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Oscillatory Behavior of Nonlinear Fourth Order Mixed Neutral 

Difference Equations 

S. Kaleeswari1 - M. Buvanasankari2 

ABSTRACT 

 The objective of this paper is to study the oscillatory criteria for nonlinear fourth order difference 

equation with mixed neutral terms of the form  

  

where z(n) = y(n) + . 

Here  are the ratios of odd positive integers ,  are positive sequences and 

 are such that m .  By means of comparison techniques, we obtain some 

new oscillation results. Examples are given to illustrate the important of the results. 

Keywords: comparison techniques, difference equations, fourth order, mixed neutral terms, nonlinear, 

     oscillation. 

2020 Mathematics Subject Classification: 39A10 

1. INTRODUCTION 

The problem of determining oscillation criteria for mixed neutral difference equations has been receiving great 

attention in the last few decades, since these types of equations arise in the study of economics, mathematical 

biology, and many other areas of mathematics [1, 2, 11, 12, 17].  Some interesting recent results on the 

oscillatory behavior of second-order difference equations can be found in [4, 20, 22, 23, 26] and the references 

cited therein.  

From a review of literature, it is found that all the results established for fourth order difference equations with 

mixed neutral terms are guaranteed that every solution is either oscillatory or tends to zero monotonically, and 

to the best of our knowledge, there are no results in the literature which ensure that all solutions are just 

oscillatory for the fourth order mixed neutral difference equations.  

Therefore, the purpose of this paper is to present some new oscillation criteria for equation of the form 

  )()()1()())()(( *

32

3

1
321 mnynqmnynqnznq 


      (1) 

where )()()()()()( 54

54 knynqknynqnynz 


. 

via comparison with the first-order equations whose oscillatory behavior are known, or via comparison with 

second-order difference equations with neutral terms. For relevant results on the applications of oscillation 

theory, the reader can refer [5, 6, 7] 

The following conditions are always assumed to hold: 

(i) 1 , 2 , 3 , 4 , 5  are the ratios of odd positive integers 11  . 

(ii) :,,,, 54321 qqqqq ℤ ),0(  are sequences. 
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(iii) m, m*,k ℕ are such that m > 3, m*> 3 , k < m – 2. 

A solution of “Equation (1)” is called oscillatory if it is neither eventually negative nor eventually positive.  

Otherwise it is said to be non-oscillatory.  If all the solutions of the “Equation (1)” are oscillatory, then the 

equation itself is oscillatory. 

The objective of the this paper is to provide sufficient conditions for the oscillation of “Equation (1)” whenever 

 or  and subject to the assumption  

 ,),( 11  nasnnQ  where  





1

1

1

1

)(

1
),(

1

t

sr rq

stQ



.          (2) 

2. AUXILIARY RESULTS  

Lemma 2.1 [see 7, Lemma 1 & 19, Lemma 2.2]  

(I) If the first order delay difference inequality  

0))1(()()( 2  mnzfnqnz  

has an eventually positive solution, then so does the corresponding delay difference equation. 

(II) If the first order advanced difference inequality  

0))(()()( *

2  mnzfnqnz  

has an eventually positive solution, then so does the corresponding advanced difference equation. 

Lemma 2.2 (see [9]) If X,Y 0 , then  

   forXYYX ,0)1( 1  
> 1.        (3)                 

and 

 

forXYYX ,0)1( 1    0 < < 1.                (4) 

Lemma 2.3 

 Assume “Equation (2)”. Then eventually, where Z =       (5)  

implies that one of the following four cases happen: 

Case  (I)  :  0 ,  ,  ,  

Case (II)  :  0 ,  , ,  

Case (III) :  0 ,  , ,  

Case (IV) :  0 ,  , ,  

Proof: 

 From “Equation (5)”, we can find n0  such that  for all n       (6)   

We suppose that, there exists     with           (7) 

From “Equation (6)” and “Equation (7)”, we get, for all  , 

. 

Thus,   for all            (8) 

From “Equation (6)” and “Equation (7)”, we obtain, for  , 
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                                      +  

                      = +
 

because of “Equation (2)”.  

Therefore,  there exists  with  for all         (9) 

From “Equation (8)” and “Equation (9)”, we get, for , 

  

  =     

Hence, there exists  with for all .                  (10) 

From “Equation (9)” and “Equation (10)”, we obtain, for  

z(n) = z + z +   

         =  

Hence, there exists  with   for all                             (11) 

By “Equations (8-11)”, we get 

0 ,  ,  , for all . 

Thus, Case (I) holds.  If “Equation (7)” does not hold, then the only other possibility is 

 for all n .                               

and thus,                                 (12) 

We suppose that, there exists  with                         (13) 

From “Equation (12)” and “Equation (13)”, we get, for all , 

 

  

Hence,  for all                      (14) 

Now, from “Equation (12)” and “Equation (13)”, we obtain, for ,  

 

  

Hence, there exists  with for all                   (15) 

Now, from “Equation (14)” and “Equation (15)”, we obtain, for ,  

 z(n) = z +  z +   

                 

Thus, there exists  with        for all                   (16) 

By “Equations (12-16)”, we get  

0 ,  , ,      

Thus, Case (III) holds.  Further, if “Equation (13)” does not hold, then the only other possibility is 

 for all n                       (17) 

Suppose that, there exists  with                            (18) 
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Then, from “Equation (17)” and “Equation (18)”, we get, for all  

      

Therefore, there exists  with   for all                          (19) 

Now, from “Equation (18)” and “Equation (19)”, for , 

z(n) = z +   z +   

             

Hence, there exists  with for all                   (20) 

By “Equation (12)”, “Equation (17)”, “Equation (19)” and “Equation (20)”, we get  

0 ,  , ,  

Thus, Case (II) holds.  Finally, if “Equation (15)” does not hold, then the only possibility is 

 for all n                        (21) 

By “Equation (12)”, “Equation (14)”, “Equation (16)” and “Equation (21)”, we get  

0 ,  , ,  

Thus, Case (IV) holds. 

In the rest of the paper, we assume that k0, k1, k2, k3, k4  satisfy 3k0 , k1  

and k2  k3 k4  m+1-k                                  (22) 

Note 2.4: 

1. Consider the assumptions m 3, m* 3 and k  m-2.  e.g., one may choose 

k0 = k1 = k2 = 1, k3 = 2 , and  k4 = 4. 

2. Consider that n + m* -3k0  n holds always since m* -3k0 . Therefore, equations involving n + m* -

3k0 are of advanced type. Furthermore, n-m+k1-2  n , n-m+k-2  n , n-m+k-2+k3  n, always  

since m+2- k1 , m+2-k  , m+2-k-k3  0.  Therefore, equation containing n-m+k1-2, n-m+k-2,  

n-m+k-2+k3 are of delay type. 

3 MAIN RESULTS 

We begin with following new result. 

Theorem 3.1  

Let . Assume that (i) – (iii), “Equation (2)” and “Equation (22)” hold. Suppose that there 

exists q: , such that  where 

     and 

                             (23) 

Let . If the first order advanced difference equation 

 

                         (24) 

and the first order delay difference equations         
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are oscillatory, then so is “Equation (1)”. 

Proof: 

Assume that y is a nonoscillatory solution of “Equation (1)”, say y(n)   , y(n-k)   , 

 y(n-m+1)   , y(n+m*) eventually. 

It follows from “Equation (1)” that, eventually 

              (28) 

Therefore, “Equation (5)” is satisfied, and so, by Lemma 2.3 only four cases (I), (II), (III) and (IV)  

can be done.  

Cases (I) and (II):   

Using        X = ,     Y=  in (3), 

we get  

while using        X = ,     Y=  in (4), 

we obtain  

Applying these two inequalities, we get 

y(n) = z(n) – (q(n) y(n-k) - +( q(n) y(n-k) - ) 

 z(n) -  -  

               =  

As z in both cases (I) and (II) is positive and non-decreasing, there exists L  fulfilling z(n) L, and thus, 

 we obtain y(n)  

Then, due to “Equation (23)”, there exists k  (0, 1) such that y(n)  k z(n) eventually.         (29) 

So, we get 

  0)()()1()())()(( *

32

3

1
33221  mnznqkmnznqknznq


.        (30) 

Case (I): 

Using “Equation (30)”, we get 

  ).()())()(( *

3

3

1
331 mnznqknznq 


                                                                 (31) 
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Summing “Equation (31)” from n-k0 to n-1, we obtain 

 

                  

 

So, we get 

                                        (32) 

Summing “Equation (32)”, again from n-  to n-1, we get 

+  

                

                              (33) 

Summing “Equation (33)”, again from n-  to n-1, we obtain 

+  

                          

                . 

Hence we conclude that, z is a positive and increasing solution of 

 

while applying Lemma (2.1) II, “Equation (24)” also has an eventually positive solution, which contradicts. 

Case (II):  

Let X =  eventually.                                                                            (34) 

By “Equation (32)”, we get 

                                                                        (35) 

We know that, eventually, 

z(n) = z +   

                =  =  

Since  , there exists such that z(n)    eventually.   (36) 

Next, we have 
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Since  , there exists such that eventually.      (37) 

Now, we set a =  ,   b = a+k1 a. 

Then, from “Equation (34)” and “Equation (28)”, we get, eventually 

 

         

                     = . 

and therefore                       (38)                  

From “Equations (35-38)”, we obtain, 

 

  

                 

 

 

Therefore, X is a positive and decreasing solution of  

 

 

while applying Lemma (2.1) I, “Equation (25)” also has an eventually positive solution, which contradicts. 

Case (III) and Case (IV): 

In the rest of the proof, let X be as in “Equation (34)”. 

Now,   z(n) = y(n) + (n) (n)  

         (n)   eventually. 

Thus,                       (39) 

Hence, from “Equation (1)”, we get, eventually 

  +  

     

   

    =                   (40) 

Case (III): 

From “Equation (34)” and “Equation (28)”, we obtain, 
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  =   eventually, 

which implies from “Equation (28)”, we get  

   

    

    eventually.  

Therefore, from “Equation (28)”, we obtain  

 z(n) = z +   

          

          eventually. 

And thus, from “Equation (40)”, we get, eventually 

  

   

   . 

Hence, X is a positive and decreasing solution of 

 . 

While applying Lemma (2.1) I, we see that “Equation (26)”, also has as an eventually positive solution,  

which contradicts. 

Case (IV): 

Let ,  , ,  

First, we get, eventually 

z(b) = z +   

    

                                              

                             (41) 

Next, we obtain, eventually 

 

    

                    

Since  , there exists  such that  

   eventually.                   (42) 

Then, from “Equation (34)” and “Equation (28)”, we have 
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     .  

                                              (43) 

Thus, from “Equations (40-43)”, we get  

 

 

   

which implies, X is a positive and decreasing solution of  
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Using Lemma (2.1) I, “Equation (27)” also has an eventually positive solution, which contradicts.  

 

To illustrate Theorem 3.1, we have the following results. 

Corollary 3.2 

Consider that (i)-(iii), “Equation (2)”, “Equation (22)” and “Equation (23)” hold.  If the first order advanced 

difference equation “Equation (24)” and the first order delay difference equations “Equation (25)” and  
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       (44) 

are oscillatory, for  and , then “Equation (1)” is also oscillatory. 

Corollary 3.3 

 Let  and .  Suppose that (i)-(iii), “Equation (2)”, “Equation (22)” and 

“Equation (23)” hold.  If 

                  (45) 

 ,)]1,1[()()1)((suplim 222

112 
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                      (46) 
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                 (47) 

and 

             (48) 

then “Equation (1)” is oscillatory.   

Corollary 3.4 

 Let . Suppose that (i)-(iii), “Equation (2)” and “Equation (22)” hold.  

 Assume  where                 (49) 

Let .  If “Equations (24-27)” are oscillatory, then so is “Equation (1)”. 

Corollary 3.5  Let . Assume that (i)-(iii), “Equation (2)”, “Equation (22)” and “Equation (49)” 

 hold.  Let . If “Equation (24)”, “Equation (25)” and “Equation (44)” are oscillatory, then  

“Equations (1)” is oscillatory. 

Corollary 3.6  Let . Assume that (i)-(iii), “Equation (2)”, “Equation (22)” 

and “Equation (49)” hold.  Let . If  “Equations (45-48)” hold, then “Equation (1)” is 

oscillatory. 

4 EXAMPLES 

 The following examples are illustrative: 

Example 4.1 We consider the equation 

 

.            (50)  

Now “Equation (50)” is in the form “Equation (1)”, where 

 ,  ,  , ,  

 , , ,  , . 

 Then, (i)-(iii) are fulfilled, and so is (2), because 

 = .  

Now we may pick (see Note 2.4) 

  and  .  

and thus “Equation (22)” is fulfilled, and we get 

. 

 =   

 . 

Furthermore, we have  and , so by Corollary 3.3.  We choose , and then 

  =   

              as . 
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And so, “Equation (23)” is fulfilled.  We also compute 

 =  

  

 

 

  

  

and 

  

 

= =  

Hence, “Equations (45-48)” hold.  Now all the conditions of Corollary 3.3 are satisfied, and so  

“Equation (50)” is oscillatory. 

Example 4.2 We consider the equation 

 

.               (51)  

In the above equation all the statistics are the similar as in “Equation (50)”, excluding  . 

Furthermore, we have   and , from Corollary 3.6.   

We compute    as  

and so “Equation (49)” is fulfilled.  All other conditions of Corollary 3.6 are satisfied in the similar way as in 

Example 4.1, and therefore “Equation (51)” is oscillatory. 
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