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apart from Diploma and Certificate Courses. The college has been ranked within Top 100 (72nd
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Abstract:

Neutrosophic sets play important role to develop the novel ideas in Mathematics
particularly in Topological spaces. Neutrosophic topology provides the new class of closed sets
to develop the theoretical concepts in Topological spaces.As a continuous development of
Neutrosophic approach in Topological Spaces, in this paper we have introduced a novel method
to generate the Topologies using the (a, 8, y) - cuts of Neutrosophic sets, which is the extension
work of the topologies generated by fuzzy numbers and intuitionistic fuzzy numbers.

Keywords: Fuzzy Numbers, Intuitionistic Fuzzy Numbers, Neutrosophic sets,

(a, B,v) — cuts of Neutrosophic sets.

1. Introduction:

Neutrosophic set is the generalization of classical set, fuzzy set(1965), intuitionistic fuzzy
set (1986) which consists of membership values, non-membership values, indeterminant values
of a set. The concept of “Neutrosophic set” was first given by F. Smarandache (2005). Bera and
Mahapatra introduced the («, 8,y) — cuts of Neutrosophic sets. Initially, topologies genetaed by
the open sets. Then the topologies generate by the basis and subbasis. It is very easy when the
number of elements are less. To overcome the difficulty of these methods, in this paper a novel
approach to generate topologies using Neutrosophic numbers and Neutrosophic Basis. This novel
approach is based on topologies generated by fuzzy numbers introduced by Padmapriya in 2010
and Topologies generated by Intuitionistic fuzzy numbers by Santhi and Kungumaraj, 2020.
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2. Preliminaries:

Definition 2.1 Fuzzy Set: Let X be a nonempty set. A fuzzy set A of X is defined as A =
{(x, nz(x));x € X} where pz(x) is called the membership function which maps each element of
X to a value between 0 and 1.
Definition 2.2 Fuzzy Number: A fuzzy number A is a convex normalized fuzzy set on the real
line R such that:
(i) There exist at least one x € R with uz(x) = 1;
(i) wz(x)is piecewise continuous.
Definition 2.4. a- cut of fuzzy number

The a- cut of a fuzzy number A(x) is defined as A(a) = {x/u(x) > A(x), a € [0, 1]}.

Definition2. 5 Intuitionistic Fuzzy Set :

Let X be a nonempty set. An intuitionistic fuzzy set A’ of X is defined as

A= {(x,uz(x),y7(x)); x € X} where pu(x) and yg(x) are membership and
nonmembership functions such that 1 (x), y(x) : X — [0,1] and
0<um(x)+ymu(x)<1lforallx € X
Definition 2. 6 Intuitionistic Fuzzy Number:

An intuitionistic fuzzy subset A" = {(x, pu(x),y5(x));x € A} of the real line Ris
called an intuitionistic fuzzy number (IFN) if the following conditions hold:
(i) There exists x€Rsuch that pz1(x) = 1 and yz1(x) = 0.
(i) uz(x)is a continuous function from R— [0, 1] such that 0 < puz(x) + yu(x) < 1for all
x€X.

Definition2.7 (a-cut of a fuzzy number): The a-cut of A denoted by A“ is the crisp set A% =
(x € X; A(x) = @) and the strong a-cut of A is denoted by A** is the crisp set A%t = x €
X;A(x) > ).

Definition2.8(Topologies generated by the fuzzy subsets): If Ais a fuzzy subset of X then the
topology generated by the a - cut of A is called the topology generated by the fuzzy subset
A.
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Definition2.9 ((a, B) - Cut of Intuitionistic Fuzzy Subset ): If A; is an intuitionistic fuzzy
number. A set of (a, B ) - cut of A; of X, is defined byA, s = {x, uu(x),9,(x):x €
X; ug(x) = a,9,(x) < B,a,f € [0,1] where a, B € [0,1] are the fixed numbers and a +8 <
1.

Definition 2.10Topology Generated by (a,B ) - cut of Intuitionistic Fuzzy Numbers:

Let A is an Intuitionistic fuzzy subset of X. If T be the collection of opens sets of (a,  )-cut of
elements of A and it is a topology on X, then t is called topology generated by Intuitionistic
fuzzy subset A of X.

Definition2.11 Neutrosophic Set: Let X be a universe set. A neutrosophic set A on X is
defined as A= {(Ty(x),[1(x),F4(x)):x € X}, where T,(x),14(x),F4(x):X >7]0,1[*
represents the degree of membership, degree of indeterministic and degree of non-
membership respectively of the element of x € X, such that 0 < T,(x), [,(x), Fy(x) < 3.
Definition 2.12 ( a, B,y)-cut of a Neutrosophic number: The Aof Neutrosophic set N is
denoted by N, ), where a, B,y € [0,1] and are fixed numbers, suchthata + f +y < 3is

defined as Nig gy = {(Ta(0), La(x), Fa(x)): x € X, T4 (x) = a, I4(x) < B, Fa(xx) < v}.
Definition 2.13 Strong (a, B, ¥)-cut of a Neutrosophic number: The Strong (a, 8,y)* — cut of
neutrosophic set N is denoted by N gt » where «a, 5,y € [0,1] and are fixed numbers,

such that a+ B +y <3 is defined as Ny pyy+ = {(Ta(x), La(x), Fa(x)): x € X, Ty(x) >

@, 1,(x) < B, Fa(x) <y}
Definition 2.14 Crisp Basis:Let X be non-empty set. B © P(X) is called a base if
() U{B/BeB }=X
(i) U,Ve BandxeUnVimplies there exist W € B suchthatxeWcUnV.
Let t be the collection of all union of finite number of elements of B. Then tis a
topology and B is a base for the topology.
3. Topology Generated by(a, B,y) — cut Neutrosophic Sets:

Definition 3.1: Let A is a Neutrosophic subset of X. If t be the collection of opens sets of (a, 3
,y) — cut of elements of A and it is a topology on X, then t is called the topology generated

by the Neutrosophic Subset A of X.

Dr.E.Kungumaraj, Department of Mathematics, Sri Krishna Arts and Science College, Coimbatore; kungum99522 @gmail.com
Dr.R.Santhi, Department of Mathematics, NGM College, Pollachi, santhifuzzy@yahoo.co.in 102




Novel approach to Generate Topologies by using (a, 8,y) — Cuts of Neutrosophic Sets

Example 3.2: Let X = (a,b,c) and A = { +—+£ %+_+E 03,040 }

oo g T
Then A(®FY) is the whole set for a =0, § =1, y =1, and is empty set for a =1, § =0, y =0.
Also A@BY) = X for 0<a < 0.1,08<f<1,08<y <1,A@EY) = {c},for 0.2 < a < 0.7;
02<f<07;02<y<0.7A@BY) =¢ for 0.7 <a<1,0.2<p <0.Then
Ty (A) = {X, {b, c}, {c}, ¢ }. Clearly 75, (A) is topology on X.

09 102 01 2’_0.2 E_I_Ti}

Example3.3::LetX=(p,q,r)andAz{%S+q;+;,p, p it

)

! 12}

Thenty (A) = {X, {r, s}, {s}, ¢ } when a=0.9,  =0.3, y =0.4. Clearly 75, (A) is not topology on
X.

Theorem 3.4: If A= (a,a’,a') is a neutrosophic subset of X = {x} then 7, = {X, ¢}.

Proof: Let X = {x} and A = %;%’+a7”;0 <a<1.Thenty(4) =X

Topology generated by 7, (4) = Topology generated by {X} = {X, ¢}. Therefore 7y (4) =
{X, ¢}.

Theorem 3.5:1f A= (a,a’,a’’; b,b’, b"") is a Neutrosophic subset of X ={x, y} then 7, (4) =
{X, ¢} or Ty (A) = {X, ¢, A} where 1 € {{x}, {y}}.

Proof: Let X ={x, y}. There are four topologies on X

They are given by 7y, (4) = {X, ¢}, Tv,(4) = {X, ¢, {x}}, 7n, (D) = {X, &, (¥}, 7, (4) =

X, 0, {x}, {y3}}.
Case 1: If 4 —% “7 %where 0<aa,a”" <1thenty(4) =X

Topology generated by 7y (4) = Topology generated by {X} = {X, ¢} =y,

a aII bl

! ! !
Case2:If A = g;%+b; +— " where0 <a”" <a' <a<b<b' <b" <1then

21

TN(A) = {X, {X}}
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Topology generated by 7y(A) = Topology generated by {X, {x}} = {X.{x}, ¢} = Ty,

b al bl all bll
;;7+;;7+7Wher60ﬁb” <b <b<a<a <d' <1then

Case3: IfA=4A =%+
(4 = {X, }}.
Topology generated by 7y(A) = Topology generated by {X, {x}} = {X.{y}, ¢} = Ty,
Theorem 3.6: The discrete topology on {x, y} is not generated by the (a, B,y) — cut of any
Neutrosophic subset of {x, y}.

b al bl aII b”)

Proof: Let A be a Neutrosophic subset of {x.y}. Then 4 = (% + > % + Pt + v

Ifa = b then using Theorem 3.4, T (4) = Ty,
Ifa <b then using Theorem 3.5, Ty (4) = ty,
Ifa > b then using Theorem 3.5 7y (4) = 7y,
4. Neutrosophic Basis in Topological Spaces:
Definition 4.1:Neutrosophic Basis
Let X be a nonempty set and B c P(X) . A function f,, f,, fo: P(X) = [0,1] is called
Neutrosophic Basis if
0 VBB =1/fB)=0/f(B)=0}=X
(i) For each (a,5,y) € (0,1]witha + +y < 3.f,(U) = a, f,,(U) < B, fy(U) <y
and f,(V) = a, £, (V) < B, fy(V) <yand x € U NV implies there exist f, (W) =
a, f(W)<B,fo(W)<ysuchthatxeWc UNV.
If Ty is the topology of X based on the basis B, then it is called the topology generated by the

Neutrosophic Basis.
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Definition 4.2: Strong Neutrosophic Basis

Let X be a nonempty set. A function f,, fi, fs: P(X) — [0,1] is called Strong Neutrosophic

Basis if
()
(i)

U{B If,(B) =1,fs(B) =0, f,(B) =0} = X.
£.(U A V) = ming £,U), f,(V)}, £ (U U V) < max{ £ (U), fe (D}, fo(UUV) <
max{ fy(U), fo(V)}, forU,V c XwithU NV =¢.

If ) is the topology of X based on the basis B, then it is called the topology

generated by the Neutrosophic Strong Basis.

Theorem 4.3: Every crisp basis induces a Neutrosophic basis.

Proof: Let X be a non-empty set. Let B be a crisp basis. Define f: P(X) — [0,1] as f(A) =

lif Ae Band iff(A) = 0 if A does not belong to B.

(i)
(i)

U{B|(B)=1}=uU{B/B €eB} =X, by definition of crisp basis

Take a, B,y € (0,1]witha + B +y < 3. Let f,(U) = a,£,,(U) < B, fy(U) <y, and
x€UNV, £,(V) = afV) < B fo(V) <y implies £,(U) = 1, £ (U) =

0,fs(U) =0and f,(V) = 1, £, (V) = 0, fy(V) = 0. This implies that U, V €B.

Since B is a crisp basis 3 WeB ,x € W c U U V. Since WeB, f(IW) = 1and hence
fuW) =z a, f,(U) =0, fy(U) = 0. Hence f is Neutrosophic basis. Thus, every crisp

basis is a Neutrosophic basis
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