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Nano generalized a** closed sets in Nano Topological Spaces

Kalarani.M?, Nithyakala.R?, Santhi.R®

ONGMC 2021

ABSTRACT: The objective of this paper is to introduce a new class of set called Nano o**- set (briefly Na**- set)
and a new closed set Nano generalized a**-closed set (Nga**-closed set) in Nano topological spaces. The relation
between Nga**-closed set with other closed sets are discussed. Further the interior and closure of the closed set is

defined and studied its properties.
Keywords: No**- set, Nga**-closed set, Nga**-interior, Nga**-closure.

1. INTRODUCTION

Levine [6] introduced the concepts of generalized closed sets in Topological spaces. Lellis Thivagar [5] introduced
nano topological space and also defined nano closed sets, nano interior and nano closure of a set. Bhuvaneswari [2]
introduced the generalized closed sets in nano topological spaces. The present paper aims to introduce a new set
nano a**-set and a new class of closed set called nano generalized a**- closed set in nano topological spaces is
defined and investigate its relationship with other nano closed sets. In addition, the interior, closure of nano

generalized a**-closed are defined and studied its properties.

2. PRELIMINARIES
Definition 2.1: [8] Let U be a non-empty finite set of objects called the universe and R be an equivalence relation on
U named as indiscernibility relation. Then U is divided into disjoint equivalence classes. The pair (U,R) is said to be
approximation space. Let X € U. Then
(i) The lower approximation of X with respect to R is the set of all objects, which can be for certain classified
as X with respect to R and is denoted by LR(X).
Lr(X)=Uxev{R(x): R(x)=X}, where R(x) denotes the equivalence class determined by Lr(X).
(i) The upper approximation of X with respect to R is the set of all objects which can be possibly classified as

X with respect to R and is denoted by UR(X).
Ur(X) = Urev {R(x):Rx) N X # ¢}
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(iii) The boundary region of X with respect to R is the set of all objects which can be classified neither as X nor as
not-X with respect to R and it is denoted by BRr(X) and BR(X) = UR(X) - LR(X).

Definition 2.2: [5] Let U be the universe, R be an equivalence relation on U and tg (X) = {¢,U, LR(X), UR(X),

BR(X)} where X € U. Then g (X) satisfies the following axioms.

(i) Uand g €7p(h.

(ii) The union of all the elements of any sub-collection of tg (X) is in TR (X).

(iii) The intersection of the elements of any finite sub collection of tg (X) isin 1R (X).
Here tR (X) is a topology on U called the nano topology on U with respect to X and (U, Tg (X)) as a nano
topological space. The elements of tg (X) are called as nano open sets. The complement of the nano open set is

called nano closed sets.

Definition 2.3: [5] If (U, TR (X)) is a nano topological space with respect to X where X € U and if A < U then (i)
The nano interior of A is defined as the union of all nano open subsets contained in A and is denotedby Nint(A).
That is Nint(A)) is the largest nano open subset of A. (ii) The nano closure of A is defined as the intersection of
all nano closed sets containing A and isdenoted by Ncl(A). That is Ncl(A)is the smallest nano closed set

containing A.

Definition 2.4: Let (U, TR (X)) be a nano topological space. Then A € U is said to be a
(i) nano preopen set [5] if A € Nint(Ncl(A))

(ii) nano semi open set [5] if A € Ncl(Nint(A))

(iii) nano a-open set [5] if A € Nint(Ncl(Nint(A)))

(iv) nano regular open set [5] if A = Nint(Ncl(4))

(v) nano B-open setif A € Ncl(Nint(Ncl(A)))

The complements of the above sets are called as their respective closed sets.

Definition 2.5: Let (U, TR (X)) be a nano topological space and A < G. Then A is called

(i) nano generalized closed (Ng-closed) set [2] if Ncl(A) € G whenever A € G and G is nano open set in U.

(i) nano generalized star closed (Ng*-closed) set [2] if Ncl(4) € G whenever A € G and G is nano gopen set in
u.

(iii) nano a- generalized closed (Nag-closed) set [4] if Nacl(4) S G whenever A € G and G is nano open set in U.
(iv) nano generalized «a closed (Nga-closed) set [4] if Nacl(A) € Gwhenever A € G and G is nano a open set
inU.

(v) nano regular generalized closed (Nrg-closed) set [6] if Nrcl(A) < Gwhenever A € G and G is nano regular

open set in U.
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(vi) nano semi generalized closed (Nsg-closed) set [3] if Nscl(4) € G whenever A € G and G is nano semi
open set in U.

(vii)  nano generalized semi closed (Ngs-closed) set [3] if Nscl(A) € G whenever A € G and G is nano open set
inU.

(viii) nano c-set if A=GNF where G is nano open and F is nano o*- set.

(ix) nano a*- set if Nint(4) = Nint (Ncl(Nint(4)))

(x) nano t-set (Nt-set) [3] if Nint(A)= Nint (Ncl(A)).

(xi) nano c*-setif A=GNF where G is nano g-open and F is nano a*- set.

(xii) nano c(s)-set if A=GNF where G is nano g-open and F is nano t-set.

3. NANO a**- SETS IN NANO TOPOLOGICAL SPACES

In this section, a new set Nano a** set is defined and studied its relations with other existing sets.

Definition.3.1: A subset A of a nano topological space (U, T (X)) is called a nano a**-set (Na**-set) if
Nint(Ncl (4)) = Nint (Ncl(Nint(4))).
Example 3.2: Let U = {a, b, ¢, d} with U/p = {{a}{c}{b.d}} and X = {a,b}. Then tr(X)={¢ U {a}.{b.d},
{a,b,d}} is a nano topology with respect to X and the complement tg < (X)={¢,U {c}.{a,c}{b,c,d}}. Some of
the nano sets for the topology are as follows.
(1)  nano pre-open={o, U {a}{b}.{d}{a,b}{a,d}, {b,d}{a,b,c}{ab.d}{a,cd}}
(2)  nano semi-open = {¢,U,{a}.{a,c}{b,d}{a,b,d}{b,c.d}}
(3)  nano a-open ={¢,U {a}{b.d}.{ab,d}}
(4)  nano regular open = {o,U,{a},{b,d}}
(5)  nano B-open= {o,U {a}.{b}{d}{a.b}{a.c}{a,d}{b,c}{b,d}.{c.d},
{a,b,c}{a,b,d}{a,c,d}{b,c,d}}
(6)  nano t-set={¢,U {a},{c}{a,c}{b,d}.{b,c,d}}
7 nano c-set ={¢,U {a},{b}.{c}.{d}.{a.b}{a.c}.{a,d}{b,c}{b,d}{c.d}, {a.b,c}{ab,d}, {a,c.d},
{b,c,d}}
(8) nano c*-set ={o,U {a}.{b}{c}.{d}{a.b}{a,c}{a,d}{b,c}{b,d}{c.d}, {a,b,c}{ab,d}, {a.cd},
{b,c.d}}
9) nano c(s)-set={¢ ,U,{a},{b}.{c}.{d}.{a,b}{a,c}{b,d}{a,b,d}{b,c.d}}
(10)  Nax-set={¢,U{a}.{b}{c}{d}{ab}{ac}{a,d}, {b.c}{b.d}{cd},

{a,b,c}{a,c,d},{b,c,d}}
(11)  Na**-closed set = {o, U, {a},{c}.{a,c}.{b, d}.{a,b, d}{b,c,d}}

Theorem 3.3: The union of any two Na**-set is No**-set.

Theorem 3.4: The intersection of any two Na**-set is also a No**-set.
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Remark 3.5: From the above example, the following implications are obtained.

*_
Na open N semi open Nor*-set
Nr open \ Nc-set
Na**-set >
Nt-set / \ Nc*-set <
NB open N pre Open NC(S)'Set
Figure.3.1

Remark.3.6: The sets nano B open and nano preopen sets are independent with Na** set.

Theorem.3.7: Let (U, tr (X)) be a nano topological space, then every No** set is not a No* set.

Proof: The proof of the theorem follows in the above example.

4. NANO GENERALIZED o**- CLOSED SETS IN NANO TOPOLOGICAL SPACES

In this section, a new closed set nano generalized a**- closed (Nga**-closed) set is defined and its relation with

other nano closed sets are discussed.

Definition 4.1: A subset A of a nano topological space (U, tp(X)) is called a nano generalized o**- closed set

(Ngo**- closed set) if Ncl(A < G whenever A € G and G is nano o**-set.

Example 4.2: Let U = {a, b, ¢, d} with U/p = {{a},{b}, {c, d}} and X = {b,d} . Then g (X)={9, U,{b}{c,d},

{b,c,d}} is a nano topology with respect to X and the complement is tg ¢ (X) = {9, U,{a}, {a,b}{a,c,d}}. The

following are some nano closed sets for this hano topology.

(1)  nano pre closed= {¢,U {a}{c}{d}{a,b}{a,c}{a,d}, {ab,c}{a, bd}{a,cd}}
(2)  nano semi-closed = {9 ,U {a},{b}.{a,b}{c,d}, {a,c,d}}
(3)  nano a-closed = {¢,U,{a},{a,b}{a,c,d}}
(4)  nano regular closed = {¢,U,{a,b} {a,c.d}}.
(5) nano S-closed= {o¢ ,U . {a}.{b}{c}{d}.{a.b}{a,c}{a,d}{b.c}{b.d}{c.d},
{a,b,c},{a,b,d}{a,c,d}}
(6) Ng-closed = {o,U{a}{a.b}.{a,c}{a,d}{ab,c}{ab,d}{acd}}
(7)  Ng*-closed ={o,U,{a},{a,b}{a,c}{a.d}{a,b,c}{a,b,d}{a,cd}}
(8)  Nrg-closed={¢,U {a}{a,b}{a,c}{a,d}{b,c}{b,d}{ab,c}{ab,d}{acd}{b,c,d}}
(9)  Nsg-closed={¢,U,{a},{b}.{c}{d}.{a.b}{a.c}{a.d}, {c.d}{a,b,c}{a,b.d}{a,c,d}}
(10)  Ngs-closed={o,U {a},{b}{c}.{d}.{a.b}{a,c}{a.d}, {c.d}.{a,b,c}{a,b,d}{a,c.d}}
(11)  Ngo-closed ={¢,U,{a}.{a,b}{a,c}{a,d}{a,b,c}{a,b,d}{acd}}
ETIST 2021
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(12) Nog-closed = {¢, U {a}.{a.b} {a,c}{a,d}{a,b.c}{ab,d}{acd}}
(13)  Nga**-set= {o, U {a}{a,b}{a,c}{a, d}.{a,b.c}H{a, b,d}{a,c,d}}

Theorem 4.3: The union of any two Nga**-closed set is Nga**-closed.
Theorem 4.4: The intersection of any two Nga**-closed set is also a Nga**-closed.

Remark 4.5: From the above example, the following implications are obtained.

N pre-closed Nga closed Nog closed
Ng closed
Nr-closed o
Nga** closed ——— % Ng*closed
\ \ Nrg closed
Np-closed
Figure 4.1

5. NANO ga**-INTERIOR AND NANO ga**-CLOSURE IN NANO TOPOLOGICAL SPACES

In this section, Nano go**interior, Nano ga**closure is introduced and studied its characterizations.

Definition 5.1: Let (U, Tr (X)) be a nano topological space and A =G, then nano ga**- interior is defined as
Ngo**int(A)=U{B/Bis a Nga**-open, BcA}.

Definition 5.2: Let A be a subset of (U, Tg (X)). A point xeU is called Ngo**- interior point of A if A contains a
Ngo**-open set containing Xx.

Definition 5.3: Let (U, Tr (X)) be a nano topological space and A G, then nano ga**-closure is defined as
Nga**cl(A)=N{B/B is a Nga**-closed, AcB}.

Theorem 5.4: A subset A of (U, tR (X)) is Nga**-open if and only if Nga**-int(4) = A.

Proof: Let A be Ngo**open in U then Nga**-int(4) = A. Conversely let Nga**-int(4) = A. Then by definition
Ngo**-int (A) is a nano generalized a**open set, so A is a nano generalized a** open. Hence the proof.
Theorem 5.5: Let A and B be any two subsets of (U, tr(X)). Then

(1) Nga**-int(U) = U and Nga**-int(p) = ¢.

(ii) Nga**-int(4)CA.

(iif) if B is any Ngo** open set contained in A, then B&cNga**-int(4).

(iv) if AcB, then Ngo**-int(4)cNga**-int (B).

(v) Ngo**-int(Nga**-int(4))=Nga**-int (4).

Proof :
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(i) Since U is a Nga**open set, by definition Ngo**-int (U) = union of all Ngo** open sets that are contained in A
= U U {all Nga** open sets} = U. That is Nga**-int(U) = U. Here ¢ is the only Nga** open set contained in ¢, So
Ngo**-int(p) = ¢.

(if) Letx € Nga**-int (A) = x is an interior point of A. = x € A. Therefore Nga**-int(4) c A.

(iii) Let B be any Ngo** open set such that B c A. If x € B, then x is an Nga** interior point of A, since B c A.
= x € Nga**-int (4). Hence B c Nga**-int(A4).

(iv) Let A and B be subsets of U with A c B. Let x € Nga**-int (4). Then x is a Ngo**interior point of A and A4 is
a Nga** neighbourhood of x. Since A € B, B is also a Nga** neighbourhood of x.

= x € Nga**-int (B). Hence Nga**-int (4)  Nga**-int (B).

(v) Let A be any subset of U. By definition of Nga**-interior, Nga**-int(4) is Nga** open and hence

Ngo**-int (Nga**-int(4)) = Nga**-int (4).

Theorem 5.6: If A and B are two subsets of (U, tr(X)), then

(1) Nga**-int(A)UNga**-int(B) < Nga**-int(AUB).

(ii) Nga**-int(A) NNga**-int(B)=Ngo**-int(4AN B).

Theorem 5.7: If A is a subset of (U, tr(X)), then N-int(4)cNa-int(A)c Nga**-int(4).

Proof : Let A be a subset of U. Let x € N int (A) = x € U{B : B is Nano-open and B c A}. = there exists a nano
open set B such that x€ B c A. Every open set is a nano o open = there exists a No-open set B such that x €B c A.
Hence x € U{B : B is Nano a-open and B c A}. We know every nano a-open set is Nga**-open in U.

= x € U{B:B is Nga**-open and BCA}. = x € Nga**-int(4). Thus N-int(A)cNa-int(A)c Nga**-int(A).

Theorem 5.8: Let A and B are any two subsets of (U, tr(X)). Then
(i) Ngo**-cl(U)=U and Ngo**-cl(¢)=0.

(i) AcNga**-cl(4).

(iii) if B is any Nga**-closed set containing A, then Nga**-cl(4)cB.
(iv) If AcB then Nga**-cl(A)cNgo**-cl(B).

(V) Ngo**-cl(Ngo**-cl(4))=Nga**-cl(4).

Theorem 5.9: If A is a Nga**-closed subset of (U, TR (X)), then Nga**-cl(4) = A.
Theorem 5.10: If A and B are two subsets of (U, tr(X)), then

(i) Nga**-cl(A)UNga**-cl(B)=Nga**-cl(AUB).

(i1) Nga**-cl(A)NNga**-cl(B)=Ngo**-cl(ANB).

Theorem 5.11: If A is a subset of (U, tr(X)), then
(i) [Ngo**-int(A)]*=[Nga**-cl(A%)].
(ii) Nga**-int(4)=[Nga**-cl(A%)]°.
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6. CONCLUSION
In conclusion, a new set nano o**-set is introduced, using this set nano generalized o**- closed (Nga**- closed) set
in Nano Topological Spaces is defined. Its relation with other closed sets are investigated. Moreover, the interior and

closure of Nga**- closed sets are defined and examined its properties.
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