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ABSTRACT.The purpose of this paper is to introduce a new concept of functions called Almost &Ps-
continuous functions. This class of functions is defined using new class of sets called 6Ps- open sets in
topological spaces. Some propertiesand characterizations of this function areobtained.
Keywords.§ Ps-continuous, precontinuous, almost precontinuous functions.
1. INTRODUCTION
Velicko [23]was the first who introduced 3-open sets in 1968, which plays an important role in
study of various topological spaces. Considering this many authorsdefined a new class of sets in
topological spaces. Vidhyapriya et al [24] introduceda new concept called §Ps-open sets in topological
spaces. In this paper almost 6§ Pg-continuous functions isdefined by which various properties are obtained.
2. PRELIMINARIES
In a topological space X mean a topological space without anyseparation axiom. We recall the
following definitions, notations and terminology.
Definition 2.1.A subset A of X is said to be
a) preopen[12] ifASIntCIA
b) semi-open [10] ifASClIntA
c) a-open [15] if ACIntClIntA
d) p-open [1]if AcCIIntCIA
e) regular open [22]ifA=IntCIA
f) regular semi-open[5] if A=s IntsCIA
g) o-preopen [20] if A € Int(3CI(A))
» The complement of a preopen (resp. semi-open, a-open, 3-open, regular openand regular semi-
open) set is said to be preclosed(resp. semi-closed, a-closed, B-closed,reqular closed, 8-
preclosed and regular semi-open).
» The family of all preopen (resp. semi-open, a-open, regular open, regular semi-open, &-
preopen and regular closed) subsets of a topological space X s
denotedbyP O (X)(resp.SO(X),aO(X),RO(X),RSO(X), sPO(X)andRC(X)).
Vidhyapriya P*!, Mathematics, Avinashilingam Institute for Home Science and Higher Education for Women, Coimbatore,
Tamilnadu, India.-E-mail:pvidhyapriyal9@gmail.com
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» The closure (resp. interior) of a subset A of X is denoted by CI A (resp. Int A).
Definition 2.2: Afunctionf: (X, t) — (Y, o)is said to be
a) precontinuous[12](resp., d-precontinuous)if the inverse image of each open subset ofY is preopen
(resp., 6-preopen) in X.
b) super continuous [13] if the inverse image of each open subset of Y is 3-open in X.

» A function f: (X,7) = (Y, 0)is said to be almost precontinuous[14](resp. almost continuous in the sense
of Singal and Singal[21]) if the inverse image of each regular open subset of Y is preopen (resp.,
opensets) in X.

» A function f: (X,t) = (Y, 0)is said to be d-continuous [16](resp., almost strongly 6-continuous [18]) if
for each x € X and each open set V of Y containing f (X), there exists an open set U of X containing x
such that f (IntCIU) cIntCIV (resp., f(CIU) SsCIV).

Definition 2.3.A function f: (X,t) = (Y, 0)is said to be irresolute [7] if the inverse imageof each semi-open
subset of Y is semi-open in X.

Definition 2.4. A function f:(X,7)—> (Y,0) is said to be weakly quasi- continuous[8](resp.S-
continuous[26])ifforeveryF € RC(Y), f~1(F) € SO(X) (resp f~*(F)is the union of regular closed sets of X).
Definition2.5[24].A 3- preopen subset A of a space X is called a § Ps-open set if for each x € A, there exists a
semi-closed set F such that x e FE A.

Definition2.6[23]. AsubsetAofaspaceXiscalledd-open(resp.,0-open)ifforeachxeA, thereexistsanopensetG
suchthatx € G € IntCL(G) < A(respx € G < CIG < A).

» The intersection of all §Ps-closed (resp. preclosed, semi-closed, a-closed, &-
preclosed and &-closed) sets of X containing A is called the §Ps-closure (resp. preclosure, semi-closure, a-
closure, 8-preclosure and 8-closure) of A and is denoted by 6 P¢Cl A (resp. pCl A, sCl A, aCl A,dpcl(A) and Cl;
A).

» The union of all §Pg-open (resp. preopen, semi-open, a-0pen, 6-preopen and 3-open) sets of X
contained in A is called the §Ps-interior (resp. preinterior, semi-interior, a-interior, 3-preinterior and d-interior)
of A and is denoted by §PgInt A (resp. p Int A, s Int A, alnt A,8pInt(A) and Ints A).

Proposition 2.7[24].A subset A of a space X is § Pg-open if and only if A is a 3-preopen set and A is a union of
semi-closed sets.
Definition 2.8. A space X is s-regular[3](resp., semi-regular[19]) if for eachx € X and each
opensetGcontainingx,thereexistsasemi-open(resp.,regularopen)setHsuchthatx € H € sclH < G (resp., x € H S
G).
Theorem 2.9[21]. For a mapping f: (X,7) = (Y, 0), the following statements are equivalent:
a) fisalmost continuous at x € X
b) For each regularly-open neighborhoodM of f(x), there is a neighborhood N of x such that f(N) € M.
c) For each net {x;},ep converging to x, the net {f(x3)}iep iS eventually in every regular open set
containing f(x).
Definition 2.10. A space X is said to be:

a) Hyperconnected [6] if every non-empty open subset of X is dense.

ETIST 2021 133



Vidhyapriya P, Sivakamasundari K et al

b) Locally indiscrete [6] if every open subset of X isclosed.
C) Semi-T{[11] if to each pair of distinct points x, y of X, there exists a pair of semi-open sets, one
containing x but not y and the other containing y butnot x.
Proposition 2.11. The following statements are true:
a) AspaceXissemi-TiifandonlyifforanypointxeX,thesingletonset{x}issemiclosed[11].
b) If a space X is semi-Ty, thendPs0(X) = PO (X)[24].
c) Ifatopologicalspace(X,t) is locally indiscrete space, SPsO(X)= t[24].
d) Ifatopologicalspace(X, t) is s-regular, thent € §Ps0 (X)[24].
Lemma 2.12[6]. a). If R € RO(X) and P € PO(X), then R NP € RO(P).
b). Let Y be a dense subspace of X. If O is regular open in Y, then O = Y n int(cl(0)).
Proposition2.13[24]. The following properties are true:
a) Let (Y, Ty) be a subspace of a space (X, 7). If A € §P;0(X,7) and Y € RO(X, 7) thenA € §PsO(Y, Ty).
b) If eitherB € RSO(X) or B is an §-open subspace of a space X andA € §Ps0(X), thenA N B§PsO(B).
C) Let (Y,tv) be a subspace of a space (X,1). If A € 3PsO(Y, tv) and Y € RO(X, 1), then A € §PsO(X, 1).
d) Let A and B be any subsets of a space X. If A € 5PsO(X) and B € RSO(X), then A N B € 8PsO(B).
Lemma 2.14. The following statements are true:
a) LetAbeasubsetofaspace(X,t). ThenAEPO(X,t)ifandonlyif SCIA=IntCIA[7].
b) AsubsetAofaspace(X,t)isp-openifandonlyifClAisregularclosed.[4].
Lemma 2.15. Let A be a subset of a topological space (X, 1), then the following
statement are true:
a) Foreach 4 € SO(X),ClgA = Cl(A) = 8PsCL(A) = pCL(A) = aCl(A)[25].
b) IfA € BO(X), then aCI(A) = CL(A)[2].
Definition 2.16[24].A function f: (X,t) = (Y, 0)is called §Ps- continuous at a point x € X if for each x € X
and each open set V of Y containing f (x), there exists a § Ps-open set U of X containing x such thatf (U) < V. If
f is 8Ps-continuous at every point of X, then it is calleddPs-continuous. Equivalently,a function f: (X, t) -
(Y, 0)is 6 Ps-continuous if and only if f~1(V)is §Ps-open set in X for each openset Vin'Y.
Lemma 2.17[14].The following results can be proved easily:
a) If f: (X, 1) - (Y, 0)is almost precontinuous and Y is semi-regular, then fis precontinuous.
b)If f: (X,7) - (Y, 0)is almost continuous and Y is semi-regular, then f iscontinuous.
C) A function f: (X,t) — (Y, 0)is is almost precontinuous if and only if £=*(V) is preopen set in X , for
every d-opensetVin'Y .
Theorem 2.18 [24].If f: (X,t) = (Y,0) is a continuous and open function and V is a §Ps-open set of Y,
thenf~1(V) is a § Ps-open set ofX.
Theorem 2.19 [7]. A function f:(X,t) - (Y,0) is preopen if and only iff ~*(ClV) € CL(f~*(V)),for each

semi-openset VV of Y.
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Definition 2.20[9]. A function f: (X,7) = (¥, o) is called almost Ps-continuous at a point x € X if for each
open set V of Y containing f (x), there exists a Pg-open set U of X containing x such that f (U) SIntCIV. If fis
almost Ps-continuous at every point of X, then it is called almost Ps-continuous.

Lemma 2.21[21]. Let A be a subset of a topological space (X, t). Then §-sCl(3-Int(A)) = Int(CI(3-Int(A)), or
equivalently, 8-sCI(U) = Int(CI(U)) for each &-open set U of X.

Proposition 2.22[9]: If a function f: (X,7) = (Y, g) is §-continuous, then f isalmost Ps-continuous.

3.Almost §Ps-Continuous Functions
Definition 3.1: A function f: (X,7) = (Y, 0)is called almost §Pg-continuous function at a point x € X if for
each open set V of Y containing f(x), there exists a §Ps-open set U of X containing x such that f(U) c
Int(CI(V)). If fis almost § Pg-continuous at every point of X, then it is called almost & Ps-continuous.
Note 3.2. For an open set 6CI(V) = CI(V) [23]. Hence in the definition f(U) < intcl(V).
Proposition 3.3: The following results supervene from their definitions directly:

a) Every & Ps-continuous functionsis almost & Ps-continuous.

b) Every almost Ps-continuous function is almost § Pg-continuous.
Proof: (a) Let f: (X,7) = (Y,0) be §Ps-continuous. Then for x € X and V € o containing f(x) there exists a
§Ps-open set U in X containing x such that f(U) €V (B——»
ThenV < §cl(V). Since Visopen, V =intV S int§cl(V) (2)— 8 —»
~ From (1) & (2) V € int(5CL(V))
Hence from definition 3.1, f is almost § Ps-continuous function.
(b). Every almost Pg-continuous function is almost & Ps-continuous function
Let f: (X,7) = (Y, o) be almost Ps-continuous function. Then for x € X and V € ¢ containing f(x) there exists
a dPg-open set U in X containing x such that f(U)intcl(V). Since every Pg-open set is &Ps-open,from
Definition 3.1, f is almost § Ps-continuous.
Proposition 3.4: If a function f: (X, 7) — (Y, 0)is 8-continuous, then f is almost & Ps-continuous.
Proof.From Proposition 2.22, Every &-continuous is almost §Pg-continuous. From Proposition 3.3(b) every
almost &Ps-continuous functions is almost &Ps-continuous. Therefore, every §-continuous function is almost

& Ps-continuous functions.

Almost Ps-continuouse——  Pg-continuous d Ps-continuous Alrost § Pg-continuous

| NS

Almost precontinuousPr inuous §-precontinuous
p eeCant p

And we have

Super Continuwous ______ §-Continuous
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l |

P -Continuous ——  Almost Ps-continuous

i |

6Ps-Continuous —— . Almost § Pg-continuous

The following examples substantiate the converse of Proposition 3.3(a) is generally not true.
Example 3.5.Let X = {a, b, ¢} with the two topologiest = {X, @, {a}, {b},{a, b}, {a, c}}
and o = {X, 0,{a}, {a, b}}; then the 6P;0(X) = {X,®, {b},{c},{a,c},{b, c}} with respect to 7. Letf:(X,7) -
(X, o)betheidentityfunction, with f(a) = a, f(b) = b and f(c) = ¢, for a € V = {a} or {a, b}, then there exists
U = {a, c} such that f(U) = {a,c} = int(cl({a,c}) = X.Then f is almost §Ps-continuous, but it is not §Ps-
continuous, because f(U) = {a,c} = intcl € X but f(U) & {a} or {a, b}.
The following example substantiate the Proposition 3.3(b) is not true in general.
Example3.6.LetX = {a, b, c, d} withthetwotopologiest = {X, @, {a, b}, {a, b, c},{a,b,d} ando =
{X,0,{a},{c},{a,b},{a,c},{a,b,c},{a,c,d}}.Letf: (X,T) = (X,o0) be defined by f(a) = f(b) = f(c) = cand
f(d) = d, there exists §Ps0(X,t) = {c} S x such that f(U) < intcl(V).but there exists noPs0(X, t) in t, such
that f(U) < intcl(V). Hencef is almost & Pg-continuous but not almost Ps-continuous.
The following example shows that almost & Ps-continuous but not §-continuous.

Example3.7. LetX = {a, b, ¢, d}withthetwotopologies T = {X, @, {a}, {b}, {a, b}}andc =
{X,0,{a},{a, b},{a,b,c},{a,b,d}};Letf: (X,T) - (X, o)beidentityfunctions for b € X and V = {b} € o there
exists U = {a, b} containing b which is § Ps-open in X such that f(U) = {a, b} € int(§CL(V) = int(X) = X.
Here f is almost § Ps-continuous but not §-continuous.Since f (int(CL(V)) = f(int(Cl{a,b}) = f(X) =Y &
int(CL(V)) = int(CL({b}) = int{b,c,d} = @.
Lemma 3.8. Let A be subset of a space (X, 7). Then A € PO (X, 7) if and only if § sCI(A) = int(5CL(A)).
Proof: Let A € §PO(X, ). Then
A € int(6CL(A) = 8sCI(A) <€ 6sCl(int(6CL(A)) —
Claim: int(6CL(A)) € 8Sc(X, 1)
Proof: Let B = int(6CL(A))
Then int(B) = int(int(5CI(A)) = int(6CL(A) =B (L)——»
Now B € 6Cl(B) = &Cl(int(B)) [from (1)]. Hence B € §Cc(X, t). Hence the claim
Substitute claim in (*), we get, 8sCl(A) € §sCL(int(SCL(A)) = int(SCI(A))
In general, int(8CL(A) = §sCL(A). Hence §(sCL(A)) = int(5CI(A)).
Proposition 3.9. For a function : (X, 1) - (Y, 0) , the following statements are equivalent:

a) f isalmost §Pg-continuous.

b) For eachx € X and each &-open set V of Y containingf (x)there exists a §Ps-open set U in X

containingxsuchthatf (U) < §sCLV.
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c) Foreachx € XandeachregularopensetVofYcontainingf (x),thereexists a J&Pg-openset U in X
containing x such thatf(U) c V.
d) For each x € X and each §-open set V of Y containing f(x), there exists adPs-open set U in X
containing x such thatf (U) € V.
Proof. (a) = (b). Let x € Xand let V be any §-open set of Y containing f (x). By (a), there exists a § Ps-open set
U of X containing x such that f (U) SInt6Cl V. Since V is §-open, hence V is § -preopen set. Therefore, by
Lemma 3.8, f (U) S4sCIV.

(b) = (c). Letx € X and let V be any regular open set of Y containing f (x). Then V is ad-open set of Y
containing f (x). By (b), there exists a &Ps-open set U in X containing X such thatf(U) <
&sCL(V).SinceVisregularopenandhenceis§-openset. Therefore,byLemma 2.21,f(U) € Int(CL(V)).
SinceVisregularopen,thenf(U) € V.

(c¢) = (d). Let x € X and let V be any 3-open set of Ycontaining f(x). Then for eachf (x) € V, there exists an
open set G containing f(x)such thatG < Int(CI(G)) € V. Sincelnt(Cl(G)) is a regular open set of Y
containing f (x), by (c), there exists a § Ps-open set U in X containing x such thatf (U) < Int(CI(G)) S V.
(d) = (a). Let x € Xand let VV be any open set of Y containing f(x). ThenInt(CI(V)) is é-open set of Y
containing f (x). By (d), there exists a JPs-open set U in X containing Xx such thatf(U) <
Int(CL(V)).ButintCL(V) € intSCL(V) [+ CL(V) € 8CI(V)andA € B = int(A) € int(B)]. Therefore, f is
almosté Pg-continuous.
Proposition3.10. For a function f: (X, t) — (Y, a), the following statements are equivalent:

a) f isalmost §Ps-continuous.

b) f~t(Int(CL(V)) is §Ps-open in X, for each openset V inY.

c) fY(Cl(Int(F)) is 6Ps-closed set in X, for each closed set F in Y.

d) f~1(F) is 8Ps-closed set in X, for each regular closed set F ofY.

e) f~Y(V)is 8Pg-open setin X, for each regular open set V of Y.
Proof. (a) = (b). Let V be any open set in Y. We have to show thatf ~*(Int(CI(V)) is adPs-open set in X.
Letx € f~1(Int(CL(V))and Int(CL(V)) is a regular open set in Y. Since f is almost §Ps-continuous, by
Proposition 3.9, there exists a §Pg-open set U of X containing x such thatf(U) < Int(CIL(V)),which implies
thatx € U € f~1(Int(CL(V)). Therefore,f ~1(Int(CL(V))is §Ps-open set in X.
(b) = (c). Let F be any closed set of Y. Then Y — F is an open set of Y. By (b),f ~*(Int(CI(Y\F)) is § Ps-open
setin X andf ~1(Int(CL(Y\F)) = f~*(Int(Y\F)) = f~1(Y\Cl(Int(F)) = X\f 1 (Cl(Int(F)) is6 Ps-
opensetinXandhencef = (Cl(Int(F))is Ps-closed set inX.
(c) = (d). LetFbeanyregularclosedsetofY.ThenFisaclosedsetofY.By (c),f ~1(Cl(Int(F))is §Ps-closed set in X.
Since F is regular closed set, thenf~1(CI(Int(F)) = f~(F). Therefore,f ~1(F)is 8P -closed set in X.
(d) = (e). Let V be any regular open set of Y. ThenY\V is regular closed set of
Y and by (d), wehavef ~1(Y\V = X\f~1(V) is § Ps-closed set in X and hence f~1(V) is § Ps-open in X.
(e) = (a). Let x € Xand let V be any regular open set of Y containing f(x). Thenx € f~1(V).By (e), we
havef ~1(V) is ad Ps-open set in X. Therefore, we obtainf (f~1(V)) € V. Hence by Proposition 3.9, f is almost
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& Pg-continuous.
The following result can be proved easily from the above Proposition.

Proposition 3.11. Iff is almost § Ps-continuous then f~1(F) is a § Ps-closed set for each clopen set F.
Proof: Let f:(X,7) = (Y,0) be almost §Ps-continuous and F be a clopen set. By (c) of Proposition
3.10,f~I(Cl(int(F))) is 5Ps-closed. Since every clopen set is open, int(F) = F and since F is closed we get
Cl(int(F)) = CI(F) =F.
~ f7Y(F)isa &Ps-closed in X.
Proposition3.12. For a function f: (X,7) = (Y, o), the following statements are equivalent:

a) fisalmost §Ps-continuous.

b) f(6PsCL(A)) < Clsf(A), foreach A c X.

c) SP;Clf~Y(B) € f~1Cls(B), foreachB C Y.

d) f~1(F)is 6Ps-closed in X, for each §-closed set F of Y.

e) f~1(V)is 6Ps-open setin X, each 5-open set V of Y.

f) f~(IntsB) € §Psf~1(B), foreach B €Y.
Proof. (a) = (b). Let A be a subset of X. SinceClsf(A) is 6-closed set in §Ps, soClsf(A) =n{F,:F, €
RC(Y),a € A}, where A is an index set.Thend c f=1(Clsf(A)) = f1(N{F:a € AY) =n{f"1(F):a €
A}.By () and Proposition 3.10,f ~1(Clsf (A))is6 Ps-closed setof X.HencedPsCl(A) < f~1(Clsf(A)). Therefore,
we obtain that f (f (§PsCL(A) S (Clsf(A)).
(b)=(c).LetBbeanysubsetofY.Thenf 1(B)isasubsetofX.By(b),wehavef (8 PsClf ~(B)) € Cls(f(f~1(B)) =
Cls(B). Hence 8PCL(f~1(B) S f~(Cls(B)).
()= (d). Let F be any d-closed set of Y. By (c), we have §Ps(CLf1(F)) < f~(ClsF) =
fY(F)and hencef ~1(F) is § Ps-closed set in X.
(d)=(e). Let V be any 6-open set of Y. Then Y \ Vis 8-closed set of Y and by (d), we have
f 1Y\ V) = X\f V) is §Ps-closed set in X. Hence f "1(V) is § P; -open set in X.
(e)= (f). For each subset B of Y. We have IntsB< B. Then f “1(IntsB) < f 1(B). By(e),
f I(Int;B) is 6 Pg-open set in X. Then f “1(Int;B) €6PsInt f 1(B).
()= (a).Let x € X and V be any regular open set ofY containing x. Hence Vis 3-open.
s Sint(V) =V — (1)
Moreover, by (f), f~1(8int(V)) € §Psint(f~Y(V) (}——>
From (1) & (2), f~1(V) € §Psintf (V)
« f1(V) is adPg-open set in X which contains x and we know f(f~1(V)) € V. Hence by Proposition 3.9 (c)

we get f is almost § Ps-continuous.
Proposition3.13. For a function f: (X,7) = (Y, 0), the following statements are equivalent:

a) fisalmost §Pg-continuous.

b) 8P;CIf1(V)cf (CIV),foreachB-opensetV of Y.

c) fi(IntF)S8PgIntf*(F),foreachp-closedset F of .

d) f(IntF)c8PsIntf(F),foreachsemi-closedsetFofY.
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e) SP;CIfY(V)cf 1(CIV),foreachsemi-opensetVofY.
Proof. (a) = (b). Let V be any B-open set of Y. It follows from Lemma 2.14(b) that CI V is regular closed set
in Y. Since f is almost§ Ps -continuous, by Proposition3.10(d), f “1(Cl V) is6Ps-closed set in X. Therefore, we
obtain f=1(CL(V) = 8Psf~1CL(V) —
NowV € CL(V) = f~1(V) € F~1(CL(V)) = §PsCL(f~1(V)) = 8PsCL(F~1CL(V)) = f71CL(V)) [ From (1)]
Hence §P,CL(f~1(V) € f~1(CL(V)).
(b)= (c). Let F be any B-closed set of Y. Then Y \ F is B-open set of Y and by (b), we have §P;Cl f 1(Y \F) €
f (CI (Yy \ F) and 6PCI (X \ f F) < f XY \ Int F) and hence, X \
S PsIntf1(F)X\f 1(IntF).Therefore,f 1 (IntF)S 8 PsIntf1(F).
(c)= (d). Obvious since every semi-closed set isp-closed.
()= (e). Let V be any semi-open set of Y. Then Y \ V is semi-closed set in Y and by (d),
wehavef 1(Int(Y\V))S 8 PgIntf (Y\V)andf 1(Y\CIV) S8 PgInt(X\f “1(V))andhence,
X\ LHCIV)EX\§P;CIf (V). Therefore, § PsCIF 1(V)f 1(CIV).
(e)=> (a). Let F be any regular closed set of Y. Then F is a semi-open set of Y. By (e), we have § P,CIf 1(F)<
f1(CIF)=f%(F)[Since every regular closed set is closed].Thisshowsthatf *(F)isad Ps-closedsetinX.Therefore, by
Proposition3.10(d), f is almostd Pg-continuous.
Corollary 3.14. For a function f: (X,t) — (Y, g), the following statements are equivalent:
a) fisalmost §Ps-continuous.
b) SP;CL(f~1(V) € f~Y(aCl(V)), foreachB-opensetVofY.
c) SPCL(f~Y(V) € f~1(Cls(V)), for each B-open set V of Y.
d) SPCL(f~1(V) € f~1(8PsCL(V)),foreachsemi-opensetVofY.
e) SPCL(f~1(V) € f~1(pCL(V)),foreachsemi-opensetVofY.
Proof. (a) = (b). Follows from Proposition 3.13and Lemma 2.15[b]
(b)= (c). Follows from the fact that aCl V =CI;V.
(c)= (d) and (d) = (e). Follows from Proposition 3.13and Lemma2.15[a].
(e) = (f). Follows from Proposition 3.13and Lemma 2.15[a].
The following result also can be concluded directly.
Corollary 3.15. For a function f: (X,t) — (Y, g), the following statements are equivalent:
a) fisalmost §Pg-continuous.
b) f Y(alntF)S8§PsIntf (F),foreachp-closedsetFofY.
c) f(IntsF)S8PsIntf(F),foreachp-closedsetFofY.
d) fL(8PsIntF)c§PsIntf(F),foreachsemi-closedsetFofY.
e) f(pIntF)SPsIntf(F),foreachsemi-closedsetFofY.
Proposition3.16. A function f: (X,7) — (Y, o) is almost § Ps-continuous if and only if
f (V) €6PsInt f 2(IntCl V)for each preopen set V of Y.
Proof. Necessity. Let V be any preopen set of Y. Then V CIntCl V and IntCI V is a regular open set in Y. Since
f is almost 6 Pg-continuous, by Proposition 3.10(e), f X(IntCl V) is 6§ Pg-open set in X and hence we obtain that f
(V) < fY(IntCl V)= 6 PsIntf (IntCl V).
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Sufficiency. Let V be any regular open set of Y. Then V is a preopen set of Y. By hypothesis, we have f (V)
C8PsInt f 1(IntCIV) = §PsInt f (V). Therefore, f "1(V) is 6Ps-open set in X and hence by Proposition
3.10(e), fis almostd Pg-continuous.

We obtain the following corollary.

Corollary 3.17. The following statements are equivalent for a function f: (X, t) = (Y, 0):

a) fisalmost §Ps-continuous.
b) f1(V)<=8PsIntf(sClV)foreachpreopensetVofY
c) SP;CIfY(ClintF)<f*(F)foreachpreclosedsetFofY.
d) &8PsCIfY(sIntF)cf *(F)foreachpreclosedsetFofY.
Corollary 3.18. For a function f: (X,7) = (Y, o), the following statements are equivalent:
a) fisalmost §Ps-continuous.
b) For eachneighborhoodVof f(x),xes PsIntf 1(sCIV).
¢) For eachneighborhoodVoff(x), Xx€§ PsIntf 1(IntCIV).
Proof. Follows from Proposition3.16 andCorollary3.17.
Proposition3.19. Let f: (X, t) = (Y, o) be an almost & Ps-continuous function and let V be any open
subset of Y. If x €6P;CI f (V) \ f 1(V), then f (x) €5P;CI V.

Proof. Let x € X be such that x €5P;CI f (V) \ f "}(V) and suppose f(x) & §P;CL(V). Then there exists a § Ps-
open set H containing f () such that HN V= @. Then CI H N V =@ implies IntCIH NV = @ and IntCIH is a
regular open set. Since f is almost &Ps-continuous, by Proposition3.9(c), there exists a § Pg-open set U in X
containing x such that f (U )<IntCIH . Therefore, f (U) N 'V = @. However, since x € §PsCL(f~1(V)),U N
f1(V) # ¢for every §Pg-open set U in X containing X, so thatf(U) NV # ¢. We have a contradiction. It
follows that f(x) € §P;CL(V).
Proposition3.20. If a function f:(X,t) — (Y, o) is almost precontinuous. Then the following statements are
equivalent:

a) fisalmost §Ps-continuous.

b) Foreach x € X and each open set VV of Y containing f (x), there exists a semi-closed set F in X containing

x such that f (F) SIntsCIV.

c) Foreach x € X and each open set V of Y containing f (x), there exists a semi-closed set F in X containing
x such that f (F) SsCIV.

d) ForeachxeXandeachregularopensetVVofY containingf(x),thereexistsasemi-closed set F in X containing x
such that f (F) € V.

e) For each x € X and each d-open set V of Y containing f (X), there exists a semi-closed set F in X
containing x such that f (F) € V.
Proof. (a) = (b). Let x € X and let V be any open set of Y containing f (x). By (a), there exists a § Ps-open set
U of X containing x such that f (U) €IntdCI1 V. Since U is § Ps-open set, so for each x € U there exists a semi-
closed set F in X such that x € F € U.Therefore, we havef (F)SIntsCIV.
(b)= (c).Obvious as intCL(V) € sCI(V).
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(c)= (d). Let x € X and let V be any regular open set of Y containing f (x). Then V is an open set of Y
containing f (x). By (c), there exists a semi-closed set F in X containing x such that f (F) SsCIV. Since V is
regular open and hence is preopen. Therefore, by Lemma 2.14[a],f (F)<IntCIV.SinceVisregular open,thenf
(FeVv.

(d)= (e). Let x € X and let V be any 3-open set of Y containing f (x). Then for each f (x) € V, there exists an
open set G containing f (x) such that G SIntCIG< V. Since IntCIGis a regular open set of Y containing f (x),
by (d), there exists a semi-closed set F in X containing x such that f (F) SIntCIG<V. This completes the proof.
(e)=(a).LetVbeanys-opensetofY.Wehavetoshowthatf *(V)isé Pg-opensetinX.Since f is almost precontinuous, by
Proposition 2.17(c), f “}(V) is preopen set in X. Since every preopen set is §-preopen we get f~1(V) is §-
preopen. Let x € f 1(V), then f (x) € V. By (e), there exists a semi-closed set F of X containing x such that
f(F)<V.Whichimpliesthatxe F<f (V). Therefore,f 1(V)is§ Ps-opensetinX.Henceby  Proposition3.12(e), f s
almostd Pg-continuous.

Proposition3.21. A function f: (X, t) — (Y, a)is almost § Ps-continuous if and only if f: (X, 1) = (Y, 0,)is6 Ps-
continuous.

Proof. Necessity. Let H €a;, then H is a regular open set in (Y, o). Since f:(X,7)— (Y,0) is almost §Ps-
continuous, by Proposition3.10(e), f "*(H) is § P;-open set in X. Therefore, f: (X, 1) - (Y, g5)isé Ps-continuous.
Sufficiency. Let G be any regular open set in (Y, ¢). ThenG € g;. Since f: (X, 1) = (Y, g5) is § Pg-continuous,
by Definition 2.16, f (G) is &Ps-open set in X.  Therefore, by Proposition3.10(e), f:(X,7) -
(Y, o)isalmostd Ps-continuous.

Proposition3.22. Let X be a locally indiscrete space. Then the function f:(X,7) - (Y,0) is almost §P -
continuous if and only if f: (X, 1) — (Y, g,)is continuous.

Proof. Necessity. Let H € gy, then H is a regular open set in (Y, o). Since f:(X,1) = (Y,0) is almost §Ps-
continuous, by Proposition3.10(e), f*(H) is §P; -open set in X. Since X is locally indiscrete space, by
Proposition2.11(c), f *(H) is open set in X. Therefore, f: (X,t) — (Y, g5)is continuous.

Sufficiency. Let G be any regular open set in (Y, ). Then G €cs. Since f:(X,t) — (Y, d)is continuous, so f
“}(G) is open set in X. Since X is locally indiscrete space, by Proposition 2.11(c), f “%(G) is 6§ Ps-open set in
X.Therefore, by Proposition 3.10(e), f:(X,7) = (Y, 0)is almost & P;-continuous.

Corollary 3.23.If f: (X,7) = (Y, 0)is almost §Pg-continuous function if and only if f is almost continuous
where X is locally indiscrete space.

The following is the pasting lemma for almostdP¢-continuity

Proposition 4.7. Let X = RiU R,, where Ry and R; are regular open setsin X. Letf: Ry —» Yand g: R, — Y be
almost & Pg-continuous. If f (x) = g (x) for each x € Ry N R2. Then h : RiU R2 — Y such that h(x) = f (x) for x €
Ry and h(x) = g (x) for x € R, is almost § Pg-continuous.

Proof. Let O be a regular open set of Y. Now h™*(0) = f }(0) u g *(O). Since f and g are almost §Ps-
continuous, by Proposition 3.10(e), f (O) and g "*(O) are §Ps-open set in Riand Rarespectively. But Riand
Reare both regular open sets in X. Then by Lemma 2.13(c),f “1(O) and g ~*(O) are §Ps-open sets in X. Since
union of two §Ps-open sets isdPg-open, so h™1(0) is a §Ps-open set in X. Hence by Proposition 3.10(e), h is

almost § Pg-continuous.
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Proposition 4.8. Let f: (X,7) — (Y, o) be almost §Ps-continuous surjection and A be either §-open or regular
semi-open subset of X. If f'is an open function, then the function g : A — f(A), defined by g (x) = f (x) for each

X € A, is almost § Pg-continuous.

Proof. Suppose that H =f (A). Let x € A and V be any open set in H containing g(x). Since H is openin Y and
V isopenin H, so V is open in Y. Since f is almost §Ps-continuous, hence there exists a § Pg-open set U in X
containing x such that f(U) € Int(6CL(V)). Taking W = U n 4, since A is either open or regular semi-open
subset of X, by Lemma 2.13(d), W is a &§Ps-open setinAcontainingx and g(W) € Int,ClL, (V) NH =
Inty Cly (V). Then g(W) <€ IntyCly (V). This shows that g is almost § Ps-continuous.

Proposition 4.9. Let f:(X,7) = (Y,0)Y be almost §Pg-continuous. If Y is a preopen subset of Z, then
f: (X, 7) = (Z,n)is almosté Ps-continuous.

Proof. Let V be any regular open set of Z. Since Y is preopen, by Lemma 2.12(a), V N Y is a regular open set in
Y. Since f: X — Y is almost § Pg-continuous, by Proposition 3.10(e), f (V N Y) is a §Ps-open set in X. But f
(x) € Y for each x € X. Thus f }(V) =f XV N Y) is a §Ps-open set of X. Therefore, by Proposition 3.10,
f: (X, 1) = (Z,1n)is almosts Pg-continuous.

Proposition 4.10. Let f: (X,t) = (Y,0)and g:(Y,0) — (Z,n)be functions.Then the composition function g o
f:(X,1) = (Z,n) is almost § Ps-continuous if f and g satisfy one of the followingconditions:

a) fis dPg-continuous and g is almostcontinuous.
b) fisalmost § Pg-continuous and g isd-continuous.

¢) fiscontinuous and open and g is almost & Ps-continuous.
Proof. (a). Let W be any regular open subset of Z. Since g is almost continuous, (so g) “*(W ) is open subset of
Y. Since f is §Ps-continuous, by Definition 2.17, (gof )*(W ) = f (g (W )) is 6Ps-open subset in X.
Therefore, by Proposition 3.10(e), gof is almost & Ps-continuous.
(b). Let W be any §-open subset of Z. Since g is §-continuous, sog *(W) is 5-open subset of Y. Since f is almost
§Ps-continuous, by Proposition 3.12(e), (gof ) X(W ) = f (g }(W )) is §Ps-open subset in X . Therefore, by
Proposition 3.12(e), gof is almost & Ps-continuous.
(c). Let W be any regular open subset of Z. Since g is almost §Ps-continuous, by Proposition 3.10(e), g “*(W) is
§Ps-open subset of Y. Since f is continuous and open, by Proposition 2.22, f (g “X(W)) = (gof) X(W) is a 6 Ps-
open set in X . Hence by Proposition 3.10(e),g ° f is almost § Pg- continuous.
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