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ABSTRACT: The concept of this paper is to highlight the theory of Bipolar Pythagorean Fuzzy Regular Generalized
Irresolute Continuous Mappings in Bipolar Pythagorean Fuzzy Topological Spaces and study some of their basic
properties and inter relationship with other existing Bipolar Pythagorean Fuzzy Continuous Mappings.

KEYWORDS: Bipolar Pythagorean Fuzzy sets, Bipolar Pythagorean Fuzzy Topology, Bipolar Pythagorean Fuzzy
Regular Generalized Closed sets, Bipolar Pythagorean Fuzzy Regular Generalized Irresolute Continuous Mappings.

1. INTRODUCTION

The concept of Fuzzy sets was introduced by Zadeh [1] which shows many applications in the field of Science,
Engineering, Management and Technology. The idea of Fuzzy sets deals with the data which are vague and uncertain.
After that Atanassov [2] introduced the notion of intuitionistic fuzzy sets and Coker [3] introduced the notion of
intuitionistic fuzzy topological spaces. Yager [4] proposed another class of nonstandard fuzzy sets, called
Pythagorean fuzzy sets and Murat Olgun, Mehmet Unver, Seyhmus Yardimci[5] introduced the notion of
Pythagorean fuzzy topological spaces. Zhang [6] introduced the extension of fuzzy set with bipolarity, called Bipolar
value fuzzy sets. Bosc and Pivert [11] said that “Bipolarity” refers to the propensity of the human mind to reason and
make decisions on the basis of positive and negative effects. Positive information states what is possible, satisfactory,
permitted, desired or considered as acceptable. Negative statement corresponds to what is impossible, rejected or
forbidden, as they specify which objects are more desirable than others, without rejecting those that do not meet the

wishes. In bipolar valued fuzzy set interval of membership value is [-1,1].
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In this paper, we introduce, Bipolar Pythagorean Fuzzy Regular Generalized Irresolute Mappings and study some of
the basic properties. In this paper, we introduce, Bipolar Pythagorean Fuzzy Perfectly Regular Generalized

Continuous Mappings (BPFpRG continuous mappings) and study some of the basic properties.

2. PRELIMINARIES
Definition 2.1: Let X be the non-empty universe of discourse. A Pythagorean fuzzy set(PFS) P in X is given by
P={{x, pip(x), vp(x)): x € X} where the functions up(x) € [0,1] and v (x) € [0,1] denote the degree of

membership and degree of non-membership of each element x € X to the set P, respectively, and

0< ud(x) +v3(x) <1 for each x € X. The degree of indeterminacy I, = /1 — u2(x) — vZ(x) for each x € X.
Definition 2.2: Let X be a non-empty set. A Bipolar Pythagorean Fuzzy Set A = {(x, pu},us, v, vi):x € X}
whereuf:X —[0,1], v:X - [0,1], uy:X — [—1,0], v, : X — [—1,0] are the mappings such that

0< (uf (xN? + (vi (x))? <l and -1< (uz (%)% + (vi (x))? <0 where u} (x) denote the positive membership
degree, v; (x) denote the positive non membership degree, 17 (x) denote the negative membership degree, v (x)
denote the negative non membership degree.

Definition 2.3 Let A = {{x, uf (x), v (x),pg (), vy (x)):x € X}and

B = {{x, uf (x),vd (x),uz (x),vz(x)):x € X} be two Bipolar Pythagorean Fuzzy sets over X. Then

(i) A% ={(xvi(x)pi(x)vi(),pua(x)):x € X},

(i) AN B = {{x,min {uf(x), u5(x)}, max {uf (x),v5 ()}, max (u (x), w3 ()}, min {v (x),v5 ()}):x € X}

(iii) AU B = {(x, max {uf (), £ (9}, min {u7 (x),v5 (0}, min {43 (x), u5 (x)}, max {v7 (x),v5 ()}):x € X}
(iv) A is a Bipolar Pythagorean subset of B and write A C B if

(WA (@) < uBE0,vF (1) > v (0,42 (%) > 15 (), v (x) < v3 (1) for eachx € X

(v) Oy ={{x,0,1,0,—1):x € X}and 1y = {{x,1,0,—1,0): x € X}.

Definition 2.4: Bipolar Pythagorean Fuzzy Topological Spaces: Let X = @ be a set and 7, be a family of Bipolar
Pythagorean fuzzy subsets of X. If

T, Oy, 1y € T,

T, Forany Py, P, € T, we have Py N P; € T,,.

T, U P; € 7, for an arbitrary family {P;: i € J} C 1,,.

Then 1, is called Bipolar Pythagorean Fuzzy Topology on X and the pair (X, rp) is said to be Bipolar Pythagorean
Fuzzy Topological space. Each member of 7, is called Bipolar Pythagorean fuzzy open set (BPFOS). The
complement of a Bipolar Pythagorean Fuzzy open set is called a Bipolar Pythagorean fuzzy Closed set (BPFCS).
Definition 2.5: If BPFS A = {{x, u} (x),vi (x),u7 (x), vz (x)):x € X)inaBPTS (X,7,)is said to be (a) Bipolar
Pythagorean Fuzzy Semi closed set (BPFSCS) if Bppint(Bppcl(4)) C A.

(c) Bipolar Pythagorean Fuzzy Preclosed set (BPFPCS) if Bpgcl(Bppint(4)) € A.

(e) Bipolar Pythagorean Fuzzy « closed set (BPFaCS) if Bppcl(Bpgint(cl(4)) € A.

(i) Bipolar Pythagorean Fuzzy regular closed set (BPFRCS) if A = Bpgcl(Bpgint(4)).
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(k) A Bipolar Pythagorean Fuzzy set A of a BPFTS (X, rp) is a Bipolar Pythagorean Fuzzy Generalized closed set
(BPFGCS), if Bpgcl(A) C U whenever A € U and U is BPFOS in (X, 1, ).

(I) A Bipolar Pythagorean Fuzzy set A of a BPFTS (X, rp) is a Bipolar Pythagorean Fuzzy Generalized open set
(BPFGCS), if A%is a BPFGCS in (X,T,,).

(m) A Bipolar Pythagorean Fuzzy set A of a BPFTS (X, rp) is a Bipolar Pythagorean Fuzzy Regular Generalized
closed set (BPFGCS), if Bppcl(A) © U whenever A € U and U is BPFROS in (X, T, ).

Definition 2.6: Let # be a mapping from an BPFTS in (X, 7, ) into a BPFTS (¥, a,, ). Then 7 is said to be Bipolar
Pythagorean Fuzzy Continuous mapping if # ~*(4) € BPFO(X) for every 4 € (¥, 0, ).

Definition 2.7: A mapping H: (X, t,) — (¥,0,) is said to be

(i) BPF semi continuous mapping if 3 ~*(4) € BPFSO(X) for every 4 € (¥, 0,,).

(ii) BPFa continuous mapping if # ~*(4) € BPFaO(X) for every A € (¥, (Tp).

(iii) BPF Pre continuous mapping if #=*(4) € BPFPO(X) for every A € (¥, 0,,).

Definition 2.8: A BPFTS (X,t,,) is said to be a BPFRCT% space (Bipolar Pythagorean Fuzzy Regular CT% space)
if every BPFRGCS in (X, 1,, ) isa BPFCS in (X, 1, ).

Definition 2.9: A BPFTS (X, rp) is said to be a BPFRgT% space (Bipolar Pythagorean Fuzzy Regular Generalized

g7z space) if every BPFRGCS in (X,7,)isaBPFGCSin (X,1,).
Definition 2.10: A BPFTS [:X,rp) is said to be a BPFR,T. space (Bipolar Pythagorean Fuzzy Regular
Generalized ,T. space) if every BPFRGCS in (X, 7, ) is a BPFaCS in (X,7, ).

Definition 2.12: A mapping #: (X, 1,) — (Y.0,) is said to be Bipolar Pythagorean Fuzzy irresolute mapping
(BPF irresolute mapping) if #~*(4) € BPFCS(X) for every BPFCS A in (Y, 0, ).
Definition 2.13: A mapping H: (X, t,) — (¥,q,) is said to be Bipolar Pythagorean Fuzzy Generalized irresolute
mapping (BPFG irresolute mapping) if #~*(4) € BPFGCS(X) for every BPFGCS 4 in (¥, 0, ).
BIPOLAR PYTHAGOREAN FUZZY REGULAR GENERALIZED IRRESOLUTE
MAPPINGS

In this section we have introduced Bipolar Pythagorean Fuzzy Regular Generalized Irresolute Mappings and study

some of its properties.

Definition 3.1: A mapping H:(X,7,) = (¥,0,) is said to be Bipolar Pythagorean Fuzzy Regular Generalized

irresolute mapping (BPFRG irresolute) if #~*(4) is a BPFRGCS in (X, ) for every BPFRGCS 4 in (¥, 0,,).

Example 3.2: Let X={a, b} and Y={u, v} and T;=(x, (0.6, 0.7), (0.6, 0.6), (-0.5, -0.6), (-0.5, -0.5)), T>=(y, (0.5, 0.4),
(0.5, 0.4), (-0.6, -0.5), (-0.6, -0.5)). Then 7,={0,,T;,1,} and 6,,={0,,,T;,1,} be a BPFTs on X and ¥ respectively.

Define a mapping H: (X, 1,) = (¥,0,) by H{a) = u and H(b) = v. The BPFS 4 = (y, (0.2, 0), (0.6, 0.7), (-0.3, -

0

1), (-0.7, -0.6)) is said to be BPFRG irresolute mapping (BPFRG irresolute), since #~*(4) = (x, (0.2, 0), (0.6, 0.7),

(-0.3,-0.1), (-0.7, -0.6)) is a BPFRGCS in (X, 7,, ) for every BPFRGCS 4 in (¥, 0, ).
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Theorem 3.3: If H:(X,7,) = (Y.0,) is a BPFRG irresolute, then H is BPFRG continuous mapping but not
conversely.

Proof: Let #:(X,1,) - (¥,0,) be a BPFG irresolute mapping in (X,z,). Let 4 be any BPFCS in (V,a,), Since
every BPFCS is a BPFRGCS, 4 is a BPFRGCS in (¥, g, ). By hypothesis, 2~ (4) is a BPFRGCS in (X, 1, ). Hence
H is a BPFRG continuous mapping.

Example 3.4: Let X={a,b}, Y={u,v} and T,=(x, (0.3, 0.5), (0.8, 0.6), (-0.4, -0.5), (-0.9, 0.7 )), T,=(y, (0.4, 0.6), (0.5,
0.6), (-0.5,-0.7), (-0.6, -0.7)). Then 7,={0,,,T;,1, } and 6,={0,,,T;, 1, } be a BPFTs on X and ¥ respectively. Define a
mapping H: (X, 1,) = (¥,0,) by H(a) = u and H(b) = v. The BPFS 4 = (y, (0.5, 0.6), (0.4, 0.6), (-0.6, -0.7), (-
0.5, -0.7)) is not BPFRGCS in (¥, 0, ), since Bpgcl(A) = Tf € U, whenever A< U but #~*(4) is BPFRGCS in
(X.7,), as Bpgcl(H~1(4)) = Tf € 1,,, whenever # ~*(4) € 1,,. Therefore 7 is not BPFRG irresolute mapping.
Theorem 3.5 If #H:(X,7,) = (Y,0,) and R:(Y,0,) = (Z.{,) are two BPFRG irresolute mappings, then
RoH:(X,1,) — (Z,{,) is a BPFRG irresolute mapping.

Proof: Let A be BPFRGCS in (Z,{, ). Then by hypothesis, R ~*(4) is a BPFRGCS in (¥,q, ). Since R is a BPFRG
irresolute mapping, #~*(R7*(4)) is a BPFRGCS in (X,7,). then, (RoH) *(4) is a BPFRGCS in (X,7,).
Therefore, RoF is a BPFRG irresolute mapping.

Example 3.6: Let X={a,b}, Y={u,v} and Z={p,q} and T;=(x, (0.3, 0.5), (0.8, 0.6), (-0.4, -0.5), (-0.9, -0.7)), T>=(y,
(0.4, 0.6), (0.5, 0.6), (-0.5, -0.7), (-0.6, -0.7)), T:=(z, (0.5, 0.7), (0.5, 0.7), (-0.6, -0.8), (-0.7, -0.8)). Then
7,={0,.T;,1,}, 6,={0,.T,,1,} and {,={0,,T5,1,} be a BPFTs on X, ¥ and Z respectively. Define the mapping
H:(X,1,) = (Y,0,) by H(a) =uand H(b) = vand R:(Y,0,) = (Z,{,) by R(u) = p and H(v) = q. The BPFS
A=(z,(04,03),(05,0.7), (-0.5, -0.8), (-0.7, -0.8)) is a BPFRGCS in (Z,{, ), since Bpgcl(A) = Tf < T3, whenever
Ac{T;,1,} and R~*(4) is a BPFRGCS in (¥,0,), since Bppcl(R7*(4)) = 1, € U, whenever R~*(4) € U/ and
2071 (R(4)) is a BPFRGCS in (X,1,), since Bpecl(H~1(R™1(4))) = 1, € U, whenever 3 ~*(R*(4)) € V.
Therefore RoH is BPFRG irresolute mapping.

Theorem 3.7: If #H:(X,7,) = (Y,0,) and R:(Y.0,) = (Z.{,) are two BPFRG irresolute mappings, then
RoH:(X,T,) — (Z.{,) is a BPFRG continuous mapping.

Proof: Let 4 be BPFCS in (Z,{,). Then by hypothesis, *(4) is a BPFRGCS in (V,a,). Since # is a BPFRG
irresolute mapping, #~*(R7*(4)) is a BPFRGCS in (X,7,). then, (RoH)~!(4) is a BPFRGCS in (X,7,).
Therefore, RoH is a BPFRG continuous mapping.

Theorem 3.8: If #: (X, 1,) — (Y,0,) is a BPFRG irresolute mapping in a BPFR_T1 space in (X,7,), Then # is a
BPF continuous mapping.

Proof: Let A be a BPFCS in (¥,0,). Then A is a BPFRG irresolute mapping in (¥,q,). Since % is a BPFRG
irresolute, 7 ~*(A) is a BPFRGCS in (X, 1, ). Since X is a BPFR,T: space, 2 "1 (4) is a BPFCS in (X, 1,, ). Hence 7

is a BPF continuous mapping.
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Theorem 3.9: If #:(X,1,) = (Y,0,) is a BPFRG irresolute mapping in a BPFR;T: space in (X, rp], Then H is a

BPFG irresolute mapping.
Proof: Let A be a BPFGCS in (¥,q,). Then 4 is a BPFRGCS in (¥,a,). Therefore 7 ~*(4) is a BPFRGCS in

(x,7,), by hypothesis. Since(X,7,) is a BPFR:ET% space, % ~1(4) is a BPFGCS in (V,q,). Hence # is a BPFG

irresolute mapping.
Theorem 3.10: Let #:(X,1,) = (Y,6,) be a mapping from a BPFTS (X,7,) into a BPFTS (¥,5,). Then the

following conditions are equivalent if (X,7,)and (¥, 0, )are BPFR T spaces:

(i) 7 is a BPFRG irresolute mapping.

(i) #~*(B) is a BPFRGOS in (X, 7, ) for each BPFRGOS in (¥, 7, ).

(iii) Bppcl(H ~1(B) € H ™ (Bpgcl(B)) for each BPFS B of (V, 0, ).

Proof: (i)=(ii): Obviously true.

(i))=(iii): Let B be any BPFS in (Y, 5, ). Clearly B € Bpgcl(B). Then H ~(B) © H ~*(Bgcl(B)). Since cl(B) is a
BPFCS in (Y,0,), Bpecl(B) is a BPFRGCS in (¥, a0, ). Therefore, #~*(cBpgl(B)) is @ BPFRGCS in (X,1,), by

hypothesis. Since (X,7,) is a BPFR.Tispace, H !(Bpscl(B)) is a BPFCS in (X,7,). Hence

Bpecl(HY(B) C ¢Bppl(H ™ (Bprcl(B))) = H ~ (Bpgcl(B)).That is Bppcl(H ~1(B)) € H ~(Bpgcl(B)).
(iii)=>(i): Let B be a BPFRGCS in (V,a,). Since (V,0,) is a BPFR T:space, B is a BPFCS in (V,0,) and

Bpecl(B) =B. Hence H ~(B) = H *(Bppcl(B)) 2 Bpgcl(H (B)). Therefore, Bpecl(H(B))=H"1(B).
This implies 7 ~*(B) is a BPFCS in (X,7,) and hence it is a BPFRGCS in (X, T, ). Thus  is a BPFRG irresolute
mapping.
CONCLUSION
We defined and studied a new concept of Bipolar Pythagorean Fuzzy Regular Generalized Irresolute Mappings.
The relationship between BPFPRG continuous mappings and other BPFs were proved. In the future, we intend to

extent our research work in the applications of these mappings in decision making problems.
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