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I. INTRODUCTION AND PRELIMINARIES

ideals in topological spaces have been considered since 1930. This topic gained its importance by the paper of
Vaidyanathaswamy [20]. Hamlett and Jankovic [6] investigated further properties of ideal topological spaces. This initiated the
generalization of some important properties in general topology via topological ideals. Later several authors have introduced and
studied numerous generalized open sets in ideal topological spaces and also have obtained several decompositions of continuous
maps and generalized continuous maps via ideals.

The notions of w-clesed sets and w-continuity in topological spaces was introduced and studied by Sheik John [19]. Noiri
et al. [14] introduced the notion of w-closed sets in ideal topological spaces. Jafari et al. have obtained some decompositions of »-
continuity via ideals in [4] and [5]. In 2013, Lellis Thivagar [10], [11] introduced the concept of nano topological spaces which was
defined in terms of lower, upper approximations and boundary region of a subset of an umiverse using an equivalence relation on it.
In 2016, Lellis Thivagar et al. [12] defined a nano local function for each subset with respect to [ and tr(X) and thereby explored
the ficld of nano ideal topological spaces. The notions of nano-l-open set and nano-l-continuous function was introduced by
Parimala et al. in [15].

Definition 1.1 [10] Let U be a non-empty finite set of objects called the universe and R be an equivalence relation on U named as
the indiscernibility relation. Then U is divided into disjoint equivalence classes. Elements belonging to the same equivalence class
are said to be indiscemible with one another. The pair (U, R) is said to be the approximation space. Let X € U. Then,

I. The lower approximation of X with respect to R is the set of all objects, which can be for certain classified as X with
respect to R and is denoted by Le(X). That is, Le(X) = U{R(a): R(a) € X, a € U}, where R(a) denotes the equivalence class
determined by a € L.

2. The upper approximation of X with respect to R is the set of all objects, which can be possibly classified as X with
respect to R and is denoted by Ur(X). That is. Ux(X) = U{R(a): Rta) N X £ ¢, a € U}.

3. The boundary region of X with respect to R is the set of all objects, which can be classified neither as X nor as not X
with respect to R and it is denoted by Bg(X). That is, Ba(X) = Ur(X)-Lg(X).

Property 1.1 [10] If (U, R)is an approximation space and X, Y € U, then
1. La(X) € X € Le(X).

Le(X) = Ur(X) = ¢ and Le(U) = Ug(U) = U.

L U XUY) = Up(X)JIUe(Y).

Ua(XNY) € Up(X) 1Ua(Y).

Lr(XUY) 2 L XWUL(Y).

La(XNY) = LX) 1 Lp(Y).

Lp(X) € Lp(Y) and Up(X) © Ug(Y) whenever X € Y.

Ut Xy = [Lef X)) and Le(X) = [U{X)]*.

9. Uk[Ur(X)] = Le[Ur(X)] = Ur(X).

10. Le[La(X)] = Ug[Lr(X)] = La(X).
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Drefnition 1.2 (00) Let Ui the umiverse, 1€ e an copvalence relon on U and gl X0 [, Lt X, VX)), B X0, U whiere

N CU Then by Propeny TN ) satisties the follewing nxdoms

LoUandd o i X)

4

e ton ol e clements of any sube collection of G X) i i X)
\

Phe mtersection of the elements of any finite subecollection of te (X) 16 in el X)
s means that e X0 i opotogry on U catled the mano tapolopy on U witlrespect to X and we cabl (UL 100 ) o ammio topolopeal
space, The elements of tatX) are called nano open ety and the complement of 4 nano-open sel 15 o o Jomed set
UL G X000 o nano opolagieal space with respeet to X, where X G U and 0 A U then
(1) The nano interor o the set A s defined i the umon of all nano-open subsets contamed in A and i denoted by Mint(A)
() The mano closure of the set A is delined as e mtersection of all nane-closed subsets contmmmg A aid 15 denoted by Nel(A)

Definition L3 [9] An ideal 1T on a topological space (X, 1) 15 0 non-crmpty collection of subsets of Xosatistying the following
properties:

LA Land BCA imply B o [ iheredity),
20 A C Tand BE Lunply AU B C L (linite additivity).,

Definition L [12] A nano topological space (U, tu( X)) with an ideal Fon U s called a nano ideal topologieal space or nano ideal
space and denoted by (U, ta(X), 1)

Detinition L5 [12] Let (U, tu(X), 1) be a nano ideal topological space. A asubiet A © UL the set operator Al PO = (U, s ealled
e nano local function of A with respeet to T and te(X) and is defined as Aot U AT for every U e X)) The nano
closure operator is defined as Nel®(A) © AU (A)).

Definition L6 A subset A ol a nano topological space (L, tp(X)) 14 sand to he

I nano semi-open [1O]if A < Nel{Nmi(A)).

2 Ng-closed [V iNeltA) © G whienever Goand Gos nano-open,

A Nev-closed [ 7] 0 NellA) < Gowhenever A < Goand G s nano semi-open in L

Definition 17 Let (U, (X)) and (V, e Y)) be nano topological spaces. Then amapping 12 (U, (X)) =+ (V, wed ¥)) 15 sand Lo he
1. nano continuous (117 (A) 15 anano closed in (1), e0X)) tor every nano-closed set A of (Vye(Y))
2, Ng-continuous [2] 1 T 7(AY s Ng-closed in (U, tet X)) Tor every nano-closed set A of (V, e (Y)).

Definition 1.8 [3] A subset A o a nano topological space (U, tp( X)) 18 sand to be Nano locally closed (briefly NLC) if
A= GOV F where Gis nano-open and I is nano-closed.

Definition L9 [16] A subset A ol a nano topological space (U, tu(X), 1) is said 10 be nano =-closed (briefly nes-closed) if
AW A

Definition 110 [16] A subset A of a nano ideal topological space (U, te(X), 1) is said 1o be NIg-closed if Ay < G whenever
A < Gand G is nano-open.

Definition 1.1 [18] A subsct A of 4 nano ideal topological space (U, tu(X), 1) is said 10 be Nla-closed (or NlIg-closed) if
A€ G whenever A © G and G is nano semi-open.

Definition 112 [8] A function £ (U, te0X), D= (VowedY)) is said to be ne-continuous i 17'(A Y is ne-closed in U lor every niano-
closed set Am VvV,

Theorem L1 [18] Let (U, tx(X), 1) be a nano topological space with an ideal Lon U, and A 1s a subset of U, Then,
1. Every ne-closed is Nlm-closed,

2. Every Nlw-closed st is Nlg-closed,
3. Lvery Nwm-closed set is Nlwm-closed

ILNANO Io-CONTINUITY AND NANO 10-IRRESOLUTENESS

Definition 2.1 A function 1 (U, te(X), 1) = (V, wr(Y)) is said to be Nlo-continuous il £ (A) is Nlm-closed in U lor every nano-
closed set Ain V.

Remark 2.1 161 = 4§} in the above definition, then the notion of Nlm-continuity coincides with the notion of Nwm-continuity,

Definition 2.2A function £ (U tetX), 1) —= (VL yne(Y), 1) s said 1o be Nim-irresolute of £70A) 15 Mlo-closed i (U, tu(X), 1) for
every Nlo-closed set A in (V. e (Y), )

]
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Delinbtion 23 A function § (U, 100 = (Ve Y1) 18 saud (o he Mer-comanaous i (A S Mar-closed in L every nane closed
wtAmY

Definition 2.4 A funcion [ (L 1 000 D = (V. wedY)) 18 saed 1o be Ng-continuoe i A} i Nlg-closad s U tor every nano
closed set A V

Theorem 2.2 For a functon £ (UL 1o (X0, 1) =2 (¥, wad V 1), he foliowing bld
I b very nano contuuoas function i Nie Contrmasn

2 Every ne-continuous funcion & Nlm-cintimsas

3L very Nos-contmuius functon s Ml contmaos

4 Every Nlwcontinuous function s Nl g-contmusns

Proof. | e f be a nano continuous functim and A be a nsno-closed st m 1V, wpdY)) Then 1 (A0 naruo- Josed i

(UL Tl XD, 1) Stiwe every nano-closed sct 1s ne choned and hence Nlu<closad, { (A) 18 Niao-cloned i (U, tei X0 1) Theredame, 14y
\\:'l“ Lonlinuengs

14
a

Let { be a necontinuous function and A be a nano-chomald set in (V, wed Y1) Then ( 7(A) 1 ne closed in

(U X 1) Since every nesclosed 3et 18 Nloclosed [ Theorem LI (A 18 Nio-closed in (U, ta(X) 1) Therefore {5 Niw
Coflinuas

L Let fhe a Nea-continuous function Then {71 (A) is Ner-cloned i (U, te (X), 1) for evary nano-closed set A in (V. wa (Y1) Snce
every Neaclosed set is Nl -closed [ Theorem 1 LN 0 A ) 18 Nlw-closed in (U, 6 X), 1) Therefire, fas Nl continuaon

4 Let Fbe a Nlocontinuoan function and A be a nano-cloned set in (V. wedY)) Then [ 7 (A 18 Nl <losed i

1L, 1N 1) Since every Nlw-cloned set s Nig-closad [ Theorern 1121, 17(A) 15 Nlg<losed in (UL 12(X ) 1) Therefore, f1s Nig
combimoous

Remark 2.7 The relatcnsips defined above, are shown i the following duagram.

nano continty -+ No-contmuty - Ngcontinuty
1
| l |

ne continuity — Nlo-continuty - Nlg-continuty

None of these implications is reversible as shown by the following examples

Fxample 2.8 Let U= {a b ¢} bethcumverse, X = {a. b} © Uwith UR = {12}, b e}l el X) = }&, la], ib, ¢, UJ, the nical
1= (. el adlct V= labhcl. Y~ fal GV, VIR = [1a}, Lh c}} and wa (Y) = {4, la}. V] Define

U wd X)L = (V,we (Y asfla) = b, fib) = a, ic) = ¢ Then s Nlw-continuous but not nano contmuous

Fxample 2.9 Let U = {a. b, c. d} bethe universe, X = ja, d] S U withUR =

{la, ¢}, (bl, td}i,
(XY = {d. 1d). tacc). tacc, b, Ul theideal 1= {8, il andla V = [a b c. d} bethcuniverse, ¥ = ja, b} Q V. VR' ={1a},
led, th d}) and vui\'\ té. tal,

th, dt, fa b di, VY Define £ (U, ted X3, D — (Y, wr{Y)) as Ha)=a fiby=b, fic)~d
fld)y = ¢. Then Mis Nlo-contnuous but not ne- continuous

Example 2,10 Let U = fa b e il bethe universe, X - 1 d) © Uwith UR Ib, ¢}, la},
1=, i} and It V = ja boc df betheuniverse, Y = (b dj SV, VR' = ::a: b, lc,
we(Y) = 1. (b, fc. d). 1b c. 41 Vi Then the identiy map £ (U, te(X), D) = (V, wr
continuous
Theorem 2

W1 (XD = 19, da, di. Us the wdeal
dit and
LY 1s Nlg-conunuous but not Nlea-

A A function £ (U, 1t X)L D) — oV, vad Y)) 15 Nlw-continuous if and only 1if £7(A) s Nlw-open in
(UL 1et XD, D) tor every nano-open set A n (Vowe (YD)

Proof. Let A be a nano-open set m (V. e (YD and £ (U 74 X). 1) — 1V, we (Y)) be Nles-continuous. Then A®is nano-closed in
(V. wr (Y and £ 70A ) 1s No=closed in (U, t(X), ) But FTA) = (7' (A)) andso (™

(A 15 Nlwm-open in (U] e (X1 1)
Conversely, suppose that 17

(A is Nlo-open i (U, tel X1 1) for cach nano-open set A n (V. yg{Y)) Let F be a nano—closed setin
(V. uxdY)). Then Frisnano-open in (V. we (Y1) and by hypoathesis £7'(F< ) 1s Nlo-open i (U, tx(X), 1) Since
£ )= (£ (F)e, we have £ 7(F) is Nlw-closed in (U 12(X). 1) and so {15 Nlw-continuous.

Remark 2.5 The camposition of two Nlw-continuous maps need not be Nw-continuous as seen from the following example

FExample 2.11 Let U = 1a boc. d} betheuniverse, X = a.¢f SUwith UR = 11b, ¢j. {af, 1di}, 12(X) = 10, la]. Ib,
fa b, ¢l Ul the wdeal 1= 34, 1ditand let V= {a b, c. d} be the universe, Y = la, d} € V with VIR' = {1{a}, Ic}, Ib.
wedY) = 1o, 1d!, tael, lace di Vi and W = Ha b ¢ d} bethe universe, 2= Jaj € W, WR={fal. b, cl. 1dl.

GriZ) = 18, 12} Wi Define £ (UL X0 D — (Vo wd(Y)) and g 2 (V. wa{Y) J) — (W, ordZ)) to be the 1dentity maps. Then
and g are Nlw-continuous but g * s not Nlw- Continuous.

Theorem 2.6 Let £ (UL 1t N0, 11— {V, we{Y)) be Nlo-continuous and g = (V, wr{Y), J) = {W, gr{Z)) be nano continuous. Then
g [ (U, t(X) 1} —~ (W, audZ}) is Nlu-contmusous
Prnef Let A be a nano-closed m (W, e {Z)). Suppose that £ (U, =i X). 1) — (V. wa (Y)) be Nlw-continuous and

2 ¢V, (YY) h — (W, griZ)) be nano continuous. Then g7'(A)is nano—closed in (V, wa (Y), ).

S.mce £ (U, t(X). D = (Vo we (Y J) is Nlo-contimuous, 7 (27 (A) = (2 + ) 7(A) is Nla<losed in (U, ta(X). 1). Thusg=f1s
Nla-continuous.
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Theorem 2.7 A function {1 (U, t(X). 1y = (V. ya(Y), B} is Nlw-ir
m (VL Wl Y), ) is Nlw-open in (U, w(X), . ) ) ] PP
Proot. Lt B be a Nlw-open setin (V. yx(Y), J). Supposc that {: (U, ta! X). 1) = (V. yed¥ )il”‘h ¥ J) :
is Nlw-closed in (V. we(Y). D) and £7'(B¢) is Nlo-closed in (U, 1w X). 1) But F7(Bey = (07 ))<an
w (X2 D).
Conversely, sup
Nio-closed set in (V, wr(Y), J). Then D
(U, te(X). 1). Since £ (D)= (7 (D), we have f

f every Nlw-open »d

esolute if and only if the inverse image ¢

s-imesolute map. Then B
“(B) is Nlw-open in (U,

pose that £ '(B) is Nlo-open in (U, TatX), 1) for each Nlw-open set Ban (\::W (Y) Jl', LetD bc a
is Nlw-open in (V. we(Y) ) and by hypothesis f ‘([)‘7) :3}!9-0{)«.‘11 in
(D) is Nlw-closed in (U, te(X). ) and so f1s Nlw-irresolute

Theorem 2.8 Let £+ (U. t(X). 1) = (V. ya(Y).)) andg: (V. yr(Y). ) — (W.or(Z). K) be Nlw-irresolute. Then

(g e 0 (U, telX), ) — (W, or(Z), K) is Nlw-irresolute. ; ) say =i .
Proof. Let g : (V. wx (Y), J) = (W, 6ri(2), K) be Nlo-irresolute and A be any NI\u)-—open set in (W, o_a:(l). AM',Thm g M)ll's
NJw-open in (V. wr(Y), J). Since t: (U, (X)) = (V, wre(Y), D) is Nlw-irresolute, f (g7 (AN = (g° N7 (A) is Nlm-open in (L,
ta(X), 1). Hence g © fis Nlw-irresolute.

Theorem 2.9 [F£: (U, tr(X). 1) = (V. wr(Y), J) is Nlw-irresolute and g : (V, ww(Y). J) = (W. 6&(2)) is ne-continuous. Then

(g> 0 : (U, r(X), ) = (W, or:(Z)) is NI -continuous.

Proof. Let £: (U, ta(X). I) = (V. yr(Y), J) be Nlw-imesolute, g : (V. yr (Y). J) = (W, or(Z)) be n=-continuous and let A be any
nano-closed set of (W. or/(Z)). Then g™'(A) is n#-closed in (V, wr(Y), J). Since every ne-closed set is Nlw-closed.
£ (g7 (A)) = (2 > '(A) is Nlw-closed in (U, tr(X), I). Hence g ° f is Nlw-continuous.

1I1L.NI-slc SETS

Definition 3.1 A subset A of a nano ideal topological space (U, Tr(X). 1) is called

I NI-LC*setif A = G N F where G is nano regular open and F is n+-closed.

2 weakly NI-LC*-set if A = G N F where G is nano-open and F is n«-closed.

3 Nl-sle-set if A = G N F where G is nano semi-open and F 15 n=-closed.

Proposition 3.2 Let (U. tr(X), ) be a nano ideal topological space and A € U. Then the following hold.
1. IF A is ne-closed, then A is a NI-LC*-set.

2. If A is ne-closed. then A is a weakly NI-LC*-set.

3. IF A is a NI-LC*-set, then A is a weakly NI-LC™-set.

Proof. |. Follows from Definition 3.1 (1).

2. Follows from Definition 3.1 (2).

3. Let A be a NI-LC*-set. Then A = G F, where G is nano regular open an

nano-open [13], A is a weakly NI-LC*-set.

d F is n+-closed. Since every nano regular open set is

The converse of Proposition 3.2 is not true in general.

Example 3.3 Let U={a, b, c, d} be the universe, X={a, b} U with U\R=1{{a}, ici. ib. d}}, w(X) = 0. {a}. ib.d}. tabdl, U
and the ideal 1 = {¢,{a}}. Then

1. A= 1b, d} isa NI-LC*-set but not a n¥-closed set.

2. A= }b, d! is a weakly NI-LC*-set but not a n+-closed set.

3. A= la. b.d} isa weakly NI-LC*-set but not a NI-LC"-set.

i

Proposition 3.4 For a subset A of a nano ideal topological space (U, tx(X), 1) the following held.

1. IF A is n=-closed then A is Nl-slc-set.

2. If A is nano semi-open then A is Ni-slc-set.

3. If A is weakly NI-LC®-set then A is Nl-sle-set.

Proof. 1. Follows from Definition 3.1 (3).

2. Follows from Definition 3.1 (3).

3. Let A he weakly NI-LC*-set. Then A= G N F, where G is nano-open and F isne-closed. Since every nano-open set is nano semi-
open [17], A is Nl-slc-set.

The converse of proposition 3.4 is not true in gencral as shown by the following examples.

Example 3.5 Let U = {a, b, c} bethe universe, X = 1a, b} € U with U\R = {{a}, tb, e}, wr(X) = {, la}, ib. e}, Ul and the ideal
1=, lc!). Thentheset A= fclisa NI-slc-set but not nano semi-open.

Example 3.6 Let U = la, b, c. d} be the universe, X=1a, d1€ U with UR =!3a, ¢l ibbad )l w(X) = b adida el o e di Uy
and the ideal | = {é, {d}}. Then theset A = ja, ¢} is a Nl-slc-set but not n=-closed
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xample 37 16t U= fa, b, ¢, dibe the universe, X = fa, €16 U with UR = faj,th, o}, 1}, t(X) = | o

and the wdeal T=1b, td} ) Then the set A= {a, djis a Nl-sle-set but not a ka.')"r.‘“ i(!;' '|l' 2 2 ieghln el
-LC* -ge

Remark 3.1 From Proposition 3.2 and Proposition 3.4, we have the following implications
ne-closed — NI-LC*-set — weakly NI-LC*-set — Nl-slc-set

Remark 3.2
| The notions of Nlw-closed sets and NI-LC*-sets are independent.

2. The notions of Nlw-closed sets and weakly NI-LC*-sets are independent.
3. The notions of Nlw-closed sets and Nl-slc-sets are independent.

T e3.8LetU=1!p, q.r, 5, 1] bethe niverse, X=1p, s}S i = 1 ' Y o R
::J:Eglidea?il: i¢.’.p;r':. Then he universe, X={p, siSU with U\R = {{p, ql.{r. t1.{sH. (X)=16 .ip. ab. s in.qsi, U)
1. A= {s}isa NI-LC*-set but nota Nlo-closed set.

» A= tq.r U} isa Nlw-closed set but not a NI-LC*-set.

CA=Is)isa weakly NI-LC*-sct but not a Nlw-closed set.

A= 1q.r. st} isa Nlw-closed st butnot a weakly NI-LC™ -set.

2w 12

Example 3.9 Let U = la, b, ¢} be the universe, X = {a, b} € U with UR = {{a}, b, ¢} }, T(X) = {$, laj, ib, ¢}, Uj and the ideal
=16, jc}}. Then the set A= 1b} is a Nlw-closed set but not Nl-sle-set.

Example 3.10 Let U = {a, b, ¢, d} be the universe, X = {a, byeU with UR={{b, dy,tay,tey ), Te(X)=1 d.lal.tb, dia, b, 4 Uy
and the ideal 1= 10, {a}}. Then ib, d}is Nl-slc-set but not a Nlw-closed set.

Theorem 3.3 A subset of a nano ideal topological space (U, Tr(X), 1) is n«-closed if and only il'it is both Nlw-closed and a
Nl-sle-set.

Proof. Necessity follows from Theorem 1.1{1) and Proposition 3.4{1). To prove the sufficiency. assume that A is both Nlm-closed
and a Nl-sle-set. Then A= G N F,where G is nano semi-open and F is

n«-closed. Therefore, A € G and A c F and so by hypothesis, A © G and A% © F. Thus A% c G F=A. Hence A is n+-closed.

Theorem 3.4 For a subset A of a nano ideal topological space (U, tr(X). 1), the following are equivalent.

1. Ais an=-closed set.

2 Aisa NI-LC*-set and Nlw-closed set.

3. Aisa weakly NI-LC*-sct and Nlw-closed set.

4. A is a Nl-slc-set and Nlw-closed set.

Proof. (1) = (2): Let A be anv-closed set. Then by Proposition 3.2 (1), it follows that A isa NI-LC*-set. Also, we know that every
n+-closed set is Nlw-closed. Hence Aisa NI-LC*-set and Nlw-closed set.

(2) = (3): Follows from Proposition 3.2 (3).

(3) = (4): Follows from Proposition 3.4 (3).

{(4) = (1): This is obvious from Theorem 3.3.

Theorem 3.5 For a subset A of a nano ideal topological space (U, Tr(X), D). the following are equivalent.

1. A is a n+-closed set.

2. A is a weakly NI-LC™-set and Nlw-closed set.

3. A is a weakly NI-LC*-set and Nlg-closed set.

Proof. (1) = (2): Let Abe a n+-closed set. We know that every n+-closed set is Nlw-closed [Thearem 1.1 (1)]. Hence A1s a Nlo-
cloied set. On the other hand, A can be wrillen as A = U NA. where U is nano-open and A is n+-closed. Hence A is a weakly NI-
LC”-set.

(2) = (3): This is obvious from Theorem 1.1 (2).

(3)y=(1): Let Abea weakly NI-LC*-set and a Nlg-closed set. Since A is weakly NI-LC*-set. A = G NF, where G is nano-open
and F is n+-closed. Now, A = G and A is Nlg-closed set implies AY © G. Also, A © F and F is n+-closed implies AL cF

Thus A= G 1 F=A. Hence A isn+-closed.

1v.A NEW SUBSET OF A NANO TOPOLOGICAL SPACE

Definition 4.1 Let A be a subsct of a nano topological space (U, tr(X)) ['hen the nano s-kernel ofthe set A, denoted by
Ns-ker(A) is the intersection of all nano semi-open supersets ol A,

Definition 4.2 A subset A of a nano topological space (U, T X)) is called ANs-set i A = Ns-ker(A)

Definition 4.3 A subset A of a nano ideal 1opological space (U, ta(X), 1y is called Ns-l-closed if A = GOF where G is a ANs-sel
and [ is ne-closed
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proposition 4.4 In a nano ideal topological space (U, tu(X), | Ty i

Proof. It is obvious trom Detinition 4.3. (XY, 1), every ne-closed set is NAs-1-closed,

The converse of Proposition 4.4 need not be true as seen from the following examp!
ample.
Example 4.5 Let U= {a, b, ¢, d} be the universe, X = {a, d} S U with LA\R = {fa, ¢
and the ideal 1 = {d ,{d}}. Then the set A = {a, c} is Nis-l-closed but not nu{:lt‘:s:dl WO AL Te(X) = 1, 4y, a, ), taedy U

Lemma 4.1 For a subset A of a nano ideal topological space (U, tr(X), 1), the followi :
L] » B Ing 4 o ale
1. A s NAs-l-closed. EiaLsequlyalent:

2L A=PN Ncl*(A) where P is a ANs-set.

3. A = Ns-ker(A) N Nel*(A).

Proof. (1) = (2) : Let A be a NAs-l-closed set. Then A = P 1 Q, where P is a Nhs-l-set and Q is n+-closed. Clearl

Ac PN Ncl*(A). Since Q is n+-closed, Nel*(A) & Nel*(Q)-Qand so P 1 Nel"(A) & PNO = A. Thercfore, A = 1{}\ Nel*(A)
()= :Let A=D N Necl*(A), where P is a ANs-set. Since P is a ANs-set, we have A = Ns-ker(A) N Nel”(A) '
=2 :Let A= Ns-ker(A) N Nel*(A). By Definition 4.2 and the notion of n+-closed set, we get A is Nhs-I-closed.

Lemma 4.2 A subset A of a nano ideal topological space (U, T(X), 1) is Nla-closed if and only if Nel*(A) © Ns-ker(A).
Proof. Necessity follows from Definition 4.2. To prove the sufficiency, let Nel* (A) € Ns-ker(A). If P is any nano semi-open set
containing A, then Ncl*(A) € Ns-ker{A) € P. Therefore, A is Nlw-closed.

Remark 4.3 The notions of Nlw-closed sets and Nxs-I-closed sets are independent.

Example 4.6 Let U =1a, b, «} be the universe, X = la, d} & U with USR =4%a, ¢}, tby, tdid, d X) =1 duidida, chias e, dy,uy
and the ideal 1= & . 1d} 1. Then

1. The set A = !a, c}is NAs-1-closed but not Nlw-closed.

2 The set A = b, ¢} is Niw-closed but not Nhs-1-closed.

Theorem 4.4 A subset of a nano ideal topological space (U, te(X), 1) is n#-closed if and only it itis both Nlo-closed and
Nis-1-closed.

Proof. Necessity is obvious from every n+-closed set is Nlw-closed and Proposition 4.4. We shall prove sufficiency Let Abea
Nlw-closed set and a Nhs-1-closed set. As A is a NAs-I-closed set A= G N F, where Gisa ANs-set and F is ne-closed. Now ACG
and A is Nlw-closed set implies A, € G. Also A < F and F isn »-closed set implies A\ © F.

Thus A, < GMF = A. Hence A is n+ -closed.

v. DECOMPOSITIONS OF N+ -CONTINUITY

Definition 3.1 A function £ (U, te(X), D — (Vowr(Y)) is said to be NI-LC*-continuous (resp. weakly NI-LC*-continuous) if
£ (A)isa NI-LC*-set (resp. weakly NI-LC*-set) in (U, t(X). 1) for every nano-closed set A in (V. we(Y)).

Definition 5.2 A function £: (U, T(X), ) = (V. wrl(Y)) is said to be Nl-sle-continuous (resp. Nis-1-continuous) if £ (A) is 2 NI-
sle-set (resp Nhs-I-closed set) in (U. el X), 1) for every nano-closed set A in (V, yr(Y)).

Example 5.3 Let U=1{a, b, c. dj be the universe, X=a. crCU, with UNR=11al, b, el bdi ), ta(X) = 1é. dad, th, ety ta boey UL,
the ideal 1= 16.4d}}, and let V =la, b, c, d! be the universe, Y = fa, dJEV, with VAR'= { {a, ci. bt td} i, and

wedY) = 1, 1dj, ta.ch, ta, ¢, d}, V. Delinca function £ (U, Tt X 1) = (V, wre(Y)) to be the identity map. Then the map fis
Nl-slc-continuous.

Remark 5. 1Fvery n+-continuous map is.Nl-sle-continuous, but the converse is not true
Example 5.4 Let U= ja, b, c. d} be the universe, X- fa, ¢1S U, with LM tad b, el btk Xy b tad, thoed, da b, o, Uj, the
ideal 1+ b, 1yt and let V = fa boc dibe the universe, Y = 1o, d} €V, with VAR' = Hlad, fdi, boeidand

welY) = i, la, di, V4. Thenthe identity map [ (U, e X0, 1) = LV, (Y)Y is NEsle-contmuous but not ne-continuous
Remark 5.2 The concepts of Nlw-continuity and NI-sle-continuity are independent as seen from the following examples.
fxample 5.5 Let U = {a, b, ¢, di be the universe, X+ 1o, € GU, with UR=bag th, ed i redX) =4, tad, b, el i boct, U

the 1deal 1+ 10, Wiy and letV = fa. b, ¢ 1 be the universe, Yo fa it GV with VIR ad, Wl b et and
welY) = 1, da, di, Vi, Then the identity imap U, X 0 = (Ve (Y ) s Nl-sle-continuons but not Nio-continuous

\
[ X}
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Example 5.6 Let U=la, b, c, d{ be the umverse, X=1a, bjEU. wi!hle‘r{l"/. Ly

— = f ' with
the wdeal 1= 10, taly and let V = fa, b c, d} be the universe, Y=ladi= V. E " i
welY) = 16, WY ta el fa, e, db, Vi, Then themap £ (U tlX). D  (V, el Y)) defined by (a) = a, (b)
f(d) = d is Nlw-continuous but not Nl-slc-continuous.

ViR'={{a,c}, {bi. Id}i and
s, fley = b,

‘Theorem 5.3 For a function £ (U, Ta(X). ) = (V. wr(Y)), the following arc equivalent.
1. 1is n¥-continuous.

2. fis NI-L.C*-continuous and Nlm-continuous.

3. fis weakly NI-L.C* -continuous and Nlw-continuous.

4. Fis Nl-sle-continuous and Nlm-continuous.

Proof. This is an imimediate consequence of Theorem 3.4

Theorem 5.4 For a function f: (U, tr(X), 1) — (V, wr(Y)), the following are cquivalent
1. fis n*-continuous. ‘

2. fis weakly NI-LC*-continuous and Nlw-continuous.

3. fis weakly NI-L.C*-continuous and Nlg-continuous.

Proof. This is an immediate consequence of Theorem 3.5.

tay el db, di i, Tl X) 1, ad, th, d}, fa, b, di, Uj,

Theorem 5.5A function (U, ta(X). 1) = (V, wr(Y)) is n+-continuous ifand only ifitis both Nlw-continuous and Nis-[-continuous.

Proof. This is an immediate consequence of Theorem 4.4.
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