(߫ + 1) Δ൭ݎ(߫)ܴ(߫)ܴ(߫ + 1)Δ ൬
Ψ(߫)
ܴ(߫)൰൱ =

(߫)ݍ
ܴ(߫ + 1) Δ(ݎ(߫)ܴ(߫)ΔΨ(߫) + Ψ(߫))

=
(߫)ݍ

ܴ(߫ + 1) [ܴ(߫ + 1)Δ(ݎ(߫)ΔΨ(߫))]

= ((߫)ΔΨ(߫)ݎ)Δ(߫)ݍ
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Hence 

Δቌ
(߫)ݍ

ܴ(߫ + 1)
Δ൭ݎ(߫)ܴ(߫)ܴ(߫ + 1)Δ ൬

Ψ(߫)
ܴ(߫)

൰൱ቍ = Δ(ݍ(߫)Δ(ݎ(߫)ΔΨ(߫))). 

As we can see from (2.1), 
∑  ∞
చୀచబ

ோ(చାଵ)
௤(చ)

= ∞,   (2.3) 
and since 

෍  
∞

చୀచబ

1
߫)ܴ(߫)ܴ(߫)ݎ + 1) = ෍  

∞

చୀచబ

Δ ൬
1

ܴ(߫)൰ = lim
చ→∞

 
1

ܴ(߫) −
1

ܴ(߫଴) = ∞, 

we assess that (2.2) is in canonical form 
Corollary 2.2. Assume that (2.1) holds. Then the semi-canonical difference equation (1.1) possesses a solution Ψ(߫) if 
and only if the canonical equation 
Δ(ߛ(߫)Δ(ߦ(߫)ΔΦ(߫))) = ܵ(߫)Φ఑(߷(߫))                 (2.4) 
has the positive solution Φ(߫) = Ψ(చ)

ோ(చ)
. 

In the following section, we provide the structure of a potential non-oscillatory solution to (2.4), which is deduced 
from an analogy involving the discrete knesers theorem and canonical form of (2.4) 
Φ(߫) ∈ ଴ࣨ: Φ(߫) > (߫)ߔ߂,0 > (Δ(Φ(߫))(߫)ߦ)߂,0 < (((߫)ΔΦ(߫)ߦ)Δ(߫)ߛ)߂,0 > 0 
and 
Φ(߫) ∈ ଷࣨ: Φ(߫) > (߫)ߔ߂,0 > (Δ(Φ(߫))(߫)ߦ)߂,0 > (((߫)ΔΦ(߫)ߦ)Δ(߫)ߛ)߂,0 > 0. 
Lemma 2.3. Assuming Φ(߫) ∈ ଷࣨ is a positive solution of (2.4) and 
∑  ∞
௨ୀచభ ((ݑ)߷)఑ܶ(ݑ)ܵ = ∞.                                        (2.5) 

Then Φ(చ)
்(చ)

 is eventually increasing ∀  ߫ ≥  .ܭ
The preceding lemma's proof resembles that of in [3]. 
Theorem 2.4. Assuming that (2.1) is true, 
∑  చିଵ
௧ୀచభ

ଵ
క(௧)

∑  ∞
௨ୀ௧ (ݐ)ܨ = ∞                                        (2.6) 

and 
lim sup
చ→∞

 ቀ ଵ
Ξഉ(ద(చ))

∑  చିଵ
௧ୀచభ  Ξ

఑(߷(ݐ))Ξ(ݐ + (ݐ)ܨ(1 + ∑  ద(௧)ିଵ
௧ୀచ  Ξ(ݐ + (ݐ)ܨ(1 + Ξ(߷(߫))∑  ∞

௧ୀద(చ) ቁ(ݐ)ܨ  = ∞.                          (2.7) 

 
Then all non-oscillatory solution of (1.1) meets limచ→∞  

Ψ(చ)
ோ(చ)

= 0. 

Proof. Let {Ψ(߫)} be an non-oscillatory solution (1.1). Without losing generality, suppose that {Ψ(߫)} is a positive 
solution of (1.1). Then, from corollary 2.2, relevant sequence {Φ(߫)} is also a positive solution of (2.4) and Φ(߫) ∈ ଴ࣨ 
or Φ(߫) ∈ ଷࣨ for all ߫ ≥ ߫ଵ. Now consider that Φ(߫) ∈ ଴ࣨ for all ߫ ≥ ߫ଵ. From the monotonicity of ߦ(߫)ΔΦ(߫), we carry 

Φ(߫) ≥ Φ(߫) −Φ(߫ଵ) = ෍  
చିଵ

௧ୀచభ

 
(ݐ)ΔΦ(ݐ)ߦ

(ݐ)ߦ ≥  (߫)ΔΦ(߫)Ξ(߫)ߦ

which suggest that 

Δ ቀΦ(చ)
Ξ(చ)

ቁ = ቆ
Ξ(చ)ΔΦ(చ)ିΦ(చ) భ

഍(ഒ)

Ξ(చ)Ξ(చାଵ)
ቇ ≤ 0                               (2.8) 

Hence Φ(చ)
Ξ(చ)

 is decreasing. 
On the other hand, summing twice (2.4) from ߫  to ∞ gives 

(߫)ΔΦ(߫)ߦ ≥෍ 
∞

௧ୀచ

 
Φ఑(߷(ݐ))
(ݐ)ߛ ෍ 

∞

௨ୀ௧

(ݑ)ܵ 

≥෍ 
∞

௧ୀచ

 Φ఑(߷(ݐ))(ݐ)ܨ.
 

Again, summing from ߫ଵ  to ߫ − 1, we carry 
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Φ(߫) ≥ ∑  చିଵ
௧ୀచభ  

ଵ
క(௧)

∑  ∞
௨ୀచ  Φ

఑(߷(ݑ))(ݑ)ܨ

= Ξ(߫)∑  ∞
௨ୀచ  Φ

఑(߷(ݑ))(ݑ)ܨ +∑  చିଵ
௧ୀచభ  Ξ(ݐ+ 1)Φ఑(߷(ݐ))(ݐ)ܨ

 

Hence 

Φ(߷(߫)) ≥ ෍  
చିଵ

௧ୀచభ

Ξ(ݐ+ 1)Φ఑(߷(ݐ))(ݐ)ܨ + ෍  
ద(చ)ିଵ

௧ୀచ

Ξ(ݐ + 1)Φ఑(߷(ݐ))(ݐ)ܨ + Ξ(߷(߫)) ෍  
∞

௧ୀద(చ)

Φ఑(߷(ݐ))(ݐ)ܨ. 

Using Φ(߫) is increasing and Φ(చ)
Ξ(చ)

 decreasing, we obtain 

Φ൫߷(߫)൯ ≥
Φ఑൫߷(߫)൯
Ξ఑൫߷(߫)൯

෍  
చିଵ

௧ୀచభ

 Ξ఑൫߷(ݐ)൯Ξ(ݐ + (ݐ)ܨ(1 + Φ఑൫߷(߫)൯ ෍  
ద(చ)ିଵ

௧ୀచ

 Ξ(ݐ + (ݐ)ܨ(1 + Φ఑(߷(߫))Ξ(߷(߫)) ෍  
∞

௧ୀద(చ)

 (ݐ)ܨ 

or 
Φଵି఑൫߷(߫)൯ ≥ ଵ

Ξഉ൫ద(చ)൯
∑  చିଵ
௧ୀచభ Ξ఑൫߷(ݐ)൯Ξ(ݐ + (ݐ)ܨ(1 +∑  ద(చ)ିଵ

௧ୀచ Ξ(ݐ + (ݐ)ܨ(1 + Ξ൫߷(߫)൯∑  ∞
௧ୀద(చ)                                   .(ݐ)ܨ

(2.9) 
Since Φ(߫) is positive and increasing, ∃ a constant ܣ > 0 ∋ (߫)ߔ ≥ ((߫)߷)and so we carry Φଵି఑ ,ܣ ≤ ଵି఑ܣ . Using this 
in (2.9) we obtain 

ଵି఑ܣ ≥
1

Ξ఑(߷(߫))
෍  
చିଵ

௧ୀచభ

Ξ఑(߷(ݐ))Ξ(ݐ + (ݐ)ܨ(1 + ෍  
ద(చ)ିଵ

௧ୀచ

Ξ(ݐ+ (ݐ)ܨ(1 + Ξ(߷(߫)) ෍  
∞

௧ୀద(చ)

 .(ݐ)ܨ

Taking limsup as ߫ → ∞ of the aforementioned inequality, which contradicts (2.7) 
Next, we assume that Φ(߫) ∈ ଷࣨ. Since Φ(߫) is positive and increasing, there existslimచ→∞  Φ(߫) = ݁ ≥ 0. Suppose that 
݁ > 0, then Φ(߫) ≥ ݁ > 0. Summing twice (2.4) from ߫ to ∞ and again summing from ߫ଵ to ߫ − 1, which gives 
Φ(߫) ≥ ݁఑ ∑  చିଵ

௧ୀచభ
ଵ

క(௧)
∑  ∞
௨ୀ௧  ,(ݐ)ܨ

which contradicts (2.6) and so 
lim
చ→∞

 Φ(߫) = lim
చ→∞

 Ψ(చ)
ோ(చ)

= 0.  

Hence the proof is completed. 
Theorem 2.5. Let (2.1) and (2.5) hold, and 

lim
చ→∞

ݓ 
భ
ഉ
ିଵ(߫) = ଵܯ

భ
ഉ
ିଵ

< ∞.                                               (2.10) 

 
Suppose 
lim sup
చ→∞

  ቄ ଵ
்(ద(చ))

∑  ద(చ)ିଵ
௧ୀచ   ଵ

క(௧)
∑  ௧ିଵ
௨ୀచ  

ଵ
ఊ(௨)

∑  ௨ିଵ
௩ୀచ ቅ((ݒ)߷)఑ܶ(ݒ)ܵ  >  ଵ,             (2.11)ܯ

then ଷࣨ is ∅ for (1.1). 
Proof. Let {Ψ(߫)} be an positive solution of (1.1). By Corollary 2.2 the corresponding function {Φ(߫)} is a positive 
solution of (2.4). Let us assume that Φ(߫) ∈ ଷࣨ for all ߫ ≥ ߫ଵ . Summing (2.4) from ߫ to ݉ − 1, we have 

Δ(ߦ(݉)ΔΦ(݉)) ≥
1

(݉)ߛ ෍  
௠ିଵ

௧ୀచ

((ݐ)߷)Φ఑(ݐ)ܵ 

≥
1

(݉)ߛ
෍  
௠ିଵ

௧ୀచ

(ݐ)ܵ 
Φ఑(߷(ݐ))
ܶ఑(߷(ݐ))

ܶ఑(߷(ݐ))

≥
Φ఑(߷(߫))
ܶ఑(߷(߫))

1
(݉)ߛ ෍  

௠ିଵ

௧ୀచ

.((ݐ)߷)఑ܶ(ݐ)ܵ 

 

Again summing, we get 

ΔΦ(݉) ≥
Φ఑(߷(߫))
ܶ఑(߷(߫))

1
(݉)ߦ ෍  

௠ିଵ

௧ୀచ

1
(ݐ)ߛ ෍ 

௧ିଵ

௨ୀచ

 .((ݑ)߷)఑ܶ(ݑ)ܵ

Summing once again, we obtain 
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Φ(݉) ≥ Φഉ(ద(చ))
்ഉ(ద(చ))

∑  ௠ିଵ
௧ୀచ

ଵ
క(௧)

∑  ௧ିଵ
௨ୀచ

ଵ
ఊ(௨)

∑  ௨ିଵ
௩ୀచ  .((ݒ)߷)఑ܶ(ݒ)ܵ

Now, we have to define ݉ = ߷(߫) and ݓ(߫) = Φഉ(ద(చ))
்ഉ(ద(చ))

. 

Φ(߷(߫)) ≥ (߫)ݓ ෍  
ద(చ)ିଵ

௧ୀచ

 
1
 ෍(ݐ)ߦ

௧ିଵ

௨ୀచ

 
1

෍(ݑ)ߛ  
௨ିଵ

௩ୀచ

 ,((ݒ)߷)఑ܶ(ݒ)ܵ 

ݓ
భ
ഉ
ିଵ(߫) ≥ ଵ

்(ద(చ))
∑  ద(చ)ିଵ
௧ୀచ   ଵ

క(௧)
∑  ௧ିଵ
௨ୀచ  

ଵ
ఊ(௨)

∑  ௨ିଵ
௩ୀచ  ܵ  .((ݒ)߷)఑ܶ(ݒ)

 
Taking limit as ߫ → ∞ on above inequality, we get 

lim sup
చ→∞

ݓ 
భ
ഉ
ିଵ(߫) ≥ lim sup

చ→∞
 

1
ܶ(߷(߫)) ෍  

ద(చ)ିଵ

௧ୀచ

1
 ෍(ݐ)ߦ

௧ିଵ

௨ୀచ

1
෍(ݑ)ߛ  

௨ିଵ

௩ୀచ

 .((ݒ)߷)఑ܶ(ݒ)ܵ

Which contradicts (2.11). Thus, ଷࣨ is ∅ for (1.1). This completes the proof. 
Theorem 2.6. If all the conditions of Theorem 2.4 and 2.5 hold, then the solution Ψ(߫) of (1.1) is oscillatory or satisfies 
limచ→∞  

Ψ(చ)
ோ(చ)

= 0 
3. EXAMPLES 
Example 3.1. Take 

Δቆ ଵ
(ଶഒశభ)మ Δ ቀ ଵ

ଶഒశభ
ΔΨ(߫)ቁቇ = (2చାଶ)ଶΨଷ(߫ + 2), ߫ ≥ 1                                (3.1) 

Here ݍ(߫) = ଵ
(ଶςశభ)మ , (߫)ݎ = ଵ

ଶഒశభ
, (߫)ݏ = (2చାଵ)ଶ, ߢ = 3,߷(߫) = ߫ + 2,ܴ(߫) = ∑௧ୀచ

∞  2௧ାଵ = 2చ (߫)ߛ, = ଵ
(ଶഒశభ)య , (߫)ߦ =

2చ ,ܵ(߫) = (2చାଶ)ହ,ܳ(߫) ≈ (2చାଶ)ଷ,ܶ(߫) ≈ 2చ(2చାଵ)ଷ, Ξ(߫) = ଵ
ଶഒ

(߫)ܨ, = (2చାଵ)ଶ. Therefore (2.4) becomes 

Δ൭
1

�(2చାଵ + 1)ଷ Δ(2చΔΦ(߫))൱ = (2చାଶ)ହΦଷ(߫ + 2). 

is canonical. 
Clearly 

෍  
∞

చୀచబ

1
(߫)ߛ

= ෍ 
∞

చୀଵ

(2చାଵ)ଶ = ∞ 

and 

෍  
చିଵ

௧ୀచభ

1
2௧
෍ 

∞

௨ୀ௧

2௨ାଵ = ∞ 

Also (2.7) becomes 

lim sup
చ→∞

 ቌ2చାଶ෍ 
చିଵ

௧ୀଵ

 
1

2௧ାଶ
1

2௧ାଵ
(2௧ାଵ)ଶ +෍ 

చାଵ

௧ୀచ

 (2௧ାଵ) +
1

2చାଵ ෍  
∞

௧ୀచାଶ

 (2௧ାଵ)ଶቍ = ∞. 

(i.e), (2.7) is verified. Hence by Theorem 2.4, every non-oscillatory solution Ψ(ݐ) of (3.1) satisfies 
lim
చ→∞

  ଵ
ଶഒ

Ψ(߫) = 0. 

Example 3.2. Take 
Δ ቀଵ

చమ
Δ(߫(߫ + 1)ΔΨ(߫))ቁ = ߫(߫ + 2)ଶΨଶ(߫ + 1).                                     (3.2) 

Hereݍ(߫) = ଵ
చమ

, (߫)ݎ = ߫(߫ + 1), (߫)ݏ = ߫(߫ + 2)ଶ, ߢ = 2, ߷(߫) = ߫ + 1,ܴ(߫) = ∑௧ୀచ
∞   ଵ

௧(௧ାଵ)
= ଵ

చ
(߫)ߛ , = ଵ

చ
, (߫)ߦ = 1,ܵ(߫) =

߫(߫ + 2)ଶ ଵ
(చାଵ)మ

,ܳ(߫) ≈ ߫,ܶ(߫) ≈ ߫ଶ , Ξ(߫) ≈ ߫. Take ܯ = 1, therefore (2.4) becomes 

Δ ൬
1
߫ (Δ(ΔΦ(߫)))൰ = ߫(߫ + 2)ଶ

1
(߫ + 1)ଶ Φଶ(߫ + 1), 

is canonical. 
Clearly 
∑  ∞
చୀచబ

ଵ
ఊ(చ)

= ∑  ∞
చୀଵ ߫ = ∞ 
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and 

෍  
∞

௨ୀచభ

((ݑ)߷)఑ܶ(ݑ)ܵ = ෍  
∞

௨ୀచభ

ݑ)ݑ + 2)ଶ = ∞ 

and 

lim
చ→∞

ݓ 
భ
ഒ
ିଵ(߫) = 1 < ∞ 

is true. 
Also (2.11) becomes 

lim sup
చ→∞

 ቐ
1

߫ + 1෍ 
చ

௧ୀଵ

 ෍  
௧ିଵ

௨ୀଵ

 
1
߫෍  
௨ିଵ

௩ୀଵ

ݒ)ݒ  + 2)ଶቑ = ∞ > ଵܯ . 

Hence all the conditions of Theorem 2.5 are verified, so every solution Ψ(߫) of (3.2) is oscillatory. 
 
CONCLUSION 
 
This study finds some fresh oscillatory and asymptotic conditions for semi-canonical difference equations. The 
conclusions reached in this study have a high degree of generality, and they enhance and add to prior conclusions 
for specific instances of equation (1.1). 
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