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Generalized Semi Closed Soft Multisets

V. Inthumathi1,A. Gnanasoundari2 and M. Maheswari3

Abstract - In this paper, we introduce the concepts of generalized semi closed sets in soft multi topological spaces and

some of its properties are studied.

Keywords Soft multiset, Soft multi topology, Generalized semi closed soft multiset.

2010 Subject classification: 03E70, 54A05, 54B05

1 Introduction

Multiset theory was introduced by Cerf et al. [3] in 1971. Then Yager [15] and Blizard [2] initiated
further contributions to it. Continuing this study, multiset relation and multiset function was introduced by
Girish and John [8][9]. In addition, these authors [10] [11] using multiset relations gave multiset topology.
In 1999, Molodtsov [13] introduced the concept of soft set theory as a mathematical tool for dealing with
uncertainties. In 2013, Babitha and John [1] was introduced the concept of soft multisets as a combination
of soft sets and multisets. Moreover, in [4] [5] the soft multi topology and its basic properties was given.
S. A. El-Sheikh et al.[7] introduced the notions of Some types of open soft multisets and some types of
mappings in soft multi topological spaces. The same author [6] introduced the concept of generalized
closed soft multisets in soft multi topological spaces. In this paper we introduce the concept of generalized
semi closed soft multisets in soft multi topological spaces and discuss some important properties in detail.

2 Preliminaries

Definition 2.1. [12] An mset M drawn from the set X is represented by a function Count M or CM defined
as CM : X → N where N represents the set of non negative integers. The word ’multiset’ often shortened
to ’mset’.

Definition 2.2. [12] A domain X, is defined as a set of elements from which msets are constructed. The
mset space [X]m is the set of all msets whose elements are in X such that no element in the mset occurs
more than m times. If X = {x1, x2, ...xk} then [X]m = {{m1/x1,m2/x2, ...mk/xk}
for i = 1, 2, 3...k;mi ∈ {0, 1, 2, ...m}}. Henceforth M stands for a mset drawn from the mset space [X]m.

Definition 2.3. [13] Let U be an initial universe set and E be a set of parameters. Let P (U) denotes
the power set of U and A ⊆ E. A pair (F,A) is called a soft set over U, where F is a mapping given by
F : A→ P (U).

1Associate Professor, Department of Mathematics, Nallamuthu Gounder Mahalingam College, Pollachi-642001,
Coimbatore, Tamilnadu, India.E.mail: inthumathi65@gmail.com

2Assistant Professor, Department of Mathematics, Nallamuthu Gounder Mahalingam College, Pollachi-642001,
Coimbatore, Tamilnadu, India.E.mail: gnana.ngm@gmail.com

3Assistant Professor, Department of Mathematics, Nallamuthu Gounder Mahalingam College, Pollachi-642001,
Coimbatore, Tamilnadu, India.E.mail: mahimrk@gmail.com
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Definition 2.4. [5] Let U be an universal mset, E be a set of parameters and A ⊆ E. Then, an ordered
pair (F,A) is called a soft mset where F is a mapping given by F : A→ P ∗(U);P ∗(U) is the power set of
a mset U.

For all e ∈ A,F (e) mset represents by count function CF (e) : U∗ → Nwhere N represents the set of
non-negative integers and U∗ represents the support set of U.

Let U = {2/x, 3/y, 2/z} be a mset. Then, the support set of U is U∗ = {x, y, z}.

Definition 2.5. [5] For two soft msets (F,A) and (G,B) over U, we say that (F,A) is a sub soft mset of
(G,B) if:
1. A ⊆ B,
2.CF (e)(x) ≤ CG(e)(x), ∀ x ∈ U∗, ∀e ∈ A ∩B.

We write(F,A)⊆̃(G,B).

Definition 2.6. [5] Two soft msets (F,A) and (G,B) over U are said to be equal if (F,A) is a sub soft
mset of (G,B) and (G,B) is a sub soft mset of (F,A).

Definition 2.7. [5] The union of two soft msets (F,A) and (G,B) over U is the soft mset (H,C), where
C = A ∪B and CH(e)(x) = max{CF (e)(x), CG(e)(x)}, ∀ e ∈ A ∪B, ∀x ∈ U∗. We write (F,A)∪̃(G,B).

Definition 2.8. [5] The intersection of two soft msets (F,A) and (G,B) over U is the soft mset (H,C),
where C = A∩Band CH(e)(x) = min{CF (e)(x), CG(e)(x)}, ∀ e ∈ A∩B, ∀x ∈ U∗. We write(F,A)∩̃(G,B).

Definition 2.9. [5] A soft mset (F,A) over U is said to be a null soft mset denoted by ϕ̃ if for all
e ∈ A,F (e) = ϕ.

Definition 2.10. [5] A soft mset (F,A) over U is said to be an absolute soft mset denoted by Ũ if for all
e ∈ A, F (e) = U.

Definition 2.11. [5] The difference (H,E) between two soft msets (F,E) and (G,E) over U, denoted by
(F,E)\(G,E), is defined as H(e) = F (e)\G(e) for all e ∈ Ewhere CH(e)(x) = max{CF (e)(x)−CG(e)(x), 0},
∀x ∈ U∗.

Definition 2.12. [5] The complement of a soft mset (F,A) is denoted by (F,A)c and is defined by (F,A)c

= (F c, A) where F c : A → P ∗(U) is mapping given by F c(e) = U\F (e) for all e ∈ A where CF c(e)(x) =
CU(x)− CF (e)(x),∀x ∈ U∗.

Definition 2.13. [5] Let X be an universal mset and E be a set of parameters. Then, the collection of
all soft msets over X with parameters from E is called a soft multi class and is denoted as SMS(X)E.

Definition 2.14. [5] Let τ ⊆ SMS(X)E, then τ is said to be a soft multi topology on X if the following
conditions hold:
1. ϕ̃, X̃ belong to τ,
2. The union of any number of soft msets in τ belongs to τ,
3. The intersection of any two soft msets in τ belongs to τ.
τ is called a soft multi topology over X and the triple (X, τ, E) is called a soft multi topological space over
X. Also, the members of τ are said to be open soft msets in X. Furthermore, OSM(X)E is the set of all

open sub soft msets of X̃. A soft mset (F,E) in SMS(X)Eis said to be a closed soft mset in X, if its
complement (F,E)c belongs to τ.
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Definition 2.15. [5] Let X be universal multiset, E be the set of parameters. Then:

1. τ = {ϕ̃, X̃} is called the indiscrete soft multi topology on X and (X, τ, E) is said to be an indiscrete
soft multi space over X.
2. Let τ be the collection of all soft multisets over X. Then, τ is called the discrete soft multi topology on
X and (X, τ, E) is said to be a discrete soft multi space over X.

Definition 2.16. [4] Let (X, τ, E) be a soft multi topological space over X and (F,E) be a soft multiset
over X. Then, the soft multi closure of (F,E), denoted by cl(F,E) [or (F,E)] is the intersection of all
closed soft multiset containing (F,E).

Definition 2.17. [4] Let (X, τ, E) be a soft multi topological space over X and (F,E) be a soft multiset
over X. Then, the soft multi interior of (F,E), denoted by int(F,E) [or (F,E)o] is the union of all open
soft multiset contained in (F,E).

Definition 2.18. [4] Let (X, τ, E) be a soft multi topological space over X and (G,E) be a soft multiset
over X and x ∈ X. Then, (G,E) is said to be a soft multi neighbourhood of x if there exists a soft multi
open set (F,E) such that x ∈ (F,E) ⊆ (G,E). The set of all soft multi neighbourhood of α, denoted by

Ñ(α), is called the family of soft multi neighbourhoods of α,

i.e. Ñ(α) = {(G,E) : (G,E) ∈ T, α ∈ (G,E)}.

Definition 2.19. [7] Let (X, τ, E) be a soft multi topological space. A mapping γ : SMS(X)E →
SMS(X)E is said to be an operation on OSM(X)E, ifNE⊆̃γ(NE) for all NE ∈ OSM(X)E. The family
of all γ−open soft multisets is denoted by OSM(γ) = {NE : NE⊆̃γ(NE), NE ∈ SMS(X)E}. Also, the
complement of γ−open soft multiset is called a γ−closed soft multiset and the set of all γ−closed soft
multisets denoted by CSM(γ).

Definition 2.20. [7] Let (X, τ, E) be a soft multi topological space. Different cases of γ−operations on
SMS(X)E are as follows:
(i) If γ = int(cl), then γ is called a pre-open soft multi operator. The family of all pre-open soft multisets
is denoted by POSM(X)E and the family of all pre-closed soft multisets is denoted by PCSM(X)E.
(ii) If γ = int(cl(int)), then γ is called an α−open soft multi operator. The family of all α−open soft mul-
tisets is denoted by αOSM(X)E and the family of all α−closed soft multisets is denoted by αCSM(X)E.
(iii) If γ = cl(int), then γ is called a semi open soft multi operator. The family of all semi open soft multi-
sets is denoted by SOSM(X)E and the family of all semi closed soft multisets is denoted by SCSM(X)E.
(iv) If γ = cl(int(cl)), then γ is called a β−open soft multi operator. The family of all β−open soft multisets
is denoted by βOSM(X)E and the family of all β−closed soft multisets is denoted by βCSM(X)E.

Definition 2.21. [6] A soft multiset (A,E) in a soft multi topological space (X, τ, E) is said to be a
generalized closed (for short, g−closed) soft multiset if Ccl(A)(e)(x) ≤ CB(e)(x) whenever CA(e)(x) ≤ CB(e)(x)
for all x ∈ X∗, e ∈ E and (B,E) is open soft multiset in X.

Definition 2.22. [14] A sub soft mset SE of (X, τ, E) is called clopen soft mset if it is both open soft mset
and closed soft mset.

Definition 2.23. [14] Let (X, τ, E) be soft multi topological space. A soft multiset (F,A) is called compact
if each soft multi open cover of (F,A) has a finite subcover. Also soft multi topological space (X, τ, E) is

called compact if each soft multi open cover of X̃ has a finite subcover.
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3 Generalized semi closed soft msets

Definition 3.1. A soft mset SE in a soft multi topological space (X, τ, E) is said to be a
generalized semi closed soft multiset(briefly gscsmset)if Cscl(S)(e)(x) ≤ CU(e)(x) whenever CS(e)(x)
≤ CU(e)(x) for all x ∈ X∗, e ∈ E and UE ∈ OSM(X)E. The set of all gscs mset is denoted by gscs(X)E.

Example 3.2. Let (X, τ, E) be a soft multi topological space with mset X = {1/x1, 2/x2, 1/x3}, parameter

set E = {e1, e2} and topology τ = {ϕ̃, X̃, (F1, E), (F2, E), (F3, E), (F4, E)} where F1(e1) = {1/x1, 1/x3}, F1(e2) =
{1/x1, 1/x3}, F2(e1) = {1/x1}, F2(e2) = {1/x3}, F3(e1) = {2/x2}, F3(e2) = {2/x2}, F4(e1) = {1/x1, 2/x2}, F4(e2) =
{2/x2, 1/x3}. Then a soft mset SE such that S(e1) = {1/x1, 1/x3}, S(e2) = {1/x1, 1/x3} is a gscsmset in
(X, τ, E).

Proposition 3.3. Every closed(resp. α-closed, semi-closed and g-closed) soft mset is a gscs mset.

Proof. 1. Let SE be a closed soft mset and UE ∈ OSM(X)E such that CS(e)(x) ≤ CU(e)(x). Then
Cscl(S)(e)(x) ≤ Ccl(S)(e)(x) = CS(e)(x) ≤ CU(e)(x), by hypothesis and every closed soft mset is a semi-closed
soft mset. Hence SE is a gscs mset.
2. Let SE be an α-closed soft mset and UE ∈ OSM(X)E such that CS(e)(x) ≤ CU(e)(x). Since every
α-closed soft mset is a semi-closed soft mset, we have Cscl(S)(e)(x) ≤ Cαcl(S)(e)(x) = CS(e)(x) ≤ CU(e)(x).
Hence SE is a gscs mset.
3. Let SE be a semi-closed soft mset and UE ∈ OSM(X)E such that CS(e)(x) ≤ CU(e)(x). Then we have
Cscl(S)(e)(x) = CS(e)(x) ≤ CU(e)(x) because SE is a semi-closed soft mset. Hence SE is a gscs mset.
4. Let SE be a g-closed soft mset and UE ∈ OSM(X)E such that CS(e)(x) ≤ CU(e)(x). By assumption
and every closed soft mset is a semi-closed soft mset, we have Cscl(S)(e)(x) ≤ Ccl(S)(e)(x) ≤ CU(e)(x). This
implies SE is a gscs mset.

Remark 3.4. Converse of the above proposition need not be true. 1. In Example 3.2, the soft mset SE

with S(e1) = {1/x3}, S(e2) = {1/x3} is a gscs mset but not a closed(resp. α-closed, semi-closed) soft
mset in (X, τ, E).
2. Let (X, τ, E) be a soft multi topological space with mset X = {2/x1, 2/x2, 1/x3}, parameter set E =

{e1, e2} and topology τ = {ϕ̃, X̃, (F1, E), (F2, E)} where F1(e1) = {2/x1}, F1(e2) = {2/x1}, F2(e1) =
{2/x1, 2/x2}, F2(e2) = {2/x1, 2/x2}. Then a soft mset SE such that S(e1) = {2/x2}, S(e2) = {2/x2} is a
gscs mset but not a g-closed soft mset.

Remark 3.5. The following example shows that gscs msets are independent of pre-closed soft msets and
β-closed soft msets.

Example 3.6. Let (X, τ, E) be a soft multi topological space with mset X = {2/x1, 2/x2, 2/x3}, parameter

set E = {e1, e2} and topology τ = {ϕ̃, X̃, (F1, E)} where F1(e1) = {2/x1}, F1(e2) = {2/x1}. Let SE be a
sub soft mset of XE such that S(e1) = {2/x1, 2/x2}, S(e2) = {2/x1, 2/x2}. Then SE is a gscs mset but not
pre-closed and β-closed soft mset in (X, τ, E). Let TE be a sub soft mset of XE such that T (e1) = {1/x1},
T (e2) = {1/x1}. Then TE is pre-closed and β-closed soft mset but not a gscs mset in XE.
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closed soft mset

g-closed soft mset

semi-closed soft mset

α-closed soft mset

β-closed soft mset

gscs mset

pre-closed soft mset

Remark 3.7. 1. The union of gscs msets need not be a gscs mset.
2. The intersection of gscs msets need not be a gscs mset.

Example 3.8. Let (X, τ, E) be a soft multi topological space with mset X = {2/x1, 2/x2, 2/x3}, parameter

set E = {e1, e2} and topology τ = {ϕ̃, X̃, (F1, E), (F2, E), (F3, E)} where F1(e1) = {2/x2}, F1(e2) = {2/x2},
F2(e1) = {2/x3}, F2(e2) = {2/x3}, F3(e1) = {2/x2, 2/x3}, F3(e2) = {2/x2, 2/x3}. Let SE and TE be two
sub soft msets of XE such that S(e1) = {2/x2}, S(e2) = {2/x2} and T (e1) = {2/x3}, T (e2) = {2/x3}.
Then SE and TE are gscs msets but SE ∪̃ TEis not a gscs mset in (X, τ, E).

Example 3.9. In Example 3.2, let SE and TE be two sub soft msets of XE such that S(e1) = {1/x1, 2/x2},
S(e2) = {1/x1} and T (e1) = {1/x1, 1/x2, 1/x3}, T (e2) = {1/x2}. Then SE and TE are gscs msets but
SE ∩̃ TE is not a gscs mset in (X, τ, E).

Proposition 3.10. Every sub soft mset of XE is gscs-mset iff OSM(X)E ⊆ {FE ⊆ XE : F c
E ∈

SOSM(X)E}.

Proof. Suppose that every sub soft mset of XE is a gscs-mset. Let UE ∈ OSM(X)E. Since CU(e)(x) ≤
CU(e)(x) and UE is a gscs-mset, Cscl(U)(e)(x) ≤ CU(e)(x). Hence UE ∈ {FE ⊆ XE : F c

E ∈ SOSM(X)E}.
Conversely, assume that OSM(X)E ⊆ {FE ⊆ XE : F c

E ∈ SOSM(X)E}. Let SE be any sub soft mset of XE

such that CS(e)(x) ≤ CU(e)(x), where UE is open soft mset. Thus UE is semi-closed and so Cscl(S)(e)(x) ≤
CU(e)(x). Hence SE is a gscs-mset.

Remark 3.11. Difference of two gscs-msets is not generally gscs-mset. In Example 3.2, let SE and
TE be two sub soft msets of XE such that S(e1) = {1/x1, 1/x2, 1/x3}, S(e2) = {1/x1} and T (e1) =
{1/x3}, T (e2) = {1/x3}. Then SE and TE are gscs msets but SE \ TE is not a gscs mset in (X, τ, E).

Definition 3.12. Let (X, τ, E) be a soft multi topological space and SE be a sub soft mset of XE. Then
SE is a nowhere dense soft mset if and only if Cint(cl(S))(e)(x) = Cϕ(e)(x) for all x ∈ X∗, e ∈ E.

Definition 3.13. Let fE be a soft mset over XE. fE is called a soft multi point over X, if there exists
e ∈ E and n/x ∈ X, 1 ≤ n ≤ m such that

f(ϵ) =

{
{n/x} if ϵ = e, 1 ≤ n ≤ m

ϕ if ϵ ∈ E − {e}

We denote fE by [(n/x)e]E. In this case, x is called support point of [(n/x)e]E, {x} is called support set of
[(n/x)e]E and e is called the expressive parameter of [(n/x)e]E. The family of all soft multi points over X
is denoted by P (X,E) or P.

i.e. P (X,E) = {[(n/xi)ej ]E : xi ∈ X, ej ∈ E, 1 ≤ n ≤ m}.
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Definition 3.14. A sub soft mset (F,E) which is soft multi point is said to be singleton soft mset and is

denoted by (F,E)
n/x
e , for all e ∈ E, x ∈ X∗ and 1 ≤ n ≤ m.

Lemma 3.15. Let [(n/x)e]E ∈ P (X,E). Then (F,E)
n/x
e is either nowhere dense soft mset or pre-open

soft mset.

Proof. Suppose that (F,E)
n/x
e is not a nowhere dense soft mset. Then Cint(cl({n/x}))(e)(x) ̸= Cϕ(e)(x) and

so [(n/x)e]E ∈ Cint(cl({n/x}))(e)(x). This implies that C{n/x}(e)(x) ≤ Cint(cl({n/x}))(e)(x). Hence (F,E)
n/x
e is a

pre-open soft mset.

Remark 3.16. In the notion of Lemma 3.15, we may consider the following decomposition of a given
soft multi topological space (X, τ, E), namely, P = P1 ∪̃ P2 where P1 = {[(n/x)e]E ∈ P (X,E) : (F,E)

n/x
e

is nowhere dense soft mset} and P2 = {[(n/x)e]E ∈ P (X,E) : (F,E)
n/x
e is pre-open soft mset}.

Definition 3.17. The intersection of all open soft msets of (X, τ, E) containing SE is called soft multi
kernel of SE and is denoted by smker(S)E.

Theorem 3.18. A soft mset SE of XE is a gscs mset if and only if Cscl(S)(e)(x) ≤ Csmker(S)(e)(x).

Proof. Assume that SE is a gscs mset. Let [(n/x)e]E ∈ Cscl(S)(e)(x). If [(n/x)e]E /∈ Csmker(S)(e)(x), then
there is an open soft mset UE containing SE such that [(n/x)e]E /∈ CU(e)(x). Then we have Cscl(S)(e)(x) ≤
CU(e)(x), by hypothesis. Since UE is an open soft mset containing SE, we have [(n/x)e]E /∈ Cscl(S)(e)(x),
which is a contradiction. Therefore Cscl(S)(e)(x) ≤ Csmker(S)(e)(x).

Conversely, let Cscl(S)(e)(x) ≤ Csmker(S)(e)(x) and UE be an open soft mset containing SE. Then
Cscl(S)(e)(x) ≤ Csmker(S)(e)(x) ≤ CU(e)(x). Hence SE is a gscs mset.

Proposition 3.19. For any soft mset SE of XE, C(P2∩̃scl(S))(e)(x) ≤ Csmker(S)(e)(x).

Proof. Let [(n/x)e]E ∈ C(P2∩̃scl(S))(e)(x) and suppose that [(n/x)e]E /∈ Csmker(S)(e)(x). Then there is an open
soft mset UE containing SE such that [(n/x)e]E /∈ CU(e)(x). If CA(e)(x) = C(X−U)(e)(x), then AE is a closed
soft mset and so semi-closed soft mset. That is Cscl({n/x})(e)(x) = C({n/x}∪̃int(cl({n/x})))(e)(x) ≤ CA(e)(x).
Since Ccl({n/x})(e)(x) ≤ Cscl(S)(e)(x) ≤ Ccl(S)(e)(x), we have Cint(cl({n/x}))(e)(x) ≤ CS∪̃int(cl(S))(e)(x). Also
[(n/x)e]E ∈ CP2(e)(x), we have [(n/x)e]E /∈ CP1(e)(x) and so Cint(cl({n/x}))(e)(x) ̸= Cϕ(e)(x). Therefore there
must be some point [(n/y)e]E ∈ C(S∩̃int(cl({n/x})))(e)(x) and hence [(n/y)e]E ∈ C(A∩̃S)(e)(x), which is a
contradiction. That is C(P2∩̃scl(S))(e)(x) ≤ Csmker(S)(e)(x).

Proposition 3.20. If C(P1∩̃scl(S))(e)(x) ≤ CS(e)(x) then SE is a gscs mset.

Proof. Given that C(P1∩̃scl(S))(e)(x) ≤ CS(e)(x). Then C(P1∩̃scl(S))(e)(x) ≤ Csmker(S)(e)(x), since CS(e)(x) ≤
Csmker(S)(e)(x). Now, Cscl(S)(e)(x) = C(P ∩̃scl(S))(e)(x) = C((P1∪̃P2)∩̃scl(S))(e)(x) = C((P1∩̃scl(S))∪̃(P2∩̃scl(S)))(e)(x) ≤
Csmker(S)(e)(x), since C(P1∩̃scl(S))(e)(x) ≤ Csmker(S)(e)(x) and by Proposition 3.19. Thus SE is a gscs mset.

Proposition 3.21. Let SE be a gscs mset. Then C(scl(S)−S)(e)(x) does not contain any nonempty closed
soft mset.

Proof. Suppose that FE is a closed soft mset contained in C(scl(S)−S)(e)(x). Then CS(e)(x) ≤ CF c(e)(x).
Since F c

E is an open soft mset and SE is a gscs mset Cscl(S)(e)(x) ≤ CF c(e)(x). Consequently, CF (e)(x) ≤
C(scl(S))c(e)(x), we have CF (e)(x) ≤ Cscl(S)(e)(x). Thus CF (e)(x) ≤ C(scl(S)∩(scl(S))c)(e)(x) = Cϕ(e)(x) and hence
FE is empty.

118 ETIST



Generalized Semi Closed Soft Multisets

Remark 3.22. The converse of the above proposition need not be true. In Example 3.2, let SE be a sub
soft mset of XE such that S(e1) = {1/x1}, S(e2) = {1/x2}. Then C(scl(S)−S)(e)(x) does not contain any
nonempty closed soft mset but SE is not a gscs mset.

Corollary 3.23. Let SE be a gscs mset in XE. Then SE is a semi closed soft mset if and only if
C(scl(S)−S)(e)(x) is a closed soft mset.

Proof. Let SE be a semi-closed soft mset. Then Cscl(S)(x) = CS(e)(x) and so C(scl(S)−S)(e)(x) = Cϕ(e)(x)
which is a closed soft mset by Proposition 3.21. Conversely, suppose that C(scl(S)−S)(e)(x) is a closed soft
mset. Then C(scl(S)−S)(e)(x) = Cϕ(e)(x), since SE is a gscs mset. That is Cscl(S)(e)(x) = CS(e)(x) and so SE

is a semi-closed soft mset.

Proposition 3.24. If SE is a gscs mset then for each [(n/x)e]E ∈ Cscl(S)(x), C(cl({m/x})∩̃S)(e)(x) ̸= Cϕ(e)(x).

Proof. Suppose [(n/x)e]E ∈ Cscl(S)(e)(x) and C(cl({n/x})∩̃S)(e)(x) = Cϕ(e)(x). Then CS(e)(x) ≤ C(cl({n/x}))c(e)(x)

and (cl((F,E)
n/x
e ))c is an open soft mset. By assumption Cscl(S)(e)(x) ≤ C(cl({n/x}))c(e)(x), which is a

contradiction to [(n/x)e]E ∈ Cscl(S)(e)(x). Therefore C(cl({n/x})∩̃S)(e)(x) ̸= Cϕ(e)(x).

Proposition 3.25. If C(cl({n/x})∩̃S)(e)(x) ̸= Cϕ(e)(x) for each [(n/x)e]E ∈ Cscl(S)(e)(x), then C(scl(S)−S)(e)(x)
does not contain any nonempty closed soft mset.

Proof. Let CA(e)(x) ≤ C(scl(S)−S)(e)(x) such that AE be a closed soft mset. If there is an element
[(n/x)e]E ∈ CA(e)(x), then [(n/x)e]E ∈ Cscl(S)(x) and so C(cl({n/x})∩̃S)(e)(x) ≤ C(A∩̃S)(e)(x) ≤ C((scl(S)−S)∩̃S)(e)(x) =
Cϕ(e)(x), which is a contradiction. Therefore CA(e)(x) = Cϕ(e)(x).

Proposition 3.26. If SE is a gscs mset of XE such that CS(e)(x) ≤ CT (e)(x) ≤ Cscl(S)(e)(x), then TE is
also a gscs mset of XE.

Proof. Let UE ∈ OSM(X)E such that CT (e)(x) ≤ CU(e)(x). Then CS(e)(x) ≤ CU(e)(x). Since SE is a
gscs mset, we have Cscl(S)(e)(x) ≤ CU(e)(x). Now Cscl(T )(e)(x) ≤ Cscl(scl(S))(e)(x) = Cscl(S)(e)(x) ≤ CU(e)(x).
Therefore TE is also a gscs mset of XE.

Example 3.27. Converse of the above proposition need not be true. In Example 3.2, let
SE and TE be a gscs mset of XE such that S(e1) = {1/x3}, S(e2) = {1/x1} and T (e1) = {1/x1, 2/x2}, T (e2) =
{1/x1}. Then CT (e)(x) � Cscl(S)(e)(x). Thus any gscs mset of XE need not be lie between gscs mset and
its semi-closure.

Proposition 3.28. For each [(n/x)e]E ∈ XE, either (F,E)
n/x
e is a closed soft mset or ((F,E)

n/x
e )c is a

gscs mset.

Proof. Suppose that (F,E)
n/x
e is not a closed soft mset. Then ((F,E)

n/x
e )c is not an open soft mset and

the only open soft mset containing ((F,E)
n/x
e )c is X̃ itself. Therefore Cscl({n/x}c)(e)(x) ≤ CX(e)(x) and so

((F,E)
n/x
e )c is a gscs mset.

Definition 3.29. A soft multi topological space (X, τ, E) is said to be soft multi partition space if every
sub soft mset of (X, τ, E) is a clopen soft mset.

Proposition 3.30. If (X, τ, E) is a soft multi partition space then every sub soft mset is a gscs mset.
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Proof. Let UE ∈ OSM(X)E and SE be any sub soft mset of (X, τ, E) such that CS(e)(x) ≤ CU(e)(x).
Since UE is a closed soft mset in a soft multi partition space (X, τ, E) and so Cscl(S)(e)(x) ≤ Cscl(U)(e)(x) ≤
Ccl(U)(e)(x) = CU(e)(x). Therefore SE is a gscs mset.

Definition 3.31. A soft multi topological space (X, τ, E) is said to be soft multi regular space iff for every
closed sub soft mset FE of XE and every soft multi point [(n/x)e]E /∈ FE, there exists open soft msets GE

and HE such that CF (e)(x) ≤ CG(e)(x), [(n/x)e]E ∈ HE, and C(G∩̃H)(e)(x) = Cϕ(e)(x).

Lemma 3.32. A soft multi topological space (X, τ, E) is soft multi regular iff for each [(n/x)e]E ∈ XE and

each soft multi neighbourhood Ñ
n/x
E of [(n/x)e]E there exists M̃

n/x
E of [(n/x)e]E such that Ccl(M̃)(e)(x) ≤

C(Ñ)(e)(x).

Proof. Let (X, τ, E) be a soft multi regular space. Let [(n/x)e]E ∈ XE and let Ñ
n/x
E be a soft multi

neighbourhood of [(n/x)e]E. Then there exists an open soft mset GE such that [(n/x)e]E ∈ CG(e)(x) ≤
CÑ(e)(x). Consequently, G

c
E is a closed soft mset and [(n/x)e]E /∈ Gc

E. So, by regularity of (X, τ, E), there

exists open soft msets SE and TE such that CGc(e)(x) ≤ CS(e)(x), [(n/x)e]E ∈ TE and C(S∩T )(e)(x) =
Cϕ(e)(x). Now, CGc(e)(x) ≤ CS(e)(x) implies CT (e)(x) ≤ CSc(e)(x) and so Ccl(T )(e)(x) ≤ Ccl(Sc)(e)(x) =

CSc(e)(x). Thus M̃
n/x
E = TE is a soft multi neighbourhood of [(n/x)e]E such that Ccl(M)(e)(x) ≤ Ccl(T )(e)(x) ≤

CSc(e)(x) ≤ CG(e)(x) ≤ CN(e)(x). Conversely, let every soft multi neighbourhood of any soft multi point
of XE contain the closure of another soft multi neighbourhood of that soft multi point. Let FE be
any closed sub soft mset of XE and let [(n/x)e]E /∈ FE. Then F c

E is open soft multi neighbourhood of
[(n/x)e]E. so, by given hypothesis there exists an open soft multi neighbourhood GE of [(n/x)e]E such
that [(n/x)e]E ∈ Ccl(G)(e)(x) ≤ CF c(e)(x). But Ccl(G)(e)(x) ≤ CF c(e)(x) implies CF (e)(x) ≤ C(cl(G))c(e)(x).
Thus GE and (cl(GE))

c are open soft msets such that CF (e)(x) ≤ C(cl(G))c(e)(x), [(n/x)e]E ∈ GE and
C((cl(G))c∩G)(e)(x) = Cϕ(e)(x). Hence (X, τ, E) is a soft multi regular space.

Lemma 3.33. Let (X, τ, E) be a soft multi regular space and let AE be a compact sub soft mset of XE.
If GE is an open sub soft mset of XE containing AE, then there exists a closed soft mset FE such that
CA(e)(x) ≤ CF (e)(x) ≤ CG(e)(x).

Proof. Since GE is an open soft mset containing AE, it follows that GE is an open nbd. of each
soft multi point of AE by [14]. Also by regularity of XE and above lemma, for each [(n/x)e]E ∈ AE,

there is an open neighbourhood Ñ
n/x
E of [(n/x)e]E such that Ccl(Ñ)(e)(x) ≤ CG(e)(x). It is clear that the

collection {Ñn/x
E : [(n/x)e]E ∈ AE} is an open covering of AE. Since AE is compact soft mset, there

exists finitely many points [(n1/x1)e]E, [(n2/x2)e]E, ...[(nn/xn)e]E of AE such that CA(e)(x) ≤ C∪n
i=1Ñ(e)(x)

and Ccl(Ñ)(e)(x) ≤ CG(e)(x) for each i. Let CF (e)(x) = Ccl(Ñ)(e)(x). Then FE is closed, being a finite

union of closed sets. Also, Ccl(Ñ)(e)(x) ≤ CG(e)(x) for each i implies that C∪n
i=1Ñ(e)(x) ≤ CG(e)(x). Hence

CF (e)(x) ≤ CG(e)(x). Moreover, C(Ñ)(e)(x) ≤ Ccl(Ñ)(e)(x) implies that C∪n
i=1Ñ(e)(x) ≤ Ccl(Ñ)(e)(x). Hence

CA(e)(x) ≤ CF (e)(x).

Proposition 3.34. If SE is compact sub soft mset of a soft multi regular space (X, τ, E), then SE is a
gscs mset.

Proof.Let CS(e)(x) ≤ CU(e)(x), and UE ∈ OSM(X)E. Since SE is compact sub soft mset of a soft multi
regular space (X, τ, E),by above lemma, there exists a closed soft mset VE such that CA(e)(x) ≤ CV (e)(x) =
Ccl(V )(e)(x) ≤ CU(e)(x) and so Cscl(S)(e)(x) ≤ CU(e)(x) for all x ∈ X∗, e ∈ E. Therefore SE is a gscs mset.
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