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A note on soft agrw-closed sets

N. Selvanayaki', Gnanambal Ilango? and M.Maheswari?,

Abstract - Aim of this paper is to study some properties of agrw-closed sets in soft topological spaces and related char-
acterizations are studied.

Keywords Soft sets, soft topological spaces, soft agrw-closed sets and soft reqular semi kernal.
2010 Subject classification: 54405, 5/A10.

1 Introduction and Preliminaries

Molodtsov [9] (1999) introduced the concept of a soft set as a new approach for modeling uncertainties.
After that Maji et al. [7] established some fundamental operations between two soft sets and then tackled
one of their applications in decision making problems. Shabir and Naz(2011)[11] studied the topological
structures of soft sets.

Selvanayaki et. al. [10] introduced agrw-closed sets in soft topological spaces. In this paper we study
some more properties of soft agrw-closed sets.

Definition 1.1. /9] Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the
power set of U and A C E. A pair (F,A) is called a soft set over U, where F' is a mapping given by
F:A— PU).

Definition 1.2. /8] Let U be an universal set and E be an universe set of parameters. Let (F,A) and
(G, B) be soft sets over a common universe set U and A, B C E. Then (F, A) is a subset of (G, B), denoted
by (F.A) € (G.B), if
(i) ACB,
(i) for all e € E, F(e) C G(e).

(F, A) equals (G, B), denoted by (F,A) = (G,B), if (F,A) C (G,B) and (G,B) C (F,A).
We denote the family of these soft sets by SS(X)g.

Definition 1.3. /8] Two soft set (F,A) and (G, B) over a common universe U are said to be equal if
(F, A) is a soft subset of (G, B) and (G, B) is a soft subset of (F,A).

Definition 1.4. [8] A soft set (F, A) over U is said to be a null soft set, denoted by ¢, if Ve € A, F(e) = ¢.
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A note on soft agrw-closed sets

Definition 1.5. [8] A soft set (F,A) over U is said to be a absolute soft set, denoted by U, if Ve €
A Fe) = U,

Definition 1.6. [8/ Union of two soft sets of F, A) and (G, B) over the common universe U is the soft
set (H,C), where C' = AU B, and Ve € C,

F(e),ifee A—B
H(e)=<{ Gle),ifec B— A
Fe)UG(e),ifec ANB

Definition 1.7. [8] Intersection of two soft sets (F,A) and (G, B) over the common universe U 1is the
soft set (H,C), where C = AN B, and Ve € C, H(e) = F(e) or G(e). We write (F, A) N (G, B) = (H,C).

Definition 1.8. [2] The complement of a soft set (F,A), denoted by (F,A)°, is defined by (F,A)* =
(F°,A),F° : A — P(X) is mapping given by F°(e) = X — F(e),Ve € A and F° is called the soft
complement function of F.

Definition 1.9. [8] A soft set (E, A) over X is said to be soft element if there exists a € A such that
E(a) is a singleton, say {x}, and E(B) = ¢, V¥ B(# «) € A, such a soft element is denoted by EZ.

Definition 1.10. [11] Let T be the collection of soft sets over X. Then T is said to be a soft topology on
X af

(i) (5, A), (X, A) € 7, where 5(04) = ¢ and X(a) = X,VA,
(i) the intersection of any two soft sets in T belongs to T,

(#i) the union of any number of soft sets in T belongs to T.
The triple (X, 7, A) is called a soft topological space over X. The members of T are said to be soft
open sets in X.

Definition 1.11. Let (X,7, E) be a soft topological space over X and (A, E) be a soft set in (X, 7T, E) is
called

(a) soft reqular open [13] (A, E) = ints(cls(A, E)) and soft reqular closed (A, E) = cls(ints(A, E)).
(b) soft a-open [1] (A, E) C inty(cly(inty(A, E))) and soft a-closed if cly(int,(cly(A, E))) C (A, E).

Definition 1.12. [1/] In a soft topological space (X, T, E), a soft set (G, C) is said to be regular semi-open
soft set if there is a regular open soft set (H, B) such that (H,B) C (G,C) C cls(H, B)

Definition 1.13. A soft set (A, E) of a soft topological space (X,T, E) is called

(a) a soft generalized closed (briefly soft g-closed) [6] if cly(A, E) C (U, E) whenever (A, E) C (U, E)
and (U, E) is soft open in (X,7, F),

(b) a soft a-generalized closed (briefly soft ag-closed)[3] if acl,(A, E) C (U, E) whenever (A, E) C (U, E)
and (U, E) is soft open in (X,7, E).
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Definition 1.14. [10] A soft set (A, E) in a soft topological space (X, 7, E) is called a soft a- gener-
alized regular weakly closed (briefly soft agrw-closed) set in (X,7, E) if acly(A, E) C (U, E) whenever
(A, E) C (U, FE) and (U, E) is soft reqular semi open in (X, 7, E).

Definition 1.15. [5] Let (X, 7, E) be a soft topological space, (F, E), (G, E) be semi closed sels in X such
that (F,E) N (G, E) = ¢. If there exist semi open soft sets (F1, E) and (Fy, E) such that (F, E) C (F1, E), (G, E) ¢
and (Fy, E) N (Fy, E) = ¢, then (X, 7, E) is called a soft semi normal space.

Definition 1.16. [}/ A soft topological space (X, T, E) is said to be soft compact if every soft open cover
of (X, E) has a finite subcover.

Definition 1.17. [12] Let (X, 7, E) be a soft topological space over X, (G, A) a soft closed set in (X,7, E)
and ep € X such thatep ¢ (G, A). If there exist soft open sets (Fy, A) and (Fa, A) such that ep € (F1, A), (G, A) (
and (F1,A) C (Fy, A) = ¢a, then (X, 7, E) is called a soft reqular space.

2 Soft agrw-closed sets in soft topological spaces

Proposition 2.1. In a soft topological space (X, T, E), RSOSS(X,T,E) = {qg, )?}, where RSOSS(X, T, E)
is the set of all soft reqular semi-open sets, then every subset of SS(X)g is soft agrw-closed.

Proof. Assume that RSOSS(X, 7, F) = {5, )?} and (A, E) be any subset of SS(X)g. Suppose (4, E) = o,
then (A, E) is a soft agrw-closed set. Suppose (A E) # ¢, then X is the only soft regular semi-open set
containing (A4, E) and so acly((A, E)) C X. Hence (A, E) is soft agruw-closed.

Remark 2.2. The converse of the above proposition need not be true as seen from the following example.

Example 2.3. Let X = {xy, 29,23}, F = {e1,ea} and T = { 5, X ,(F1, E),
(F27E)7 (F37E)7 (F47E)7 (F57E)7 (F67E>} where (F17E)7 (F27E)7 (F37E)7 (F47E)7
(Fs, E), (Fs, E) are soft sets over X defined as follows

Fi(er) = {21}, F1(€2) = {21},

Fyler) ={xa},  Falea) = {aa},

Fa(el) = {533,5152} F3(€2) = {1’3,1’2},

F4(€1) = {$1,$C2} F4(€2) = {$1,l’2}

Fs(e1) = {x2, 23}, F5(ez) = {wa, x5}

F6( ) = {Jfl,l‘g} Fﬁ(eg) = {1’1,1‘3}. o
In (X,7,E), every subset of (X, E) is soft agrw-closed but RSOSS(X, E) # {¢, X }.

Proposition 2.4. Every subset of SS(X) g is soft agrw-closed if and only if RSOSS(X,7, E) C {(F, E) C SS(X
(F¢,E) € SaOS(X,7,E)}, where SaOS(X,7, E) is the set of all soft a-open sets in (X,7, E).

Proof. Suppose that every soft subset of SS(X)p is soft agrw-closed. Let (U, E) € RSOSS’( T
Since (U, E) € (U, E) and (U, E) is soft regular semi-open, acl,((U, E)) € (U, E). Thus (U, E) e{(F,E)
(F°,E) € SaOS(X,T,E)}.

Conversely, assume RSOSS(X,7E) C {(F,E) C (X,E) : (F°,E) € SaOS(X,7,E)}.
Let (A, E) be any subset of SS(X)g such that (4, E) C (U, E), where (U, E) is soft regular semi-open.
Thus (U, E) is soft a-closed and so acly((A, E)) C (U, E). Hence (A, E) is soft agrw-closed.

E).
C (X, E)
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Proposition 2.5. If (A, E) is both soft open and soft g-closed in (X, 7, E), then (A, E) is soft agrw-closed
(X, 7, F).

Proof. Let (A, E) C (U,E) and (U,E) be soft regular semi-open. Now (A,
cls((A, E)) C (A, E), because (A, F) is soft open and soft g-closed. This implies el ((
since every soft closed is soft a-closed. Hence (A, E) is soft agrw-closed.

Remark 2.6. If (A, E) is soft agrw-closed in (X, T, E), then (A, E) need not be soft open and soft g-closed
(X, 7, E).

Example 2.7. Let X = {x1, 22}, E = {e1,e2} and 7 ={ ¢, X (F1,E), (Fy, E),

(F5,E), (Fy, E)} where (F1,E), (Fy, E), (Fs, E), (Fy, E) are soft sets over X, defined as follows Fy(e;) =
{2}, Fi(e2) = {a1},

Fy(er) = {x1}, Fale2) = {22},

Fy(er) = {o}, Fi(e2) = {a1},

Fy(er) = {z1}, F3(e2) = {X}.

Then a soft set (A, E) such that A(e1) = {x1}, A(es) = {1} is both soft open and soft agrw-closed but
not soft g-closed.

E) C (A,E) and so
A, E)) Cely(A E)C (U, E)

Proposition 2.8. If (A, E) is soft reqular semi-open and soft agrw-closed, then (A, E) is soft a-closed.

Proof. Suppose (A, E) is soft regular semi-open and soft agrw-closed, acls((A, E)) C (A, E). Also
(A, E) C acls((A, E))), so acls((A, E)) = (A, E). Hence (A, E) is soft a-closed.

Remark 2.9. In Ezample 2.7, the soft set (e1,{x2}), (€2, {@}) is soft a-closed and soft agrw-closed but
not soft reqular semi-open.

Corollary 2.10. Let (A, E) be soft reqular semi-open and soft agrw-closed. Then (A, E) N (F, E) is soft
agrw-closed for every soft a-closed set (F, E).

Proof. Since (A, E) is soft regular semi-open and soft agrw-closed, then by
Proposition 2.8, (4, E) is soft a-closed. Therefore (A, E) N (F, E) is soft a-closed, since (F, E) is soft
a-closed. Hence (A, E) N (F, E) is soft agrw-closed.

Proposition 2.11. If (A, E) is both soft open and soft ag-closed, then (A, E) is soft agrw-closed.
)

Proof. Suppose (4, E) is both soft open and soft ag-closed. Let (A, ¥ - (U, E) and (U, E) is soft regular
semi-open. Now (A, E') C (A, E) and by hypothesis acls((A, E)) C (A, E).Therefore acl;((A, E)) C (U, E).
Hence (A, E) is soft agrw-closed.

Remark 2.12. [f (A, E) is both soft open and soft agrw-closed, then (A, E) need not be ag-closed. In
Example 2.7, the soft subset A(e1) = {¢}, A(e2) = {X} is soft agrw-closed but not soft open and not soft
ag-closed.

Remark 2.13. Difference of two soft agrw-closed sets is not generally soft agrw-closed.

Example 2.14. Let X = {x1, 22}, E = {e1,e2} and 7 ={ 5 , X ,(F1,E), (Fy, E),

(F3, E)} where (F1, E), (Fy, E), (F3, E) are soft sets over (X, E), defined as follows

Fi(er) = {o}, Fi(e2) = {z1},

Fy(er) = {a1}, Fale) = {2},

Fy(e1) = {z1}, Fs(er) = {X}.

Then the soft sets (A, E) = {(e1,{X}), (ea, {x2})} and (B, E) = {(e1,{x2}), (e2,{z1})} are soft agrw-
closed but (A, E) — (B, E) = {(e1,{x1}), (e2,{z2})} is not soft agrw-closed.
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Definition 2.15. The intersection of all soft reqular semi-open subsets of (X, 7T, E) containing (A, E) is
said to be the soft reqular semi-kernal of (A, E) and is denoted by srsker((A, E)).

i.e., srsker((A, E)) = ﬁ {(F,E): (A, E) C (F,E),where (F,E) € RSOSS(X,7,E)}.
Theorem 2.16. A soft subset (A, E) of SS(X)g is soft agrw-closed if and only if acly((A, E)) C srsker((A, E)).

Proof. Consider (A, E) is soft agrw-closed. Let X7 ¢ acls((A, E)), where X7 is a soft element of SS(X)g.
Suppose that X7 ¢ srsker((A, E)), then there is a soft regular semi-open set (U, F) containing (A, E) such
that X7 ¢ (U, E). Since (U, E) is soft regular semi-open containing (A, F), we have X7 ¢ acls((A, F)),
which is a contradiction. Thus acl((A, E)) C srsker((A, E)).

Conversely, let acly((A, E)) C srsker(A, E) and (U, E) be soft regular semi-open such that (A, E) C (U, E),
then acly((A, E))) C srsker(A, E) C (U, E). Therefore (A, E) is soft agruw-closed.

Proposition 2.17. Let (X,7, E) be a soft reqular space in which every soft reqular semi-open subset is
soft open. If (A, E) is soft compact subset of (X,T, E), then (A, E) is soft agrw-closed.

Proof. Let (A, E) C (U, E) and (U, E) be soft regular semi-open. By assumption (U, E) is soft open in
(X, 7, E). Since (A, E) is a soft compact subset of a soft regular space (X, 7, E/), then there exists a soft
closed set (V, E) such that (A, E) C (V,E) = c,((V,E)) C (U, E). Thus acl,((A, E)) C (U, E). Hence
(A, E) is soft agrw-closed.

Proposition 2.18. If (X, 7, E) is soft semi-normal and (F, E) N (A, E) = ¢, where (F, E) is soft reqular
semi-open and (A, E) is soft agrw-closed, then there exist disjoint soft semi open sets (Sy, E) and (S, E)

such that (A, E) C (S, E) and (F,E) C (Ss, E).

Proof. Since (F, E) is soft regular semi open and (F, E) N N (A, E) = ¢. Then (A, E) C (F¢, E) and so
acls((A, F)) C (F°, E). Thus acl,((A, E)) N (F, E) = ¢. Since acls((A, E)) and (F, E) are soft semi closed

and (X, 7, F) is soft semi normal, there exist disjoint soft semi open sets (51, E) and (Ss, ) such that
acly((A, E)) C (51, FE) and (F, E) C (S, E). This implies (A, E) C (S, F) and (F, E) C (Ss, E).

Proposition 2.19. If (X, 7, E) is soft semi-normal in which every a-closed set is closed and (F, E) N (A, E) =
¢, where (F, E) is soft reqular closed and (A, E) is soft agrw-closed then there exist disjoint soft open sets
(O1, E) and (Og, E) such that (A, E) C (O, F) and (F,E) C (O, E).

Proof. Similar to Proposition 2.18.
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