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Oscillation of Third Order Difference Equations with Bounded
and Unbounded Neutral Coeflicients

S. Kaleeswari! and Said. R. Grace?

Abstract - This paper aims the oscillatory behavior of solutions to a class of third order difference equations with bounded
and unbounded neutral coefficients. New oscillation results for all solutions to be oscillatory are obtained. Examples are

provided to illustrate the main results.

Keywords Bounded; difference equations; neutral terms; nonlinear; oscillation; unbounded.
2010 Subject classification: 39410, 839A21.

1 Introduction

In this paper, we are concerned with the oscillation of all solutions of the third order difference equations
with bounded and unbounded neutral coefficients of the form

A® (y(n)+p(n)y (T (n) +q(n)y* (o (n)) =0,n > ng (1)

where n € N (ng) = {ng,no + 1, .....} ,ng is a positive integer. We use the following assumptions throught
the paper.

(H1) {p(n)} is positive real sequence with p(n) > 1,p(n) not identically one for large n and {q(n)} is
nonnegative real sequence and does not vanish eventually;

(H2) « is a ratio of odd positive integers;

(H3) {7 (n)} and {0 (n)} are strictly increasing sequences of integers with 7 (n) < n with lim 7 (n) = oo
n—oo

and o (n) < n with lim o (n) = oo;
n—oo

(H4) there exists a constant v with 0 < u <1 and

(?n))ﬁ = @)
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2Department of Engineering Mathematics, Faculty of Engineering, Cairo University, Orman,
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S. Kaleeswari and Said. R. Grace

Let # = min {7(n),o(n)}. By a solution of (1), we mean a sequence {y(n)} defined for all n > # and
satisfying (1) for all n € N. We consider only solutions of (1) that satisfy sup {|y(n)| : n > N} > 0 for all
N > ngy and we tacitly assume that (1) possesses such solutions. A solution of (1) is called oscillatory if it
is neither eventually positive nor eventually negative, and otherwise it is called nonoscillatory.

The qualitative analysis of solutions to various classes of third and higher order neutral difference
equations have been attracting attention of researchers in recent years, see the monographs [1, 2] and we
mention the papers [3-16, 21-25] and the references cited therein. Functional difference equations have
many applications in engineering and natural sciences. For instance, neutral type difference equations have
been applied to problems in economics, mathematical biology, image analysis and many other areas(see
[17-20]).

The above cited papers except [12] were concerned with the case where p(n) is bounded, and so the
results obtained in these papers cannot be applied to the case p(n) — oo as n — oo. Based on this
observation, the aim of this paper is to obtain some new oscillation criteria that can be applied not only
to the case where p(n) is unbounded but also to the case where p(n) is bounded. The results established
here are motivated by the oscillation results of [7-10].

Without loss of generality, we deal only with positive solutions of (1); since y(n) is a solution of (1),
then —y(n) is also a solution.

2 Main Results

To obtain the main results, we shall use the following notations.
For all large n > ng > 0, we define

z(n) =y(n) + p(n)y(r(n)), h(n) = 7 (o(n), g (n) = 7"} (n(n)),

and

1 1
My(n)=—— (1 — |
)= s |~ s
where {n(n)} is realvalued positive sequence. We can notice that the sequences {II; (n)} and {Il; (n)} are
nonnegative because of the condition (2).

Lemma 2.1. If the sequence {h(n)} is such that A'h(n) > 0,i = 0,1,2,...m and A™"h(n) < 0, A" h(n)
does not vanish eventually for n > N, then for every 0 < u < 1, we have

>u

eventually.

8 ETIST
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Proof. By monotonicity of A’h(n), for any 0 < u < 1, we have

A" h(n) > ”Z A'h(s) > (n — ng)A'h(n) > unA'h(n).

Define the sequence {p;(n)}, i = 1,2, ....,m as follows:

p1(n) = A" h(n) — unA'h(n)

pa(n) = 20 2h(n) — unA""h(n)

Clearly p;(n) > 0 eventually for i = 1,2, ....,m.
Thus mh(n) > unAh(n), which implies

h(n) n
O

This completes the proof of the lemma. m

Lemma 2.2. For n; > ng, assume that y(n) is an eventually positive solution of (1). Then z(n) satisfies
one of the following two cases for ng > ny.

(I) z(n) > 0,Az(n) > 0,A%2(n) > 0,A3z(n) <0,
(II) z(n) > 0,Az(n) <0,A%z(n) > 0,A%2(n) <0
forn > no.
Proof. Since the proof is immediate, it is omitted. O

Lemma 2.3. Suppose that y(n) is an eventually positive solution of (1) and z(n) satisfies case (I) of
Lemma 2.2 for n > ny for some ny > ny. Then there exists a n, > ny for every 0 < u <1 such that

A (2@) <0, 3)

nuw

forn >mn,.

ETIST 9
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Proof. Suppose that z(n) satisfies case (I) of Lemma 2.2 for n > ny for some ny > ny. Then by Lemma
2.1, there exists a n, > ns for every 0 < u < 1 such that

z(n) > gnAz(n) (for)n >n, (3%)

From (3*), we have

A (z(n)) _nPiAx(n) — 2m)An _ Ax(n)  z(n)

— <0
n% n2/u(n + ]_)2/u - (n + 1)2/u n2/v — 7

for n > n,. This completes the proof of the lemma. n

Lemma 2.4. Suppose that y(n) is eventually positive solution of (1) with z(n) satisfying case (1) of Lemma
2.2. If

U=00 §=00

> g )h?(s) = oo, (4)

u=no s=u
then
(i) z satisfies the inequality
A%z(n) + q(n)I17 (o (n))2*(h(n)) < 0 (5)
for large n;
(ii) Az(n) — oo as n — 00;
(iii) z(n)/n is increasing.

Proof. Assume that y(n) is an eventually positive solution of (1) such that y(n) > 0,y(r(n)) > 0 and
y(o(n) > 0 for n > ny for some n; > ng. From the definition of z, we have

(1)) [2(r7(n) — y(77 (n)]

(r'(n)) 1

~p(r i) p(rH(n))p(rH ()
)

Since 7(n) < n and 7 is strictly increasing, we have 77! is increasing and n < 77!(n). Thus

A (7 () (6)

i) < 7 ). 7)

Now z(n) satisfies case (I) for n > ny, by Lemma 2.3, there exists a n,, > ny such that (3) holds for n > n,,.
From (3) and (7), we obtain

Y )Yz (v (n
(T (r(n))"(r""(n)) (8)

z(r7 (17 (n))) < 1 (n))2/

10 ETIST
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Use (8) in (6) to get

y(n) > i(n)z(t7(n)) forn > n,. (9)
Since 7}1_{1200 (n) = oo, there exists a ng > n,, such that o(n) > n, for all n > ng. Thus it follows from (9)
that
z(o(n)) > Mi(o(n))z(r~"(o(n))) forn > ns. (10)
Substituting (10) in (1) yields
A32(n) + q(n)II(a(n))2*(h(n)) < 0 for n > ns. (11)

Thus (5) holds.

Next we have to claim that equation (4) implies Az(n) — oo as n — oco. Suppose that Az(n) does not

tend to oo as n — oo, which implies that there exists a constant & > 0 such that lim Az(n) = k and so
n—oo

Az(n) < k. Since Az(n) is positive and increasing for n > ns, there exists ng > ny and a constant ¢ > 0
such that

Az(n) > cforn > ns.
This implies
z(n) > enforn > ny,

for some ny > n3 and some ¢ > 0. Since lim h(n) = oo, we can choose ns > ny such that h(n) > ny for
n—oo

n > ns. Therefore,
z(h(n)) > ch(n).
Using this in (11) yields
A3z(n) + c*q(n)I§(a(n))h*(n) < 0 for n > ns.
Summing this inequality from n to oo, we obtain

A%2(n) = ¢y q(s)11F (0(s))="(h(s))

Again summing from ns to n — 1 gives

which is a contradiction to (4) and hence the claim.

ETIST 11
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Finally, from Az(n) — oo as n — 0o, we can see that

z(n) = z(ng) + i Az(s) < z(n2) + (n —n2)Az(n) < nAz(n),

S=ng

which implies

NIRRT

Thus (iii) holds and hence the proof of the lemmma. O

Lemma 2.5. Suppose that y(n) is an eventually positive solution of (1) with z(n) satisfying case (I) of
Lemma 2.2. Let

o0

> ()15 (o (s)h (s) = . (12)

s=no

Then

im 2 g (13)

n—oo n2/u o

Proof. Since z(n) satisfies case (I) for n > ny for some ny > ny, by Lemma 2.3, there exists a n, > no
such that (3) holds for n > n,, which implies z(n)/n?* is decreasing for n > n,.
Now we have to claim

lim 20 _

n—o0 n2/u o

If this is not the case, then there exists a constant b > 0 and a n3 > n, such that
z(n) > bn?* for n > na. (14)

Since case (I) holds, we again arrive at (11) for n > ng. Using (14) in (11) gives

A3z(n) + b*g(n)II¢ (o (n))h™ (n) < 0 (15)
for n > ny for some ny > n3. Summing (15) from ny to n — 1 gives
n—1
N 20 A?z(ny
> ()% (s) < S
S=ny
which contradicts (12) and hence the proof. O

Lemma 2.6. Assume that y(n) is an eventually positive solution of (1) with z(n) satisfying case (I1I) of
Lemma 2.2. If there ezists a nondecreasing sequence {n(n)} such that o(n) < n(n) < 7(n) for n > ngy and
if

[e.9]

> a(s)a(a(s))(g(s) = h(s))* = oo, (16)
then
nll_)rlolo A*z(n) = 0. (17)

12 ETIST
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Proof. Suppose that y(n) is an eventually positive solution of (1) such that y(n) > 0,y(7(n)) > 0 and
y(o(n) > 0 for n > ny for some n; > ng. As in Lemma 2.4, we again see that (6) and (7) hold. Since
Az(n) < 0, it follows from (7) that

27 () Z 2(r7H (7 ().
Thus (6) becomes
z(n) > Ty(n)z(r~}(n)). (18)
Using (18) in (1) yields
A%z(n) + q(n)I15(a(n)) 2" (h(n)) < 0. (19)

for n > ns for some ns > ns.
Since (—1)*A*2(n) > 0 for k = 0,1,2 and A3z(n) <0 for n3 < r <, it is seen that

z(r) >

Since o(n) < n(n) and 7 is increasing, we conclude that 77! (a(n)) < 771 (n(n)), i.e, h(n) < g(n).
Substituting r = h(n) and t = g(n) in (20), we obtain

s(h(m)) = WOz g,

Thus (19) becomes,

A’z(n) + %Q(”)Hg(g(n))(g(”) — h(n))**(A*(g(n)))* < 0. (21)

Since Ily(n) < 1, we have I1§(n) > IIy(n). So inequality (21) takes the form

1 « [0
A%z(n) + 5za(n)Tha(0(n))(g(n) — h(n))** (A%(g(n))* < 0. (22)
Now we claim that (16) implies A%z(n) — 0 as n — 0o. Suppose to the contrary that lim A%z(n) =1 > 0.
n—oo
Then A2z(n) > [ for n > ny for some n3 > ny. Since lim g(n) = oo, we can choose ny > nz such that
n—oo

g(n) > ng for all n > ny. Hence A%g(n) > [ for n > ny. Using this in (22) gives

A=) + La(mTa(o(n)) () — h(n)** <0 (23)

for n > ny. Summing (23) from ny to n — 1 gives

n—1

2 (64
> a(o o) 0(s) ~ hs)* < (7)) A%
s=ny
which is a contradiction to (16). This completes the proof. O

ETIST 13
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Now the following theorem is concerned with equation (1) when o = 1.

Theorem 2.7. Let (4) hold and suppose that there exists a nondecreasing sequence {n(n)} such that
o(n) <n(n) < 7(n) for n > ngy. If there exist constants v,u such that 0 < v,u <1 satisfying

17% n An) 2
imsup | S o) o)) (h(s)
stimsup | P ST G o) (b))

+ lim sup (““h(m 3 q(s)Hl(a(s))h(s)) > 1 (24)

and
fimsup 3 Lg(s)a(o(s))(9(s)  h(s))? > 1 (25)
T s=g(n)

then all the solutions of equation (1) are oscillatory.

Proof. Suppose that y(n) is a nonoscillatory solution of (1), say y(n) > 0,y(7(n)) > 0 and y(c(n) > 0 for
n > ny for some n; > ng. Then from Lemma 2.2, the corresponding sequence z satisfies either case (I) or
case (II) for n > ny for some ny > n;.

First we consider case(I). By Lemma 2.4, we again arrive at (11) for n > ng which, for a = 1, takes
the form

A3z(n) + q(n)I1(a(n))z(h(n)) < 0forn > ns. (26)

Summing (26) from n to co gives

[e.e]

A’z(n) =) q(s)T(o(s))2(h(s)), (27)

sS=n
and summing again from ns to n — 1 gives

n—1 oo

Az(n) =) Y a(s)IL(o(s))=(h(s))

u=ns s=u

— i iq(s)ﬂl(a(s))z(h(s)) + i > a(s)i(o(s))z(h(s))
= 3 (s~ ny)a(s) T (0(5)=(h(s)) + (= 13) 3 a(s)Ta(o(s))2(h(s))

14 ETIST
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For any 0 < v < 1, there exists ny > n3 such that s —ng > vs and n —ng > vn for n > s > ny. Thus from

the last inequality, we obtain

Az(n) > « i sq(s)(o(s))z(h(s)) + an Z q(s)I1(o(s))z(h(s)).

S=ny s=n—1

Using (3*) in (28) gives

2z(
un

S=ny4 s=n—1

From (29), we obtain

h(n)

> a Y sq(s)T(0(s))(h(s))

s=nyq

2z(h(n))

uh(n)

—_

+ah(n) Y q(s)Li(a(s)z(h(s))

s=h(n)

3

+ ah(n) q(s)Ii(o(s))z(R(s))-

WE

s=n—1
Also for n < s, we have h(n) < h(s). Since z(n)/n is increasing,

h(s)z(h(n)'

“(h(5) > o
z(n

For h(n) < s <mn, we have h(h(n)) < h(s) < h(n). Since nQ/i is decreasing,

2/v(s)z(h(n
() =

For ny < s < h(n) and h(n) < n, we have h(s) < h(h(n) < h(n). Since 2273
(32). Using (31) and (32) in (30) gives

22(h(n)) = o) 2h(n)
ah(n) > (az sq(s)Iy (o(s)) (h(s))* ) hn)?*

s=nyq

n—l o /u zh(n)
; (ah(n) S (9 (o())(h(s)) /) G

s=h(n)

ETIST
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is decreasing, we again obtain
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From (33), we see that

Taking limit supremum on both sides of above inequality, we obtain a contradiction to (24).
Next we consider case (II). Proceeding as in Lemma 2.6, we again arrive at (21), which for a = 1
becomes

Az(n) + %Q(n)H2<U(”))(9(”) — h(n))*A*(g(n)) < 0. (34)

Summing (34) from g(n) to n — 1 gives

n—1

1
Az(n)+ | ) ()T (0(s))(9(5) — h(s))* | A%(g(n)) <0,
s=g(n)
which is a contradiction to (25). This completes the proof. O

Next theorem provides the oscillatory results for equation (1) in the case when o < 1.

Theorem 2.8. Assume that (4) and (12) hold. Suppose there exists a nondecreasing sequence n(n) such
that o(n) < n(n) < 7(n) for n > ng. If there exists 0 < u < 1 such that limsup of

h(n)
W75 (n) Y sq(s)I5 (0 (s))(h(s)) =
L) S g o(s) (h(s) %
s=h(n)
+ 0SS s o(s)he (s) (35)
h™ (n> s=n—1
and
" () Ta(o(s)(g(s) — h(s))> (36)
s=g(n)

are greater than zero as n — 0o, then all the solutions of equation (1) are oscillatory.

16 ETIST
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Proof. Suppose that y(n) is a nonoscillatory solution of (1), say y(n) > 0,y(7(n)) > 0 and y(c(n) > 0 for
n > ny for some n; > ng. Then from Lemma 2.2, the corresponding sequence z(n) satisfies either case (I)

or case (II) for n > ny for some ny > ny.

First we consider case (I). By Lemma 2.4, we again arrive at (11) for n > ng. Summing (11) from n to

o0 gives

Az(n) =Y ()15 (a(s))2"(h(s)) for n > n.

Summing (37) from n3 to n — 1 gives

n—1 oo

Az(n) =) Y a(s)I§(a(s))="(h(s))

u=ns S=u

n—1 n—1

=D D (&) (a(s))="(h(s)) + Z_: Y a5 (a(s))="(h(s))

u=nsz s=n—1

u=nsz S=u

= i (5 = n3)a(s)11§ (0(5))2%(h(s)) + (n = n3) Y ()15 (0 (s))="(h(s)).

s=ns

(37)

For any 0 < v < 1, there exists ny > ng such that s — nz > vs and n — n3z > vn for n > s > ny. Thus we

obtain

S=n4

Using (3*) in (38) gives

2z(n) > a i sq(s)I15 (o (5))2%(h(s))

un

From (39), we obtain

h(n)
I > 03 sals ) o) (h(s)
+ ah(n) i g()T17 (0 (s)) =" (h(s))
s=h(n)

+ah(n) Y a(s)IIf(o(s))="(h(s)).

s=n—1

Using (31) and (32) in (40) yields

ETIST

Az(n) > a 2 sq()115 (0 (s))2"(h(s)) +an Y ()7 (a(s))2" (h(s)).

(38)

(39)

(40)
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h(n)

22 (h(n) . sofa| _2°h(n)
Ay 2 |0 D sem NP | S
o 200/u Zah(n)
+ S;(n)q I (o () ()™ | oy
v (ah(n) > q<s>H?<a<s>>h@<s>> s (41)
Let w(n) = ;g/ff{))) Then from (41), we obtain
2wy > zsq I (o (5)) ()"
) [ 3 g () (hs)
s=h(n)
+ e ( > q(s)H?(a(s))hw) . (42

Taking limsup as n — oo on both sides of the above inequality and using (13), we obtain a contradiction
o (35).

Next, we consider case (II). Proceeding as in the proof of Lemma 2.6, we again arrive at (22). Summing
(22) from g(n) to n — 1 gives

n—1

Y a(s)a(0(s))(g(s) — h(s))* < 2%(A%(g(n))' ™

s=g(n)

Noting that (36) implies (16), we see that (17) holds. Taking the limsup as n — oo on both sides of the
above inequality and using (17), we obtain a contradiction to (36) and this completes the proof of the
theorem. 0

The following are the examples which illustrate the main results.

3 Examples

First example establishes the equation with bounded neutral coefficients.

Example 3.1. Consider the third order difference equation

A [y(n) +32y(3)

18 ETIST
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Herep(n)=32,q(n) =%, a=1,7(n)=%<nand o (n) = 2.
Then we can see that conditions (H1)-(H2) hold and

77 Yn) =2n, 77 (77((n)) = 4n, h(n) = % and g(n) = —” with n(n) = 3.

Thus condition (H3) holds, 11;(n) = 1/64 and I1y(n) = 31/1024.

Set w=2/3. Then we get

Letting v = u = 2/3, we can easily see that all conditions of Theorem 2.7 are satisfied and hence all
the solutions of equation (E1) are oscillatory.

The second example is concerned with an equation with unbounded neutral coefficients.

Example 3.2. Consider the sublinear difference equation

3 n 1 3/5,
A%y () +2ny(5)| + 9" (5

Herep(n) =2n, q(n) = =5, a=3/5, 7(n) =n/2 <n and o (n) = n/10.

)=0,n>8. (E2)

Then conditions (H1)-(H2) hold and 7' (n) = 2n, 77 (771 ((n)) = 4n,

h(n) = 7 (0(n)) = £ and g(n) = 7 ((n)) = % with n(n) = 2.

( ) Rt
>

(n)
g and Iy(n) > 58
by Theorem 2.8, equation (E2) is oscillatory.

Choosing u = 2/3, we get

i.e., condition (H3) holds. Since I11(n)

— 256n’

4 Conclusion

In this paper, by using the summing averaging technique, the oscillatory behaviour of every solution of
the equation (1) are discussed in Theorems 2.7 and 2.8. Here some sufficient conditions for all solutions
to be oscillatory are proved. These sufficient conditions which are new, extend and complement some of
the known results in the literature. Also the examples reveal the illustration of the proved results.

Acknowledgements

The authors would like to thank the referees for the helpful suggestions to improve the presentation
of the paper.

ETIST 19



S. Kaleeswari and Said. R. Grace

References

1]

2]

[5]

(6]

[7]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

20

R. P. Agarwal, Difference Equations and Inequalities - Theory, Methods and Applications, 2nd edi-
tion, New York, 2000.

R. P. Agarwal, Martin Bohner, Said R. Grace, Donal O’Regan, Discrete Oscillation Theory, CMIA
Book Series, Volume 1, ISBN: 977-5945-19-4.

R. P. Agarwal, Said R. Grace, Donal O'Regan, Oscillation Theory for Difference and Functional
Differential Equations, Kluwer Academic Publishers, Dordrecht, 2000.

R. P. Agarwal, P. J. Y. wong, Advanced Topics in Difference Equations, Kluwer Academic Publishers,
Dordrecht,1997.

R. P. Agarwal, Said R. Grace, Donal O’Regan, On the oscillation of higher order difference equations,
Soochow Journal of Mathematics, Vol. 31(2005), NO. 2, pp. 245-2509.

Y. Bolat, O. Akin, H. Yildirim Oscillation criteria for a certain even order neutral difference equation
with an oscillating coefficient, Applied Mathematics Letters, 22(2009), pp. 590-594.

G. E. Chatzarakis, S. R. Grace, 1. Jadlovska, T.Li, E. Tunc, Oscillation criteria for third order
Emden-Fowler differntial equations with unbounded neutral coefficients, Complexity 2019, Article ID
5691758, pp. 1-7.

S. R. Grace, J. R. Graef and E. Tunc, On the oscillation of certain third order nonlinear dynamic
equations with a nonlinear damping term, Math. Slovaca, 67(2017), No. 2, pp. 501a508.

S. R. Grace, J. R. Graef and E. Tunc, Oscillatory behavior of third order nonlinear differential
equations with a nonlinear nonpositive neutral term, J. Taibah Univ. Sci. 13(2019), pp. 704-710.

J. R. Graef, S. R. Grace and E. TunA)c, Oscillatory behavior of even-order nonlinear differential
equations with a sublinear neutral term, Opuscula Math., Vol. 39(2019), No.1, pp. 39a47.

I. Gyori, G. Ladas, Oscillation Theory of Delay Differential Equations with Applications, Clarendon
Press, Oxford, 1991.

S. Jaikumar, K. Alagesan and G. Ayyappan, Oscillation of nonlinear third order delay difference
equations with unbounded neutral coefficients, J. Inf. Comput. Sci. 9(2019), pp. 902-910.

S. Kaleeswari, On the oscillation of higher order nonlinear neutral difference equations, Advances in
Difference Equations, 2019(1), (2019) pp. 1-10.

S. Kaleeswari, Oscillatory and asymptotic behavior of third order mized type neutral difference equa-
tions, Journal of Physics: Conference Series 1543 (1), 012005(2020).

S. Kaleeswari, Oscillation Criteria For Mized Neutral Difference Equations, Asian Journal of Math-
ematics and Computer Research, textbf25(6), 2018 pp. 331-339(2018)

S. Kaleeswari, B. Selvaraj, On the oscillation of certain odd order nonlinear neutral difference equa-
tions, Applied Sciences 18, (2016), pp. 50-59.

ETIST



Oscillation of Third Order Difference Equations with Bounded and Unbounded Neutral Coefficients

[17] S. Kaleeswari, B. Selvaraj and M. Thiyagarajan, A New Creation of Mask From Difference Operator
to Image Analysis, Journal of Theoretical and Applied Information Technology, Vol. 69(1)(2014),
pp.211-218.

[18] S. Kaleeswari, B. Selvaraj and M. Thiyagarajan, Removing Noise Through a Nonlinear Difference
Operator, International Journal of Applied Engineering Research, Vol. 9(21)(2014), pp.5100-5105.

[19] S. Kaleeswar, B. Selvaraj and M. Thiyagarajan, An Application of Certain Third Order Difference
FEquation in Image Enhancement, Asian Journal of Information Technology, 15 (23), (2016) pp.
4945-4954

[20] W. G. Kelley, A. C. Peterson, Difference Equations an Introduction with Applications, Academic
Press, Boston, 1991.

[21] B. Selvaraj, P. Mohankumar and V. Ananthan, Oscillatory and Nonoscillatory Behavior of Neutral
Delay Difference Equations, International Journal of Nonlinear Science, Vol. 13(2012), No. 4, pp.
472-474.

[22] B. Selvaraj and S. Kaleeswari, Oscillation of Solutions of Certain Nonlinear Difference Equations,
Progress in Nonlinear Dynamics and Chaos, Vol. 1, 2013, 34-38.

[23] B. Selvaraj and S. Kaleeswari, Oscillation Theorems for Certain Fourth Order Non-linear Difference
Fquations, International Journal of Mathematics Research, Volume 5, Number 3 (2013), pp. 299-
312.

[24] B. Selvaraj and S. Kaleeswari, Oscillation of Solutions of second Order Nonlinear Difference Equa-
tions, Bulletin of Pure and Applied Sciences, Volume 32 E (Math and Stat.) Issue (No.1), 2013,
P. 107-117.

[25] E. Thandapani and B. Selvaraj, Ezistence and Asymptotic Behavior of Non Oscillatory Solutions of
Certain Nonlinear Difference Equations, Far East Journal of Mathematical Sciences (FJMS), 14(1)

(2004), 9 - 25.
Biography
S.Kaleeswari was born in Pollachi, Tamil Nadu, India. She received her B.Sc., degree in
Q Mathematics from NGM College, Bharathiar University, Coimbatore in 1999, her M.Sc.,
q&.’ degree in Mathematics from NGM College, Bharathiar University, Coimbatore in 2001,

m her M.Phil., degree in Mathematics from Bharathiar University, Coimbatore in 2003 and
her Ph.D degree in Mathematics from Anna University, Chennai in 2017. She is doing
her research in the field of difference and differential equations.

She is an Assistant Professor in the Department of Mathematics, Nallamuthu Gounder Mahalingam
College, Pollachi. She has 16 years of experience in teaching and She has published 15 papers in national
and international journals and one book chapter. She published her results on oscillation theory of ordinary
and delay difference equations. She has life membership in Indian mathematical society, Ramanujan
mathematical society, Indian science congress association. She acts as reviewer for some refereed journals.

ETIST 21



S. Kaleeswari and Said. R. Grace

Said. R. Grace was born in Port-Said, Egypt. He received his B.S., degree in Electrical
from Cairo University, Orman, Egypt in 1970, his B.S., degree in Mathematics from
Cairo University, Orman, Egypt in 1973, his M.S., degree in Mathematics from Univer-
sity of

Saskatchewan, Saskatoon, Canada in 1978 and his Ph.D degree in Mathematics from
University of Saskatchewan, Saskatoon, Canada in 1981. His general areas of research are ordinary and
functional differential equations, difference equations, impulsive systems, differential inclusions, integral
equations, dynamic equations on time scales, and their applications and fractional differential equations.

At present he is a Professor of Mathematics in the Department of Engineering Mathematics, Faculty of
Engineering, Cairo University, Orman, Giza 12221, Egypt. He published more than 400 papers in refereed
journals and some books. A selection of some more-recent publications indicating various research interests
can be found in Math Sci Net. His H-Index is 26 of the 255 documents. Some of his books are listed below:
1. Oscillation theory for difference and functional differential equations (Kluwer Academic Publishers,
Dordrecht, 2000. viii+337 pp. ISBN: 0-7923-6289- 6). 2. Oscillation theory for second order dynamic
equations. Series in Mathematical Analysis and Applications, 5 (Taylor and Francis, Ltd., London, 2003.
viii+404 pp. ISBN: 0-415-30074-6). 3. Discrete oscillation theory (Hindawi Publishing Corporation, New
York, 2005. xiv+961 pp. ISBN: 977-5945-19-4).

22 ETIST



