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ABSTRACT: The impact factor of this paper is to introduce and study the concept of Contra Regular o
Generalized Continuous Mappings in Bipolar Pythagorean Fuzzy Topological spaces. Further, we study some of
their properties and inter relationship with other existing Bipolar Pythagorean Fuzzy mappings in Bipolar
Pythagorean Fuzzy Topological Spaces.

KEYWORDS: Bipolar Pythagorean Fuzzy Sets, Bipolar Pythagorean Fuzzy Topology, Bipolar Pythagoren Fuzzy
Regular & Generalized Closed sets, Bipolar Pythagorean Fuzzy Regular o generalized continuous mappings, Bipolar

Pythagorean Fuzzy Contra Regular a generalized continuous mappings.

1.INTRODUCTION

In 1965, Zadeh[12] introduced the concept of Fuzzy set which has a framework to encounter uncertainity,
vagueness and partial truth and it represents a degree of membership for each member of the universe of discourse to
a subset of it. After the extensions of fuzzy set theory, a new concept called intuitionistic Fuzzy set[2] was
introduced. In intuitionistic Fuzzy set with elements comprising membership and non membership degree. Yager[3]
familarized the model of Pythagorean fuzzy sets. After the Pythagorean fuzzy sets, it was widely used in the field of
decision making and was applied for the real life applications. Zhang [11] introduced the extension of fuzzy set with
Bipolarity, called Bipolar value fuzzy sets. Chen et.al[10] develops extension of bipolar fuzzy sets.

In this paper, we introduce Bipolar Pythagorean Fuzzy Contra Regular @ Generalized Continuous
Mappings.
2. PRELIMINARIES
Definition 2.1: Let X be a non empty set. A Bipolar Pythagorean Fuzzy Set(BPFS in
short)d = {{x pl.pz. v v i € Kdwhere pi:X —= [0.1],v5:X = [01], p7: X = [-1.00 v :X = [—-L.0] are the

mappings such that 0= (u}(x))" + (v (x))" =1 and -1=< (w3 (x))" + (vi(x)* =0 where u (x) denote the positive

'Research Scholar, Government Arts College, Udumalpet, Tamilnadu, INDIA, nithiyapriya87@gmail.com

2Assistant Professor, Department of Mathematics, Government Arts College, Udumalpet, Tamilnadu, INDIA.
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membership degree. vy (x) denote the positive non membership degree. uz(x) denote the negative membership
degree. v (x) denote the negative non membership degree.
Definition 2.2: Let X = © be a set and t, be a family of Bipolar Pythagorean Fuzzy subsets of X. If

(a) 0y 1y € 7.

(b) Forany P,.P. € 7, we have P, N . € 1.

(cJUF E Tp for an arbitrary family {F; : i e J1 = Ty
Then 7, is called Bipolar Pythagorean Fuzzy Topology(BPFT) on X and the pair {k’.rp} is said to be Bipolar
Pythagorean Fuzzy Topological space. Each member of r is called Bipolar Pythagorean Fuzzy open set (BPFOS).
The complement of a Bipolar Pythagorean Fuzzy open set is called a Bipolar Pythagorean Fuzzy closed set
(BPFCS).
Definition 2.3: If BPFS A = {{x, u} (). v (). p3 (v ()h:x € X3 ina BPFTS (X, 7,) is said to be
(a) Bipolar Pythagorean Fuzzy Semi closed set (BPFSCS) if int{(cl(A)) € A
(b) Bipolar Pythagorean Fuzzy Pre-closed set(BPFPCS) if cl{int (A)) € 4
(c) Bipolar Pythagorean Fuzzy e closed set (BPFaCS) if cl{int (cI{A)) E A
(d) Bipolar Pythagorean Fuzzy ¥ closed set (BPF¥CS) if A € int{cl{AY} U el{int (A))
(e) Bipolar Pythagorean Fuzzy regular closed set (BPFRCS) if A = cl{int (A}))
(f) If BPF set 4 of a BPFTS (X.7,) is a Bipolar Pythagorean Fuzzy Regular Generalized closed set(BPFRGCS), if
cl{A) = Uwhenever A = W and IV is BPFROS in X.
(9) If BPF set A of a BPFTS (.7, is a Bipolar Pythagorean Fuzzy Regular o Generalized closed set(BPFRGCS),
if acl{A) = Uwhenever 4 = IV and I7 is BPFROS in X.
Definition 2.4: A function ¢ : (X, 1,) = (¥.0,) is called BPFRaG continuous mapping if the inverse image of
every BPF closed set in Y is BPFRaG closed set in X.
Definition 2.5: A mapping ¢ : (X.7,) — (¥.g,) is said to be
(i) BPF semi continuous mapping if ¢ ~*(4) € BPFSO(X) for every 4 € (V, Tp)-
(i) BPFa continuous mapping if ¢ ~*(A) € BPFa0O(X) for every A € (¥, Tp)-
(iii) BPF Pre continuous mapping if ¢ ~*(4) € BPFPO (X)) for every 4 € (V. 7p)-
(iv) BPFy continuous mapping if ¢~ (4) € BPFyO(X) for every A € (¥, 7p)-
Definition 2.6: A mapping ¢ : (X.7,) — (¥.a,) is said to be Bipolar Pythagorean Fuzzy ConrataG continuous
mapping (BPF contraxG continuous mapping) if ¢ ~*(4) € BPFaGOS (X) for every BPFCS A'in (¥, o)

3. BIPOLAR PYTHAGOREAN FUZZY CONTRA REGULAR « GENERALIZED CONTINUOUS MAPPINGS
In this section we introduce Bipolar Pythagorean Fuzzy Contra Regular & Generalized continuous

mappings and study some of its properties.
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Definition 3.1: A mapping @ : (¥.t,) — (¥.a,) is called Bipolar phythagorean fuzzy contra regular & generalized
continuous (BPFCR&G continuous in short) mapping if ¢ ~* (e is a BPFRaGCS in X for every BPFOS w of Y.
Example 3.2: Let X={a,b} and Y={u,v}. Then 7, = {0,.T,.T-.1,} and g, = {0,.7;.1,} are BPFTs on X and Y
respectively, where T, = (x, (0.7, 0.6), (0.5, 0.3), (-0.6, -0.7), (-0.4, -0.3)), T= = (x, (0.3, 0.2), (0.7, 0.6), (-0.2, -0.1), (-
0.8, -0.7)) and T3 = (y, (0.4, 0.2), (0.8, 0.7), (-0.5, -0.3), (-0.8, -0.7)). Define a mapping ¢: (X.7,) = (¥.q,) by
@la) =uand ¢(b) =v. Here T3 = (y, (0.4, 0.2), (0.8, 0.7), (-0.5, -0.3), (-0.8, -0.7)) is BPFOS in Y and T}.T. are
BPFROS in X. Now ¢~ *(T3) = (x, (0.4, 0.2), (0.8, 0.7), (-0.5, -0.3), (-0.8, -0.7)) is a BPFRaGCS in X, as
cecl{g ™ (T )) = T S T, whenever (¢¢™4(T;}) T, and T, is BPFROS in X. Therefore, ¢ is BPFCR&G continuous
mapping in X.

Remark 3.3: Every BPFC continuous mapping, BPFzC continuous mapping, BPFCR continuous mapping, BPFCG
continuous mapping and BPFCaG continuous mapping are BPFCRaG continuous mapping but the converses are
.not true. This can be seen from the following examples.

Example 3.4: From Example 3.2, ¢ is BPFCRaG continuous mapping but not BPFC continuous mapping, as
cl(e™ (T3)) = T # ¢™*(T).

Example 3.5: From Example 3.2, ¢ is BPFCRaG continuous mapping but not BPF&C continuous mapping, as
acl(¢p™(T:)) = cl(int (cl(¢~*(T3))) = T € ¢~ (T3).

Example: 3.6: From Example 3.2, ¢ is BPFCRaG continuous mapping but not BPFCR continuous mapping, as
acl(¢p™(T:)) = cl(int (cl(¢~*(T3))) = T € ¢~ (T3).

Example: 3.7: From Example 3.2, ¢ is BPFCRaG continuous mapping but not BPFCG continuous mapping, as
g () =Tf ¢ U.

Example: 3.8: From Example 3.2, ¢ is BPFCRaxG continuous mapping but not BPFCxG continuous mapping, as
acl{gp~*(Ty)) = cl(int (cl(¢p~*(T;))) =T ¢ U.

Remark 3.9: Every BPFCP continuous mapping and BPFCRaG continuous mapping are independent of each other.
Example 3.10: Let X={a,b} and Y={u,v}. Then r, = {0,.T,.T..1,} and g, = {0,.T5.1,} are BPFTs on X and Y
respectively, where T, = (x, (0.7, 0.6), (0.5, 0.3), (-0.6, -0.7), (-0.4, -0.3)), T= = (x, (0.3, 0.2), (0.7, 0.6), (-0.2, -0.1), (-
0.8, -0.7)) and Tz = (y, (0.4, 0.2), (0.5, 0.6), (-0.5, -0.3), (-0.8, -0.7)). Define a mapping ¢ : (¥.7,) = (V.a;) by
@{a) = w and &b} = v, Here T3 = (y, (0.4, 0.2), (0.8, 0.7), (-0.5, -0.3), (-0.8, -0.7)) is BPFOS in Y and T,. T- are
BPFROS in X. Then ¢~*(Ty) = (x, (0.4, 0.2), (0.8, 0.7), (-0.5, -0.3), (-0.8, -0.7)) is a BPFRaGCS in X but
(@ (T2 )) is not BPFPCS, as cl(int((¢~*(T3))) =TF < ¢~ 1(Ty). Therefore, ¢ is not a BPFCP continuous
mapping in X.

Example 3.11: Let X={a,b} and Y={u,v}. Then r, = {0,.T,.T..1,} and g, = {0,.T5.1,} are BPFTs on X and Y
respectively, where T;= (%, (0.7, 0.6), (0.5, 0.3), (-0.6, -0.5), (-0.4, -0.3)), T> = (x, (0.3, 0.2), (0.7, 0.6), (-0.3, -0.1), (-
0.7,-0.6)) and T3 = (y, (0.1, 0.2), (0.8, 0.8), (-0.1, -0.2), (-0.6, -0.6)). Define a mapping ¢ : (¥.7,) — (¥.q;,) by
@la) = uand ¢(b) =v. Here T3 = (y, (0.1, 0.2), (0.8, 0.8), (-0.1, -0.2), (-0.6, -0.6)) is BPFOS in Y and T}.T- are
BPFROS in X. Then ¢ ~*({T3) = (x, (0.1, 0.2), (0.8, 0.8), (-0.1, -0.2), (-0.6, -0.6)) is a BPFPCS in X but (¢~ *(Tz 1) is
not BPFRaGCS, as acl(@~*(T;)) = T = T, £ T.. Therefore, ¢ is not a BPFCRaG continuous mapping in X.
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Remark 3.12: Every BPFCS continuous mapping and BPFCR&G continuous mapping are independent of each
other.

Example 3.13: From Example 3.10, ¢ ~*({T3) = (x, (0.4, 0.2), (0.8, 0.7), (-0.5, -0.3), (-0.8, -0.7)) is a BPFRaGCS in
X but (¢871(T; ) is not BPFSCS, a s int (cl{(¢v*(T2))) = T € &~ *(Ty). Therefore, @ is not a BPFCS continuous
mapping in X.

Example 3.14: Let X={a,b} and Y={u,v}. Then r, = {0,.T,.T>. 1;} and ¢, = {0,.T;.1,} are BPFTs on X and Y
respectively, where T, = (x, (0.5, 0.3), (0.6, 0.7), (-0.4, -0.2), (-0.5, -0.6)), Tz = (x, (0.2, 0.2), (0.7, 0.7), (-0.2, -0.1), (-
0.5, -0.6)) and T; = (y, (0.5, 0.3), (0.6, 0.7), (-0.4, -0.2), (-0.5, -0.6)). Define a mapping ¢: (X. 1} — (¥.a,) by
¢(a) = u and @{b) =v. Here Tz = (y, (0.1, 0.2), (0.8, 0.8), (-0.1, -0.2), (-0.6, -0.6)) is BPFOS in Y and T, is
BPFROS in X. Then ¢ ~*(T3} = (x, (0.1, 0.2), (0.8, 0.8), (-0.1, -0.2), (-0.6, -0.6)) is @ BPFSCS in X but (¢~*{T3 1) is
not BPFRaGCS, as acl(¢ ~*(T3)) = T & T,. Therefore, ¢ is not a BPFCRaG continuous mapping in X.

Figure 1: The relation between various types of BPFCRG continuous are given in the following diagram

BPFCS

continuous

\ / > V7 3 % > \ 3 N . )\
BPFCRaG
BPFCR BPFC BPFCG BPFCa BPFCaG by
. continuous i continuous continuous
continuous inuou continuous inuou inuou

F

\
\ >

BPFCP
continuous
\

Theorem 3.15: A mapping ¢: (X.1,) — (¥.g,) is BPFCRaG continuous mapping if and only if the inverse image
of each BPFCS in Y is a BPFRaGOS in X.

Proof: Necessity: Let « be BPFCS in Y. This implies w" is BPFOS in Y. Since ¢ is BPFCRxG continuous
mapping, ¢ ~*{w®) is BPFRaGCS in X. Since ¢~ *(w) = (@~ *(ww]))*. Thus, ¢ ~*{w) is BPFRaGOS in X.
Sufficiency: Suppose that @ is BPFOS in Y. This implies @ is BPFCS in Y. By hypothesis, ¢~ *(w®) is
BPFRaGOS in X. Since ¢~ (@) = (¢~ {w))*, where (@™ *{@))® is BPFRaGOS in X, ¢~ *(w) is BPFRaGCS in
X. Hence @ is BPFCRaG continuous mapping.

Theorem 3.16: Let ¢: (X.7,) - (¥.,) be a mapping and let ¢ ~*(w) be a BPFROS in X for every BPFCS w in Y.

Then @ is a BPFCRaG continuous mapping.

ETIST 2021
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Theorem 3.17 Let ¢:(X.7,)— (V.o,) be BPFCRaG continuous mapping and w:(¥,a,) — (Z.y,) be BPF
continuous mapping, then (= ¢): (¥.7,) — (Z.¥,) is BPFCRaG continuous mapping.
Theorem 3.18: Let ¢: (X, 7,) — (¥. g, be a mapping. Suppose that one of the following properties hold:

(i) g(ecl{ca)) S int{g@(e)) for each BPFS w in X.

(i) acl(p™H(56)) = ¢~ *(int (5)) for each BPFS & in V.

(iii) @ ~*(cl(6)) S aint (p~*(6)) for each BPFS § in Y.

Then @ is a BPFCRaG continuous mapping.
Proof: (i) = (ii) Suppose that & is a BPFS in Y. Then, ¢ *(&} is a BPFS in X. By hypothesis,
¢ (nc{{:p'L{S]}) C int (:p{:p'i{t:)}) c int(8).
Now acl(¢™(8)) S (@ (acl(p™*(5)))) € ¢~ (int(8)).
(ii) = (iii) is obvious by taking complement in (ii).
Suppose (iii) holds: Let «w be a BPFCS in Y. Then, cl{w) =w and ¢ *(w) is a BPFS in X. Now
pHw) = ¢~ cl(w)) S aint (@~ (w)) S ¢~ (w), by hypothesis. This implies, ¢ ~*(w) is a BPF«OS in X and
hence ¢ ~*(c) is a BPFRaGOS in X. Thus ¢ is a BPFCRaG continuous mapping.
Theorem 3.19: A  mapping ¢:(X.7,)—(¥V.ey,) is a BPFCRaG continuous mapping if
@~ {acl(8)) S int (¢ ~*(5)) for every BPFS & in Y.
Theorem 3.20: A mapping ¢: (¥.7,) = (¥.g,) is a BPFCRaG continuous mapping, where X is a BPFRaT -
space if and only if ¢~ (acl(&)) € aint(g@ = (cl(G))) for every BPFS & in Y.
Proof: Necessity: Let § = ¥ be a BPFS. Then ¢l(&) is a BPFCS in Y. By hypothesis ¢ ~*(cl(&)) is a BPFRzGOS
in X. Since X is a BPFRaT,;. space, e~ '(cl(5)) is a BPFaOS in X. This implies,
&~ el (6)) = wint (™ (cl(&))). Therefore, ¢~ {acl (81} S ¢~ (cl(8)) = aint (¢~ (cl(EW)).
Sufficiency: Let &SE¥ be a BPFS. Then «l{d} is a BPFCS in Y. By hypothesis,
@~ acl(8)) € aint (@~ (cl(8))) = aint (p~1(5)). But acl(5) = 6. Therefore,
¢~ H(E) = ¢~ acl(5)) S aint(@™H(8)) = ¢~ (). This implies, ¢ ~*(&) is a BPFaOS in X and hence ¢ ~*(5) is
a BPFRzGOS in X. Hence & is a BPFCRaG continuous mapping.
Theorem 3.21: A BPF continuous mapping ¢:(X.7,)— (¥.g,) is a BPFCRaG continuous mapping, if
BPFRaGO(X) = BPFRaGC(X).
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