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Generalized Regular Closed Sets in Soft Multi Topological
Spaces

V. Inthumathi!, A. Gnanasoundari? and M. Maheswari?

Abstract: This paper introduces regular open soft multisets and regular closed soft multisets. The notions of interior and
closure are generalized using these sets. And also we introduce and study generalized regular closed sets and its properties

in soft multi topological spaces.

Keywords : Soft Multiset, Soft Multi topology, Regular closed soft multiset, Generalized regular closed soft multiset.
2010 Subject classification: 54A05, 54B05, 54C05, 54D20

1 Introduction

In classical set theory, there is no repetition of the set members. However, in some cases, repetition of
element of set may helphful, This set is called a multiset which is a collection of objects in which repetition
of elements is significant. Multiset theory was introduced by Cerf et al. [2] in 1971.Then Yager [11] initiated
further contributions to it. Girish and John [9] introduced the concept of mutiset topology. Molodtsov [10]
introduced the concept of soft set theory as a Mathematical tool for dealing with uncertainities in 1999. In
2013, Babitha and John [1] was introduced the concept of soft multisets as a combination of soft sets and
multisets. Moreover, in [3] [4] the soft multi topology and its basic properties was given. S. A. El-Sheikh
et al.[6] introduced the notions of Some types of open soft multisets and some types of mappings in soft
multi topological spaces. The same author [5] introduced the concept of generalized closed soft multisets
in soft multi topological spaces. In this paper, we introduced the concept of regular closed soft mset and
generalized regular closed soft mset in soft multi topological spaces and discuss some important properties
in detail.

2 Preliminaries

Definition 2.1. /8] An mset M drawn from the set X is represented by a function Count M or Cy; defined
as Cy : X — N where N represents the set of non negative integers. The word ‘multiset’ often shortened
to ‘mset’.
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Definition 2.2. [8] A domain X, is defined as a set of elements from which msets are constructed. The
mset space [X]™ is the set of all msets whose elements are in X such that no element in the mset occurs
more than m times.

If X = Axy,z9,..xx} then [X|™ = {{ma/x1,me/xs,..my/xx} for i = 1,2,3..k
m; € {0,1,2,..m}}. Henceforth M stands for a mset drawn from the mset space [X|™.

Definition 2.3. [10] Let U be an initial universe set and E be a set of parameters. Let P(U) denotes
the power set of U and A C E. A pair (F, A) is called a soft set over U, where F is a mapping given by
F:A— PU)

Definition 2.4. [/ Let U be an universal multiset, E be a set of parameters and A C E. Then, an ordered
pair (F, A) is called a soft multiset where F is a mapping given by F': A — P*(U); P*(U) is the power set
of a mset U. For all e € A, F(e) multiset represents by count function Cp( : U* — Nwhere N represents
the set of non-negative integers and U™ represents the support set of U.

Let U ={2/x,3/y,2/z} be a multiset. Then, the support set of U is U* = {z,y, z}.

Definition 2.5. [4] For two soft multisets (F, A) and (G, B) over U, we say that (F, A) is a sub soft
multiset of (G, B) if:

1. AC B

Q.Cp(e)(x) < CG(E)(x),V reU*VYee AN B.

We write(F, A)C(G, B).

Definition 2.6. [/] The union of two soft multisets (F, A) and (G, B) over U is the soft multiset (H,
C), where C = AU B and Cy)(x) = max{Cp)(z),Cee)(z)} , Ve € AUBVr € U* . We write
(F, A)U(G, B).

Definition 2.7. [4] The intersection of two soft multisets (F, A) and (G, B) over U is the soft mul-
tiset (H, C), where C = AN Band Cr)(r) = min{Cpe(x),Coey(x)} , Ve € AN BVx € U
We write(F, A)N(G, B).

Definition 2.8. [}/ A soft multiset (F, A) over U is said to be a null soft multiset denoted by 5 if for all
e€ A Fle) = ¢.

Definition 2.9. [4] A soft multiset (F, A) over U is said to be an absolute soft multiset denoted by U if
foralle € A, F(e) =U.

Definition 2.10. [}/ The complement of a soft multiset (F, A) is denoted by (F, A)¢ and is defined by
(F,A)° = (F° A) where F¢ : A — P*(U) is mapping given by F°(e) = U\F(e) for all e € A where
C’Fc(e)(x) = CU(QZ) — CF(E)(x),V$ e U*

Definition 2.11. [4] Let X be an universal multiset and E be a set of parameters. Then, the collection of
all soft multisets over X with parameters from E is called a soft multi class and is denoted as SMS(X)g.

Definition 2.12. [}] Let 7 C SMS(X)g, then 7 is said to be a soft multi topology on X if the following
conditions hold:
1. ¢, X belong to 7 .
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2. The union of any number of soft multisets in T belongs to T .

3. The intersection of any two soft multisets in T belongs to T .

T 1s called a soft multi topology over X and the triple (X, 1, E) is called a soft multi topological space over
X. Also, the members of T are said to be open soft multisets in X.

A soft multiset (F, E) in SMS(X)gis said to be a closed soft multiset in X, if its complement (F, E)°
belongs to T.

Definition 2.13. [4] Let X be universal mset, E be the set of parameters. Then:

1. 7= {qf) X} is called the indiscrete soft multi topology on X and (X, T, F) is said to be an indiscrete soft
multi space over X.

2. Let T be the collection of all soft multisets over X. Then, T is called the discrete soft multi topology on
X and (X, 1, E) is said to be a discrete soft multi space over X.

Definition 2.14. [4] Let (X, 7, E) be a soft multi topological space over X and (F, E) be a soft multiset
over X. Then, the soft multi closure of (F, E), denoted by cl(F, E) [or (F,E)] is the intersection of all
closed soft multiset containing (F, E).

Definition 2.15. [4] Let (X, 7, E) be a soft multi topological space over X and (F, E) be a soft multiset
over X. Then, the soft multi interior of (F, E), denoted by int(F, E) [or (F, E)°] is the union of all open
soft multiset contained in (F, E).

Definition 2.16. [7] Let fg be a soft mset over Xg. fg is called a soft multi point over X, if there exists
e€ Eandn/zr € X,1 <n <m such that

) — {n/z} ife=e,1<n<m
1 {fb ife€ E—{e}

We denote fg by [(n/x)c]g. In this case, x is called support point of [(n/x)c]g, {x} is called support set of
[(n/x)e|p and e is called the expressive parameter of [(n/x).]g. The family of all soft multi points over X
is denoted by P(X, E) or P.

i.e. P(X,E)={[(n/zi)e,lp: 2 € X,e; € £,1<n<m}.

Definition 2.17. [6] Let (X, 7, E) be a soft multi topological space. A mapping v : SMS(X)g —
SMS(X)g is said to be an operation on OSM(X)g, if NgCy(Ng) for all Ny € OSM(X)g. The family
of all y—open soft multisets is denoted by OSM () = {Ng : NgCy(Ng), Ng € SMS(X)g}.Also, the com-
plement of y—open soft multiset is called a y-closed soft multiset and the set of all y-closed soft multisets
denoted by CSM(v).

Definition 2.18. [6/ Let (X, 7, E) be a soft multi topological space. Different cases ofy-operations on
SMS(X)g are as follows:

(i) If v = int(cl), then v is called a pre-open soft multi operator. The family of all pre-open soft multisets
is denoted by POSM (X)g and the family of all pre-closed soft multisets is denoted by PCSM(X)g.

(ii) If v = int(cl(int)), then 7 is called an a-open soft multi operator. The family of all a-open soft mul-
tisets is denoted by aOSM (X)g and the family of all a-closed soft multisets is denoted by aCSM(X)g.
(#1) If v = cl(int), then v is called a semi open soft multi operator. The family of all semi open soft multi-
sets is denoted by SOSM (X)g and the family of all semi closed soft multisets is denoted by SCSM (X)g.
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(iv) If v = cl(int(cl)), then v is called a B-open soft multi operator. The family of all B-open soft multisets
is denoted by BOSM (X)g and the family of all B-closed soft multisets is denoted by SCSM(X)g.

Definition 2.19. [5] A soft multiset (A, E) in a soft multiset topological space (X, 1, E) is said to be a
generalized closed (for short, g-closed) soft multiset if Coaye)(v) < Cpey(@)wheneverCye)(x) < Cpe)(w)
forallz € X*,e € E and (B, E) is open soft multiset in X.

3 Regular Closed Soft Multisets

Definition 3.1. A soft mset Sg in a soft multiset topological space (X, 7, E) is said to be a reqular closed
soft mset if Cogini(sy)e)(®) = Csey(x) Yo € X*, e € E. The set of all reqular closed soft mset is denoted
by RCSMS(X)g. The complement of reqular closed soft multiset is reqular open soft multiset. The set of
all regqular open soft mset is denoted by ROSMS(X)g.

Example 3.2. Let X = {1/a,2/b,1/c} be a mset, E = {ej,ea} be a set of parameters and T =
{5,)?7(F17E)7(F27E),(F37E),(F47E>} be a soft multi topological space on (X,T,E), where Fi(e;) =
{1/a,1/c}, Fi(e2) = {1/a,1/c}, Fa(er) = {1/a}, Fa(e2) = {1/c}, Fz(er) = {2/b}, F3(ea) = {2/b}, Fi(er) =
{1/a,2/b}, Fy(es) = {2/b,1/c}. Let Sg be a sub soft mset of Xg such that S(ey) = {1/a,1/c},S(es) =
{1/a,1/c}. Then Sg is a regular closed soft mset in (X, T, E).

Proposition 3.3. Every reqular closed soft mset is a closed(resp. «- closed, semi closed, pre closed,
p-closed) soft mset.

Proof: 1. Let Sg be a regular closed soft mset. Then we have Cini(s))(e) (%) = Cs(e) (%), Ceint(s))(e) (%) =
Ca(s)e)(x) implies that Cge)(x) = Cos)e)(x). Hence Sk is a closed soft mset.

By (1) and since every closed soft mset is a- closed(resp. semi closed, pre closed and S-closed) soft mset,
we will get other proofs.

Remark 3.4. Converse of the above proposition need not be true as seen from the following example.

Example 3.5. In Ezample 3.2, let Sg be a sub soft mset of Xg such that S(ey) = {2/b,1/c}, S(es) =
{1/a,2/b}. Then Sg is closed, semi closed, pre closed, a closed and [closed soft mset of (X, 7, E) but not
an reqular closed soft mset.

Definition 3.6. Let (X, 7, E) be a soft multi topological space and Sg be a sub soft mset of Xg. Then
(i) The regular closure of Sg is denoted by rcl(Sg) and it is defined as

rel(Sg) = N{Gg : SpCGr, Gp € RCSMS(X)p}.

(ii) The regular interior of Sg is denoted by rint(Sg) and it is defined as

rint(Sg) = U{Gp : GgCSg, Gy € ROSMS(X)p}

Theorem 3.7. If Sg is sub soft mset of Xg then Cus)e)(7) < Cras)e) ().
Proof: Obvious from Theorem 3.3.

Theorem 3.8. If Sg is reqular closed soft mset then Cse)(x) = Cras)(e)()-
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Theorem 3.9. Let (X, 7, E) be a soft multi topological space. Then, the following hold
(1) Cra%y(0)(7) = Cx() () and C, 3y (7) = T (@)

(i) Cs(ey(x) < Cras)(e)(€)-

(iii) If CS 1(z) < Cr(ey(z) then Crasye)(z) < Craerye) ().

(10)Crasmimye) (%) < Clras)fre))e) (T)-

(v)Ch SUT)(e)(ZE) = Cm(S)um( ))(e)( ).

(UZ)CTCZ rcl(S))(e) ([L’) rcl (l’)

Proof: (i) We know that, if Sg is a regular closed soft mset, then the smallest regular closed soft mset
containing Sg is itself. Therefore Cg.)(7) = Crasy(e)(r). By reason of X and $ are regular closed then
Craa(%)(0) () = Oz (o)) and C, g ( ) Coe)(2)-

(ii) From Definition 3.6, Cg(e)(z ) S Crea(s)(e) ().

(iii) Let CS(E)(J}) S CT(E)(CL’). Then CS e)( ) < CT(e)( ) S Crcl(T)(e) (I) But T’CZ(SE) is the smallest regular
closure of Sg. Therefore Cq(s)(e)(7) < Creayrye)().

(i) Since iy () < Csio) and Cosmmy(x) < Ci (5 by ) G5 < Crree) ond
Crasirye) () < Crarye) (). Therefore Crcl(SﬂT( () < Clras)fram)e) ()

(v) Since Csey(z) < C(SUT)(@( z) and Crey(z) < Csor ( ( ). Then Cras)(e) () < Crasomye (x) and

Crerye) () < Craisomrye) (). Therefore Csyram)e)(T) < Crastm e (7)- Let [(n/x)]r € CTCZ(SUT)( ()
and suppose that [(n/ m) 1 & Cles)ram)e) () Then there exists an regular closed soft msets Ap and

B with Cg()(z) < Cae)(2), Cre(z) < Cpe)(z) and [(n/z)]r ¢ O(AUB)(e)( ). Then Cgope)(z) <
Caop)e)(7), Claop)e)(7) is a regular closed soft mset such that [(n/7)c]r & Ciagpye) (). Thus [(n/7).]r ¢
Cra(somye)(r) which is a contradiction. Therefore [(n/7)c]r € Cuisom(e) ( ) Hence Cra(sorye) () =
C(rcl(S)Grcl(T))(e) ().

(vi) Let Cge)(x) < Cpey(x), Fg is a regular closed soft mset. Then C,usye)(z) < Cpe)(),and
Cragas)(e) () < Cpey (). Since Creres)ye) (2) < Creey(x), rel(rcd(Sg)) € N{T : CS(e) (96) < Cre)(2), Te
is regular closed} = rcl(Sg) and s0 Cragas))e) () < Cras)e)(®). But Cras)e) (@) < Cragea(s))e) ().
Therefore Crcl(rcl(S))(e)<'r> = Crcl(S)(e) (I‘)

Theorem 3.10. Let (X, 7, E) be a soft multi topological space. Then, the following hold
(i) C, rint(X )(ﬁ) = C)?(e) (z) and Crint (@)(e) (z) = Oa(e) (2).

(ii) Cse ( )<Cmnt e)( ).

(iii) If CS y(z) < CT(e (z) then Crint(s)(e)(T) < Crint(r)(e) (T)-

(v)C. rint(SOT)(e) (z) = C(rmt(S)ﬁmm(T))(e) ().

(V)Crint(stm)(e)(T) = Clrint(s)Trint(1)) () (T)-

(V8)Crint(rint(5))(e) (%) = Crint(s)(e) ().

Proof: Proof is obvious.
Theorem 3.11. Finite union of reqular closed soft msets is a regular closed soft mset.

Proof: Let Sg and Tg be any two regular closed soft msets. Then we have Cyine(s)ye)(7) = Cs(e)(x) and

Cel(int(T))(e) (z) = Cre ( )- Now, C(SGT)(e) (z) = Od(mt(S))Gd(mt(T))(e)(93) =
Coat(int(8)Tint(1)(e)(T) < Coint SUT))(G)( x). Since Sg and Tg are regular closed soft msets and so they are
closed soft msets, We have Csor)(e)(T) = Coint((som))(e) (T)-
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Remark 3.12. Finite intersection of reqular closed soft msets is not a reqular closed soft mset.

Example 3.13. In Example 3.2,let Sk and Ty be two sub soft mset of Xg such that S(ey) = {2/b,1/c}, S(ea) =
{2/b,1/c}, T(e1) = {1/a,1/c},T(e2) = {1/a,1/c}. Then Sk N Tgis not a regular closed soft mset in
(X, 7, E).

4 Generalized regular closed soft msets

Definition 4.1. A soft mset Sgp in a soft multi topological space (X,7,E) is said to be a
generalized reqular closed (briefly gr-closed) soft mset if Craisye)(x) < Cuye)(x) whenever Csey(x) <
Cue(x) for all o € X*, e € E and Ug is a open soft mset in Xg. The
complement of gr-closed soft mset is gr-open soft mset.

Example 4.2. In Example 3.2, the soft mset Sg is a gr-closed soft mset in (X, 1, E).
Proposition 4.3. Every reqular closed soft mset is a gr-closed soft mset.

Proof. Let Sg be a regular closed soft mset and Cg)(x) < Cy(e)(x) where Ug is open soft mset. Then
Cras)e)(®) = Cs(e)(z) < Cuy(ey(x), by hypothesis. Thus Sg is a gr-closed soft mset.

Remark 4.4. Converse of the above proposition need not be true. In FExample 3.2, the soft mset Sg
with S(ey) = {2/b,1/c}, S(ea) = {1/a,2/b} is a gr-closed soft mset but not a reqular closed soft mset in
(X, 7, E).

Proposition 4.5. Every gr-closed soft mset is a g-closed soft mset.

Proof. Let Sg be a gr-closed soft mset and let Cg(¢)(2) < Cy(e)(x) where U is open soft mset in (X, 7, E).
Then Cusy(e)(7) < Cras)e)(®) < Cue)(x). Hence Sg is a g-closed soft mset.

Remark 4.6. Converse of the above proposition need not be true. In Example 3.2, let Sg be a sub soft
mset of Xg such that S(e1) = {1/a},S(es) = {¢}. Then Sg is a g-closed soft mset but not a gr-closed
soft mset in (X, 1, E).

Remark 4.7. The following example shows that gr-closed soft mset is independent of closed soft mset.

Example 4.8. In Example 3.2, the soft mset Sg with S(e1) = {2/b,1/c}, S(e2) = {1/a,2/b} is a gr-closed
soft mset but not a closed soft mset in (X, 1, E). The soft mset Sg with S(e;) = {1/c}, S(e2) = {1/a} is
a closed soft mset but not a gr-closed soft mset in (X, 7, E).

Proposition 4.9. If Sg is an open soft mset and gr-closed soft mset of (X, 7, E), then it is a closed soft
mset.

Proof: Let Sg be a gr-closed soft mset and an open soft mset of(X, 7, E). Therefore Cg(e)(2) = Ciny(s)e) ().
consequently from definition Cyg)e) (%) < Crasye)(z) < Cyey(x). But we know Cg(ey(2) < Coys)e) (), s0
Cs(e)(x) = Casye)(x). Hence Sg is a closed soft mset.

Proposition 4.10. Finite union of gr-closed soft msets is a gr-closed soft mset.
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Proof: Assume that Sg and Tx are two gr-closed soft msets in (X, 7, E). Let Csgry)(z) < Cye(2)
and Ug is open soft mset. But S and Trare gr-closed soft mset. Therefore C,q(sy(e)(2) < Cyey(x) and

Crcl(T)(e)( ) < N CU(G ( ) Moreover Crcl(SUT)(e)( ) = C(Tcl(S)Grcl(T))(e)(x)
< Cy(e)(). Hence SpUTE is a gr-closed soft mset.

Remark 4.11. Finite intersection of gr-closed soft msets is not gr-closed soft mset.

Example 4.12. In Ezample 3.2, let Sg and Tk be two sub soft mset of X g such that S(ey) = {2/b,1/c}, S(eq) =

{2/b,1/c}, T'(e1) = {1/a,1/c},T(e2) = {1/a,1/c}. Then SgNTg is not a gr-closed soft mset in (X, 1, F).

Proposition 4.13. Let Sg and Tg be two reqular closed soft mset of (X, 7, E), then SgUTyg is a gr-closed
soft mset.

Proof: Let Csarye)(7) < Cue)(x), Ug is open soft mset. Then finite union of regular closed soft mset
is regular closed soft mset. This implies that C,.str)e)(*) < Cue)(x). Hence SEUTg is a gr-closed soft
mset.

Proposition 4.14. The intersection of a gr-closed soft mset and a closed soft mset is a gr-closed soft
mset.

Proof: Let Sg be a gr-closed soft mset of Xg. Let Fg be a closed soft mset, Cg)(z) < Cy(e)(x) and Ug
be open soft mset of Xg with Cgape)(7) < Cue)(x), then Cs)(r) < Ciygpeye) (), So Crd(s () <

C(UUFC ( ). Since C,., S)mF(e)( z) < Cue ( ). Now Ccl(sﬁp)(e (z) < C cl(S)Ael F)(e)( )and 50 Cl (SAF)(e) (z) <
CTCl(S)mF(e)( ) < Cy(ey(z) implies that Cyysape) () < Cuey(a). Hence SpNT is a gr-closed soft mset.

Remark 4.15. The intersection of a gr-closed soft mset and a reqular closed soft mset is gr-closed soft
mset. i.e. The intersection of two reqular closed soft mset is a gr-closed soft mset.

Proposition 4.16. Let Cgey(x) < Cree)(2) < Crasye)(x) and Sg is a gr-closed soft mset of Xg, then Tg
s a gr-closed soft mset of Xg.

Proof: Let Cr()(2) < Cy(e)(x) and Ug is open. Since Sg is a gr-closed soft mset of Xg. So Cres)(e) ()

Cue)(). Let Csey(x) < Creey(r) < Crawsye)(). Now Cramye)(®) < Crages)e) () < Crase)(T)
Cu(e)(z). Hence Ty is a gr-closed soft mset of (X, 7, E).

IAINA

Remark 4.17. LetCse)(z) < Crey(x) < Cusye)(x) and Sk is a gr-closed soft mset of Xg, then Tg is a
g-closed soft mset of (X, 1, E).

Remark 4.18. If Sg is a gr-closed soft mset of Xg, and since Cs(ey(x) < Cos)e) (@) < Crasye)(x). So
from above proposition cl(Sg) is a gr-closed soft mset of (X, T, E).

Converse is need not be true as seen from the following example.

Example 4.19. In Ezample 4.2, let Sg be a sub soft mset of Xp such that S(e1) = {2/b}, S(e2) =
{2/b,1/c}. Then cl(Sg) =X, Obviously a gr-closed soft mset but Sg is not a gr-closed soft mset.
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