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1 Introduction

The concept of fuzzy set was introduced by L. A. Zadeh [16]. Basic definition and propositions
of interval-valued fuzzy vector space is introduced by S. Mondal [11]. In 1977, A. K. Katsaras
and D. B. Liu [7], apply the concept of fuzzy set theory in elementary theory of vector spaces
and introduced fuzzy vector spaces and fuzzy topological vector spaces. In 1983, K. Atanassov
extended the notion of fuzzy sets to intuitionistic fuzzy sets [1]. In 2017, M. Chiney and S.
K. Samanta [3], introduced a notion of intuitionistic fuzzy vector space and intuitionistic fuzzy

basis. R. Pradhan and M. Pal [13, 14], discussed about intuitionistic fuzzy linear transformations.
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Also they developed a system of intuitionistic fuzzy linear equations and tolerable solution of
an unsolved system. In 2007, S. B. Hosseini et al. [5], defined the concept of intuitionistic fuzzy
metric and normed spaces and prove several theorms about completeness and compactness. Using
level subsets and image 1, R. Kumar [8], redefined fuzzy subspaces and fuzzy cosets.

In 1991, D.S. Malik and J.N. Mordeson [10] characterize the conditions about fuzzy subspace of
a vector space and introduce the concept of fuzzy freeness of a fuzzy subset of a vector space.
In 1993, J.N.Mordeson [12] gives the conditions to have a basis over a fuzzy subfield. In 1990,
P.Lubzonok [9] defined the fuzzy dimension for all fuzzy vector spaces as a non negative real
number or infinity and proved some theorems based on fuzzy finite dimension in vector spaces.
F.G.Shi and C.E. Huang [15] redefine the fuzzy dimension of fuzzy vector spaces. In 2012, the
same authors [6] consider the direct sum of fuzzy dimension of fuzzy vector spaces. In 2001,
M. Gehrke et al. [4] concerned with the basics of a theory for such ’interval-valued’ fuzzy sets.

Using lattice theory, they build the concept of the interval-valued fuzzy set theory.

2 Preliminaries

The following preliminary concepts are studied to develop the basic properties of interval-valued

intuitionistic fuzzy vector spaces.

Definition 2.1. Interval-valued Fuzzy Set [11]: An interval-valued fuzzy set (IVEFS) A on the
universe U # ¢ is given by A ={(u, A(u)) : u € U}, where A(u)= [A(u), A(u)] € L([0,1])
being L([0,1]))={z=[z,7] : [z,7] € [0,1]? and x < T}.

Obviously, A(u) = [A(u), A(u)] is the membership degree and A(u), A(u) are the lower and the
upper limits of the membership degree of uw € U. Let I be the set of all real numbers lying between
Oand 1. Thatis, I = {x : 0 < x < 1}. Also let D|0, 1] be the interval [0, 1] which can be written
as D = {[a,b] :a < b;a,be I}

Definition 2.2. Interval-valued fuzzy vector [11]: An interval-valued fuzzy vector is an n-tuple of
elements from an interval-valued fuzzy algebra. That is, an IVFV is of the form (x1, s, ..., x,),

where each element x; € F,1=1,2,... n.

Definition 2.3. Interval-valued fuzzy vector space [11]: An interval-valued fuzzy vector space
(IVFVS) is a pair (E, A(z)) where E is a vector space in crisp sense and A : E — DJ0,1]
with the property, that for all a,b € F and x,y € E, we have A(ax + by) > A(x) N A(y) and
Alazx + by) > A(z) A A(y).

Definition 2.4. Interval-valued intuitionistic fuzzy set [2]: Let D0, 1] be the set of closed subin-
tervals of the interval [0, 1] and X (# ¢) be a given set. An interval-valued intuitionistic fuzzy set
in X is defined as, A = {(x, pa(x),va(z)) |x € X}, where sy : X — DI[0,1], v4 : X — D|0, 1]
with the condition 0 < sup(ua(x)) + sup(va(z)) < 1 forany x € X. The intervals pa(x) and

va(z) denotes the degree of belongingness and the degree of nonbelongingness of the element x
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to the set A. Thus for each v € X, pa(x) and va(x) are closed intervals and their lower and
upper end points are denoted by 4, (), 1, (x),va, (x) and v 4, (x). We can denote by:

A= {{a, [, (@), g (@), [, (2), vy (@)]) o € X,

where 0 < 14, (x) + va, () <1, pa, (x) >0, va, () > 0. For each element x we can compute
the unknown degree (hesitancy degree) of an intuitionistic fuzzy interval of v € X in A defined as
follows:

ma(@) =1 = pa(@) —vale) = [1 = pay () —va, (1), 1 = pa, (€) = va, (z)]
Especially, if pia(z) = pa, () = pa,(x) and va(x) = va,(x) = va,(x), then the given

IVIFS A is reduced to an ordinary intuitionistic fuzzy set. For two IVIFSs

A ={{z,[pa, (@), pay (2)], [Va, (@), va, (2)]) |2 € X}
and
B = {<.ilj, [II’LBL('Z‘)7ILLBU($)]7 [VBL(w)7VBU(x)]> |33 € X}

the following two relations are defined:

1. A C Bifand only if

(a) pay () < ppy
(b) MAL(x) < UB L(I)7
(c) va,(z Vg

() )
(d) va,(z) > v (:c),for any v € X.
2. A= Bifand only if

(@) pay(z) = pp, (2),
(b) pa () = pp, (x),
(¢) vay(2) = vp, (2),

(d) va,(z) =vp, (x), forany v € X.

3 Interval-valued intuitionistic fuzzy vector space

In this section, we introduce and study the concept of interval-valued intuitionistic fuzzy vector
space and its properties.

Definition 3.1. Interval-valued Intuitionistic Fuzzy Vector Space: The mathematical system of
interval-valued intuitionistic fuzzy algebra is defined with two binary operations “+” and “.” on
the set V, satisfying the following properties:

Let x1,y;, and xy,yy be the lower and upper end points of membership and non-membership

degrees, respectively.
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1. Idempotence : [xp, xy] + [xp, vy] = max{[zp, 2], [vL, 2v]} = (2L, 20]
2. Commutativity : [xr, zu]| + [y, yu] = Yy, yu] + (21, 20]
3. Associativity : [z, xu] + ([yr, yu] + (21, 2u]) = ([xr, zu] + [y, yul) + (21, 20]

4. Absorption :

(a) [vr,zu] + ([vr, 2vu)- [y, yol) = (2L, 20l

(b) v, zu]([vr, vu] + [yr, yo]) = [v1, TU].

5. Universal bounds:

where ¢ = ([0,0], [1, 1]) is the zero element and I = ([1,1],[0,0]) is the identity element. With
these properties, we can define an interval-valued intuitionistic fuzzy vector space. The triplet
(V. [pp (@), po ()], [ve(2), vu(x)]) = V is called interval-valued intuitionistic fuzzy vector space
where V is a vector space and o, : V- DI0,1], o, : V DI[0,1], pr > 0 and v, > 0 with
the property that for all o, 3 € V and x,y € F, then

L (@, + Bur,)s (O, + By ) €V
2. [(auy, + Buy,)s (g, + By, )] €V

3. {([((ow A ), (aw A ), (1= o) Vv, (1= ap) Vp))} € V

where

MLy + MLy = ML,y \ WLy,

Huy + Lo, = Koy \% HUy,

VLl + VL2 = VLl A VLQ,

vy, + vy, = Vy, VAN Vy,-
Example 3.2. Let Vs be the set of triplet over F. For o = {ay, e, a3} and = {31, B2, B3}. Let
A = {{ay,[0.1,0.2],]0.5,0.6]) , (a2, [0.1,0.2],[0.7,0.6]) , (x3, [0.5,0.6],[0.3,0.4])} and Ay =
{<617 [057 06]7 [037 04]> ) <627 [037 04]7 [07, O6]> ) <B3a []-a ]-L [07 OD} Here Al + A2 S VS and
zA; € V3 where v = {(x,[0.5,0.6],[0.3,0.4]) }. Therefore, Vi is an interval-valued intuitionistic

fuzzy vector space.

Definition 3.3. Transpose: Let V' = {[ar, oy /[ar, ay] € V} where [ar, oyt is the transpose
of an interval-valued intuitionistic fuzzy vector [ay, ay|
For [ayr, ayl,[BL, Bu] € VP and [z, xy] € F, then
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1 ([xL,!EU]-[OéL,aU]t)t = [IL,DUU}-[&L,O&U],
2. (lag, ay]" + [Br, Bul')' = low, au] + [BL, Bul-

Definition 3.4. IVIF Subspace: Let W be a subset of V and [¢1, du)[IL, Iy] € W. A subset
W of V is said to be an IVIF subspace of V., if for any |ar, ov), [Br, Bu] € W and oy, ap] +
[6[47 ﬁU} € w.

Definition 3.5. IVIF Span of S: A linear combination of elements of the interval-valued in-
tuitionistic fuzzy set of interval-valued intuitionistic fuzzy vector S is a finite sum Ml zu,]
[a,, a,| where [z, zp,] and [, ap,] € 1. The set of all linear combinations of S is called the
IVIF span of S and is denoted by <§ >

Definition 3.6. IVIF spanning set: Let S and W be two intuitionistic fuzzy subsets of V. If
<§> = W, then S is called an IVIF spanning set or set of IVIF generators for W.

—~

If W is an IVIF intuitionistic Jfuzzy subspace of V then <W> =W.

Definition 3.7. IVIF Basis: An IVIF spanning set for W is called an IVIF basis for an IVIF

subspace W of V which one have minimum cardinality.

Definition 3.8. Linearly dependence: An IVIF set S of vectors over an interval-valued intuition-
istic fuzzy algebra F, is linearly dependent if at least one element of S is a linear combination of

the other element of S. Otherwise, it is called linearly independent.

Proposition 3.9. Let A and B be the set of interval-valued intuitionistic fuzzy vectors.
1. The set consisting of the zero vector is linearly dependent.
2. If A C B and if A is linearly dependent, then B is also linearly dependent.
3. If A C B and if B is linearly independent, then A is also linearly independent.

Proof. To prove (1): Let S = {ag, a9, ..., qp_1,0,Qri1, ..., an}, Where o s are interval-valued
intuitionistic fuzzy vectors foralli € {1,2,...,r— 1,7+ 1,...,n} and ¢ be the interval-valued

intuitionistic fuzzy zero vector. It can be written as

p=¢ a1+ -t - to-pt-t+o-a,
= ([(0,0), (4, D] - [(perys prn ), (v, vo)]) + (100, 0), (1, D] - [(ksos i), (Vi o) ]) + - -
+([0,0), (1L, V)] - [(pz.,, 1), (Ve vo,)])
= ([(0,0), (1, 1)]).

Hence ¢ is a linear combination of the other vectors in .S. Thus S is linearly dependent.

To prove (2): Let A = {[ay,, av, ], [r,, o], - - - [ar,, ap, |} and B = {[ay,, au, |, [ar,, avl,s - - -

ag, o ag, ., 0 o lan o wheren > r;r,n € N (natural numbers) and |o,., ap.]’s
[LM Ur]?[ Lyy1s Ur+1]7 7[ Ly> Un]} ) L;, QU;
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are all interval-valued intuitionistic fuzzy vectors for all i € {1,2,...,n}; thatis [a.,, ay,] € V.
Also since A is linearly dependent, there exists a vector |ay,;, ay,] € A such that

[O‘LWO‘UJ'] = [anxUJ ' [aL17aU1] + [$L2>xU2] ’ {O‘Lzﬂ aU2] +--
+ [xL\7'717$Uj71] ' [aLj—17an—1} + [ijJrl"IUjJrl} ’ [aLj+17 OéUjJrl} +oe

+ [xL'r" er] : [aLr" aUr]’

where [z, xy,] € F foralli € {1,2,...,n} This implies that,

[aLjv an] = [$L1:$U1] ) [aL17aUl] + {wa ng} ) [aLw CYU2} LR
+ [QELjflvaij : [O‘LJ‘—N O‘Ujfl] + [xLHl’ inJrl] : [aLj+1’an+1] +.

+ ['rL'r*? .CEU,’] ' [aL7'7 aUr] + [¢Lr+17 ¢Ur+1] : [aLr+l7 aU’r+1] + tt

+ |:¢L'n,7 QSUn:I . I:OéLn? aU?v,] °
Hence B is linearly dependent.

To prove (3): Given that A C B and B is linearly independent, then A is also linearly inde-
pendent. Assume that A is linearly dependent. Using the above proof, we get that B is linearly
dependent. This is a contradiction by our assumption.

Hence A is linearly independent. ([l

Definition 3.10. IVIF Standard Basis: An IVIF basis 9 over the interval-valued intuitionistic
fuzzy algebra F is an IVIF standard basis if [ar,, au,] = Y |vr,,, v, ]loz,, ou,] for [aL,, ay,],
lag,,au,] € #and [z, 2y, € F

Theorem 3.11. Any finitely generated IVIF subspace over F has a unique IVIF standard basis.

Proof. Assume that % and %’ are two interval-valued intuitionistic fuzzy bases with | #| = | #'|.
Since %' is an IVIF basis, each element of % can be expressed as a linear combination of the
element of #'.

Therefore, each element |31, By,] of % must be multiple of some element [} , 57, j] c R
Thus [Br,, Bv,] < [BY,. By, ), similarly,

[ﬁ/Lja ﬁ/U]] < [ﬁLﬂ ﬁUz]

= [ﬁLwﬁUi] = [Biﬁﬁ{[j]?
also we have |#| = |#'|. Thus, B = #'.

Hence the interval-valued intuitionistic fuzzy basis is unique. U

Theorem 3.12. Over the interval-valued intuitionistic fuzzy algebra F, any two IVIF bases for a
finitely generated IVIF subspace of IVIFVS have the same cardinality.

Proof. Let S be the set of IVIF vectors, each of whose entries is equal to some entry of an IVIF
vector of any finite IVIF basis %. This implies that S is a finite set.
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Case (1): 4 is not an IVIF standard basis.
= [Br..Bu] = Ylrw, wu,llBr,, Bu,) for some [Br,.fy,] € % and [xp,,,2y,] € F with
Br., Bu.l # lrr,,xv,l|PL,, Pu,). That is, [5r,, fu,] # min[zy,., zy,]|BL., fu,]. Therefore,
(@, 2u,|[BL;: Bu.] < [PL:,Bu,]. Let % be the set obtained from # by replacing [3y,, Ou,]
by [z1,,, zv,]BL:, Bu,]- Then
8| = | 2]
= (B) = (%) .

Also %, is minimal set and all the IVIF vectors of %4, becomes an IVIF standard basis, then
2 is the required IVIF standard basis with the same cardinality as %.

If A is not IVIF standard basis, then repeat the process of replacing %; by an IVIF basis %
and proceed.

Therefore, after replacing IVIF bases of the form # by the form %;, the process must be
terminated after some finite number of steps, which happen only if we obtained an IVIF standard
basis #; with the same cardinality as Z8. This proves that, for any finite IVIF basis, there exists
an [VIF standard basis with the same cardinality.

Case (2): Let & be an IVIF standard basis. Also, if possible, let #; be an IVIF basis of S such
that | 8| # |%, |, then either | %, | > | AB| or |%,| < |B|.

Now |%,| > |#| contradicts the definition of IVIF basis that %, is a minimal spanning set of
S. Alsoif | %, | < | 4|, then there exists an IVIF standard basis, by using Case (1), the cardinality
of A is equal to %4;. This is a contradiction that % is an unique IVIF standard basis.

Hence | 2| = | % |. O

Theorem 3.13. Let S be a finitely generated IVIF subspace of V,, and let {[eL, | ev, |, - ler,, eu,]
be the IVIF standard basis for S. Then, for any IVIF vector [ay,ay]| € V, can be expressed

uniquely as a linear combination of IVIF vectors of the IVIF standard basis.

Proof. Let {[er,, eu,], ..., [eL,,euv,]} be the IVIF standard basis for S and [cv, o] be any IVIF
vector of V,,. Consider, (o, o] = >} |21, vv,][er,, ev,], where [z, 2y,] € F.
In this expression, the co-efficients [z, 2y,]’s are not unique.

If we write this in the matrix form as

[aL7 aU] = ([ILl? xUl]? [ILw ‘TUz]v ceey [mmeUnD'Ea

where [ is the matrix whose rows are the IVIF basis vectors, then [a,, ay| = [pr, pu] - E has a
solution [pr, pu| = ([xL,, 2wy, [T Ly, T0s), - - -5 [0, T0,])-

Also it can be shown that this equation has a unique maximal solution, say, ([pr,, pv, |, [PLys Pl
..o» [Pr, U, ). Then [ag, ap] = Y25, [pr,, pu,ller,;, ev,] with [pr,, py,] € F is the unique rep-

resentation of the IVIF vector o, ay]. UJ

Theorem 3.14. Let S be an IVIF vector space over F, and a linear IVIF span of the IVIF vectors

lar,, ap, ], ..., |law,, au,]. If some [ay,, ay,] is a linear combination of (o, , ay, |, lar,, auvyl, - - -
g, ou, ], lon,, ., au, ], - o, au,| then the IVIF vectors [ar,, oy, ], ..., [ar,, au,] also
spans S.
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Proof. Let W = {[az,, a,],. .., [, aw,]} such that § = <I7I7> :
Since [, o,] is a linear combination of [ay,, oy, |, (oL, aws), .. ., [ar, o, (o, s

au,,,), - oL, ay,], then there exist [z, xy,]’s for j € {1,2,...,i —1,i +1,...,n} and
[21;,2y;] € Fsuchthat [ag,, av,] = 325 jlrr,, u,][ow;, au,].

Since S = <W>, any vector [, ful € S can be expressed as:

8L, Bul = YL, yonllow,, can | + (YL, Y llovr,, o] +
+ e yuodlow s cv ]+ Wees Yoo oo [+
+ e, yo.llac, av,]
= Z?:L#z‘[[?ﬂj,ijHCYLj,OéUj] + [y, yullar,, av,
- Z;;Lj#i[[y%’ ij][aLj7an] + [yL.» yu.] Z?:l,j;éi[ija xUjHaLJ» OéUj]
= Z?:l,jyéi 2, 7y, o, o,
where [} 2y ] = [y, yu,] + e, yollor,, o)) for j € {1,2,...,4 — 1,i +1,...,n} are
elements in F'.
Since [B1, By] is an arbitrary vector in S, we have S = <W — lag,, an]>. Thus, the vectors
loar,, o, [on,, aws], - o,y o) (@ oy s - - - o, o, | spans S. O

Definition 3.15. Dimension of S: The dimension of the finitely generated subspace S of an IVIF

vector space v; over the interval-valued intuitionistic fuzzy algebra F' denoted by dzm(§ ) is
defined to be the cardinality of the IVIF standard basis of S.

Example§.16. The setN{(([l, 1], 10,0]), ([0, 0], [1,1})), (([0,0],[1,1]), ([1,1],[0,0]))} forms the
basis for V. Thus dim(V5) = 2.

Theorem 3.17. Let S be an IVIF vector space over F of dimension nand let [ar,, |, [ovr,, o],

o lan, s auml, (m < n) be linearly independent IVIF vectors in S. Then, there exists a basis

for S, containing oy, , oy, lar,, au,l, - - - [ar,,, au,, |-
Proof. Let [Br,, Byl [BLs» Busls - - -+ 8L, Bu,,] be the unique IVIF standard basis for S. Then the
set W = {[aLl 5 aU]]v [CYLW aU2]7 sy [aLm7 OéUm]J [5[41 ) /BU]:IJ [ﬂsz 6U2]7 EI) [ﬁLnaﬁUn]}

is a linearly dependent subset of S.
Therefore, [51,, Bu,] for some ¢ € {1,2,...,n} is a linear combination of the vectors in W,
Since S is a linear span of 1. By Theorem 3.13, W — {1BL.. Bu,]} also spans S.
If the set W = {BL,, Bu,]} is a minimal set, then we have a basis for S as required. Otherwise,
we continue the process upto m-th iteration until we get a basis containing [ovz,, ay, |, [ar,, ap,],

...,[osz,ozUm}. 0
Theorem 3.18. Any set of (n + 1) vectors in V,, is linearly dependent.

Proof. If the set (n + 1) vectors in 17; is linearly independent, then by Theorem 3.13, we can
find a basis for V,, containing the set. That is (n + 1) vectors. Which is a contradiction by our
assumption. Every IVIF basis for V,, must contain n vectors. Thus any set of (n + 1) vectors in

f/; is linearly dependent. U

19



References

[1] Atanassov, K. T. Intuitionistic Fuzzy Sets, VII ITKR Session, Sofia, 20-23 June 1983 (De-
posed in Centr. Sci.-Techn. Library of the Bulg. Acad. of Sci., 1697/84) (in Bulgarian).
Reprinted: Int. J. Bioautomation, 2016, 20(S1), S1-S6.

[2] Atanassov, K. T. & Gargov, G. (1989). Interval-valued intuitionistic fuzzy sets, Fuzzy Sets
and Systems, 31, 343-349.

[3] Chiney, M. & Samanta, S. K. (2017). Intuitionistic fuzzy basis of an intuitionistic fuzzy
vector space, Notes on Intuitionistic Fuzzy Sets, 23 (4), 62-74.

[4] Gehrke, M., Walker, C., & Walker, E., (2001). Some basic theory of interval-valued fuzzy
sets, Transactions of the Joint IFSA World Congress and 20-th NAFIPS International Con-
ference, July 25-28, 2001, Vancouver, British Columbia, 1332-1336.

[5] Hosseini, S. B., O’Regan, D. & Saadati, R. (2007). Some results on intuitionistic fuzzy
spaces, Iranian Journal of Fuzzy Systems, 4 (1), 53—-64.

[6] Huang, C. E. & Shi, F. G. (2012). On the fuzzy dimensions of fuzzy vector spaces, Iranian
Journal of Fuzzy Systems, 9 (4), 141-150.

[7] Katsaras, A. K. & Liu, D. B. (1997). Fuzzy vector spaces and fuzzy topological vector
spaces, Journal of Mathematical Analysis and Applications, 58, 135—146.

[8] Kumar, R. (1992). Fuzzy vector spaces and fuzzy cosets, Fuzzy Sets and Systems, 45, 109—
116.

[9] Lubczonok, P. (1990). Fuzzy vector spaces, Fuzzy Sets and Systems, 38, 329-343.
[10] Malik, D. S. & Mordeson, J. N. (1991). Fuzzy vector spaces, Inform. Sci., 55 (1-3), 271-281.

[11] Mondal, S. (2012). Interval-valued fuzzy vector space, Annals of Pure and Applied Mathe-
matics, 2 (1), 86-95.

[12] Mordeson, J. N. (1993). Bases of fuzzy vector spaces, Inform. Sci., 67 (1-2), 87-92.

[13] Pradhan, R., & Pal, M. (2012). Intuitionistic fuzzy linear transformations, Annals of Pure
and Applied Mathematics, 1 (1), 57-68.

[14] Pradhan, R., & Pal, M. (2014). Solvability of system of intuitionistic fuzzy linear equations,
International Journal of Fuzzy Logic Systems, 4 (3), 13-24.

[15] Shi, F. G. & Huang, C. E. (2010). Fuzzy bases and the fuzzy dimension of fuzzy vector
space, Mathematical Communications, 15 (2), 303-310.

[16] Zadeh, L. A. (1965). Fuzzy sets, Information and Control, 8, 338-353.

20



