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Rank) in India by NIRF 2021.

ABOUT CONFERENCE

The International conference on “Emerging Trends in Science and Technology (ETIST-2021)” is
being jointly organized by Departments of Biological Science, Physical Science and
Computational Science - Nallamuthu Gounder Mahalingam College, Pollachi along with ISTE,
CSI, IETE, IEE & RIYASA LABS on 27th OCT 2021. The Conference will provide common
platform for faculties, research scholars, industrialists to exchange and discus the innovative ideas

and will promote to work in interdisciplinary mode.



EDITORIAL BOARD

Dr. V. Inthumathi
Associate Professor & Head, Dept. of Mathematics, NGM College

Dr. J. Jayasudha
Assistant Professor, Dept. of Mathematics, NGM College

Dr. R. Santhi
Assistant Professor, Dept. of Mathematics, NGM College

Dr. V. Chitra
Assistant Professor, Dept. of Mathematics, NGM College

Dr. S. Sivasankar

Assistant Professor, Dept. of Mathematics, NGM College

Dr. S. Kaleeswari

Assistant Professor, Dept. of Mathematics, NGM College

Dr. N.Selvanayaki
Assistant Professor, Dept. of Mathematics, NGM College

Dr. M. Maheswari
Assistant Professor, Dept. of Mathematics, NGM College

Mrs. A. Gnanasoundari

Assistant Professor, Dept. of Mathematics, NGM College

Dr. A.G. Kannan
Assistant Professor, Dept. of Physics, NGM College



International Conference on Emerging Trends in Science and Technology (ETIST 2021)

ISBN No.: 978-93-94004-00-9

S. No. ArticleID Titleof the Article Page No.
1 P3024T Basic Concepts of Interval-Valued Intuitionistic Fuzzy TopologicalVVector Spaces 1-6
-R. Santhi, N. Udhayar ani )
Oscillation of Third Order Difference Equations with Bounded andUnbounded Neutral
2 P3025D Coefficients 7-22
-S.Kaleeswari, Said. R. Grace
3 P3026D Oscillatory Behavior of Nonlinear Fourth Order Mixed NeutralDifference Equations 2334
-S.Kaleeswari, M .Buvanasankari )
Completely pi g gamma* continuous mappings in Intuitionistic fuzzytopological spaces
4 p3027T K. Sakthivel, M. Manikandan and R. Santhi 35-43
5 P3028G Power Dominationof Splitting and Degree Splitting Graph of CertainGraphs 44-49
-Huldah Samuel K, Sathish Kumar, J.Jayasudha )
6 P3029T A new open and closed mapping in intuitionistic fuzzy topologicalspaces 50-55
-M. Rameshkumar and R. Santhi )
; P3030D Oscillatory and asymptotic behavior of forth order mixed neutral delaydifference equations 56-64
-Mohammed Ali Jaffer | and Shanmugapriya R )
8 P3031T An Application of Hypersoft Sets in a Decision Making Problem . . 65-72
-Dr. V. Inthumathi,M .Amsaveni
On amply soft topological spaces
9 P3032T . . 73-83
-A. Revathy, S. krishnaprakash, V. Indhumathi
Nonoscillatory properties of certain nonlinear difference equations withgeneralized
10 P3033D difference 84-94
-M. Raju, S.Kaleeswari and N.Punith
Soft Semi Weakly g*-Closed Sets
1 P3035T -V. Inthumathi, J. Jayasudha, V. Chitraand M. Maheswari 95-104
New class of generalized closed sets in soft topological spaces
12 P3036T 105-112
-N. Selvanayaki, Gnanambal Ilango and M. Maheswari
Generalized Semi Closed Soft Multisets
13 P30T -V. Inthumathi, A. Gnanasoundari and M. Maheswari 113-122
1 P3038T Generalized Regular Closed Sets In Soft MultiTopological Spaces 123-131
-V. Inthumathi, A. Gnanasoundari and M. Maheswari ;
A Note on Soft agrw-Closed Sets
15 P3039T . . 132-138
-N. Selvanayaki, Gnanambal Ilango and M. Maheswari
Stronger Form of Soft Closed Sets
16 P3040t -V. Inthumathi and M. Maheswari 139-147
17 P3041T Semi Weakly g*-Continuous Functions in SoftTopological Spaces 148-154
-V. Inthumathi, J. Jayasudha, V. Chitraand M. Maheswari ;
Achromatic Number of Central graph of Degree Splitting Graphs
18 P3044G 155-162
-D.Vijayalakshmi, S.Earnest Rajadurai
Product Hypersoft Matrices and its Applications in Multi-AttributeDecision Making
19 P3045T Problems 163-176
-Dr. V. Inthumathi, M. Amsaveni
20 P3046T Decompositions of Nano continuous functions in Nano idealtopological spaces 177-186
-V. Inthumathi, R. Abinprakash )
Nal - Connected Spaces
21 P3047T ) ) 187-195
-V. Inthumathi, R. Abinprakash
Nano =N - Extremally disconnected ideal topological Spaces
22 P3048T 196-210

- V. Inthumathi, R. Abinprakash

Jointly Organized by

Department of Biological Science, Physical Science and Computational Science

Nallamuthu Gounder Mahalingam College, Affiliated to Bharathiar University, Tamilnadu, India.




International Conference on Emerging Trends in Science and Technology (ETIST 2021)

Jointly Organized by Department of Biological Science, Physical Science and Computational Science
Nallamuthu Gounder Mahalingam College, Affiliated to Bharathiar University, Tamilnadu, India.
Published by NGMC - November 2021

Oscillatory Behavior of Nonlinear Fourth Order Mixed Neutral
Difference Equations

S. Kaleeswarit - M. Buvanasankari?

ABSTRACT

The objective of this paper is to study the oscillatory criteria for nonlinear fourth order difference
equation with mixed neutral terms of the form

Bg, () (A%z(n))®1) = g )y (n —m + 1) + g3 (n)y ™ (n + m*)
where z(n) = y(n) + g, (n) y®¢(n — k) + gs(ndy®s (n — k).
Here @, .. o, 604, 65 are the ratios of odd positive integers &, = 1, q,. §-.42. 4. s are positive sequences and
m,m", ke M aresuchthatm = 3,m" = 3,k =m — 2. By means of comparison techniques, we obtain some
new oscillation results. Examples are given to illustrate the important of the results.
Keywords: comparison techniques, difference equations, fourth order, mixed neutral terms, nonlinear,

oscillation.

2020 Mathematics Subject Classification: 39A10
1. INTRODUCTION
The problem of determining oscillation criteria for mixed neutral difference equations has been receiving great
attention in the last few decades, since these types of equations arise in the study of economics, mathematical
biology, and many other areas of mathematics [1, 2, 11, 12, 17]. Some interesting recent results on the
oscillatory behavior of second-order difference equations can be found in [4, 20, 22, 23, 26] and the references
cited therein.
From a review of literature, it is found that all the results established for fourth order difference equations with
mixed neutral terms are guaranteed that every solution is either oscillatory or tends to zero monotonically, and
to the best of our knowledge, there are no results in the literature which ensure that all solutions are just
oscillatory for the fourth order mixed neutral difference equations.

Therefore, the purpose of this paper is to present some new oscillation criteria for equation of the form
Alo, (M@ 2(M)* )= q, (M)y*= (N=m+1) + gy (n) y* (1+m”) &)
where z(n) = y(n) +q,(nN)y* (n—k) +gs(n)y* (n-k).

via comparison with the first-order equations whose oscillatory behavior are known, or via comparison with
second-order difference equations with neutral terms. For relevant results on the applications of oscillation
theory, the reader can refer [5, 6, 7]

The following conditions are always assumed to hold:

(o, a, 05, a, 0 are the ratios of odd positive integers a; > 1.

(i) 0;,9,,03,9,,0s : Z—>(0,0) are sequences.
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Tamilnadu, India. kaleesdesika@gmail.com
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(iiiy m, m"k eNaresuchthatm>3, m™>3, k<m-2,

A solution of “Equation (1)” is called oscillatory if it is neither eventually negative nor eventually positive.

Otherwise it is said to be non-oscillatory. If all the solutions of the “Equation (1) are oscillatory, then the

equation itself is oscillatory.

The objective of the this paper is to provide sufficient conditions for the oscillation of “Equation (1)” whenever

os = 1 = ayorl = e = o, and subject to the assumption

1

1

Q,(n,n;) > o0 as n— oo, where Ql(t,s):i1

2. AUXILIARY RESULTS
Lemma 2.1 [see 7, Lemma 1 & 19, Lemma 2.2]
()] If the first order delay difference inequality

Az(n)+q,(n) f(z(h—-m+1)) <0

has an eventually positive solution, then so does the corresponding delay difference equation.

) If the first order advanced difference inequality

Az(n)-d,(n) f(z(n-m")) 20

has an eventually positive solution, then so does the corresponding advanced difference equation.

Lemma 2.2 (see [9]) If X,Y >0, then

X*4+(A-DY*—IXY* >0, for A>1.
and

X*+@A-A)Y =Xy <0, for o<A<1. (4)
Lemma 2.3

Assume “Equation (2)”. Then AZ(n) = 0 eventually, where Z = g, (A%z)%

implies that one of the following four cases happen:

Case (1) : z{(n) =0,Az(n) = 0, A*z(n) = 0, 4%z(n) = 0
Case (II) : z(n) =0,Az(n) = 0,A%z(n) =0, A%z(n) <0
Case (I11) : z{(n) < 0,Az(n) < 0,A%z(n) < 0, A%z(n) < O
Case (IV) ; z(n) <0, Az(n) > 0, A%z(n) < 0, A%z(n) < O
Proof:

From “Equation (5)”, we can find no€ My such that AZ(n} = 0 forall n = ny,.

We suppose that, there exists 1, = ngwith Z(mn;} = 0.

From “Equation (6)” and “Equation (7)”, we get, forall n = n, |
Z(n) = Z0n ) + X125 AZG) 2 Z(ny) = 0.

Thus, A%z(n) =0 foralln =mn,.

From “Equation (6)” and “Equation (7)”, we obtain, for n =mn,,

n—1 n—-1 ER,—LI
Az(n) = A%z(n) + Z Az(r) =Az(n ) + Z L{r]
r=m r=ny g, % (r)

24

= G (1)

@

@)

®)

(6)
U]

®)
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= 8z(n,)+ Trzh, S50
g% (ny)
1
:;j,fz':nj_]+Z=|':m_]Q]_{ n.nL] — masn — oo

because of “Equation (2)”.
Therefore, there exists n. = n, with Az(n) = 0forall n = n,.
From “Equation (8)” and “Equation (9)”, we get, for 1 =
Az(n) = Az(n, ) + EPZE A%z(r) = Az(n,) + ZPZ5 Az(n,)
=pz(n. )+ (n —n, )A%z(n.) =@ as n—= oo
Hence, there exists 1y = n. with Az{n) = 0 foralln =n,.
From “Equation (9)” and “Equation (10)”, we obtain, for n = ny,
z(n) = z(my )+ Ef 25, Az(r) = 2(ng)+ X725, Az(ny)
=zln) + (n —ny)Azlny) - 0 as n— o
Hence, there exists n, = 1y with z(n) = 0 for all n = n,.

By “Equations (8-11)”, we get

z(n) =0,4z(n) = 0, &%z(n) = 0, A%z(n) = 0 foralln =n,.

Thus, Case (I) holds. If “Equation (7)” does not hold, then the only other possibility is

Z{n) =0 forallnz= n.
and thus, 4%z(n) < 0 foralln = n,.
We suppose that, there exists n; = ng with A%=z(n,) =< 0.

From “Equation (12)” and “Equation (13)”, we get, for all n =n,,

n—1 n-1L L

£
A*z(n) = A%z(n) + Z A%z(r) =a%z(n ) + Z i{r]
r=my r=ny g, %1 (r)

= 4A%z(n) < 0.
Hence, Az(n) =< Oforalln =n,.

Now, from “Equation (12)” and “Equation (13)”, we obtain, for n = n,

n-1 n-1
Az(n) = Az(n ) + Z Az(r) = Az(n) + Z Atz(ny)

r=ny r=ny
= Az(n) + (n —n)a%z(n,) =0 asn— oo,

Hence, there exists 1 = n, with Az{n) =< 0forall n = n..
Now, from “Equation (14)” and “Equation (15)”, we obtain, for n = n.,

z2(n) = z(nz)e TPzs Az(r) < z(n2)s EPZa Az(ny)

=zl )+ —n,)Az(n,) = 0 as n— o

Thus, there exists n; = n, with z(n) = 0 forall n = ny.
By “Equations (12-16)”, we get

z(n) =0,Az(n) < 0,4A%z(n) < 0, A%z(n) < 0.

Thus, Case (IIT) holds. Further, if “Equation (13)” does not hold, then the only other possibility is

Afz(n, ) = 0 forall n = n,.

Suppose that, there exists n; = ng with Az{n;) = 0.

ETIST 2021
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Then, from “Equation (17)” and “Equation (18)”, we get, for all n; = ny,
Az(n) = Az(n)) + E7Z5 A%z(r) = Az(ny) = 0

Therefore, there exists . = n; with Az{n} = 0 forall n = n..

Now, from “Equation (18)” and “Equation (19)”, for n = .,
z(n) = z(n)+ EPzq, Az(r) = 2(no)+ EPZq, Az(ny)

zzln)+h—ndidz(n) =0 as n— oo

Hence, there exists 1y = n. withz{n} =0  forall n = n,.

By “Equation (12)”, “Equation (17)”, “Equation (19)” and “Equation (20)”, we get
zln) =0, Az(n) = 0,4A%=z(n) = 0, A%=z(n) = 0.

Thus, Case (II) holds. Finally, if “Equation (15)” does not hold, then the only possibility is

Az(n) = 0foralln = ng.

By “Equation (12)”, “Equation (14)”, “Equation (16)” and “Equation (21)”, we get
z{n) =0,Az(n) = 0,4A%z(n) = 0, A%z(n) < 0.

Thus, Case (1V) holds.

In the rest of the paper, we assume that ko, ki, ko, ks, ks & H satisfy 3ko == m", k; < m + 2

and ko == k3 = ks = m+1-k

Note 2.4:

1. Consider the assumptions m =3, m"=3 and k = m-2. e.g., one may choose

ko:klzkzzl,k3:2,and k4:4.

(19)

(20)

(1)

(22)

2. Consider that n + m" -3ko=> n holds always since m” -3ko = 0. Therefore, equations involving n + m” -

3ko are of advanced type. Furthermore, n-m+ki-2 < n, n-m+k-2 == n, n-m+k-2+ks == n, always

since m+2- ky = 0, m+2-k = 0, m+2-k-ks = 0. Therefore, equation containing n-m+ki-2, n-m+k-2,

n-m+k-2+ks are of delay type.
3 MAIN RESULTS

We begin with following new result.
Theorem 3.1

Let as = 1 = ay. Assume that (i) — (iii), “Equation (2)” and “Equation (22)” hold. Suppose that there

exists g: T — (0. 2), such that lim (g, (n) + g=(n)) = 0 where

g,n) =(1 - ”4]n4ﬁqn;—:|{n] g, -=¢(n) and

[ 5 :'!i 1

g: () = (s — Dars 5q 1 (m) "= (n)

Let &;. 8.8, € (0.1}, If the first order advanced difference equation

& n—1 r—1 1 t—1 oy
Az(n) = e[,zﬁ{n +m* — 3kp) Z ( g4 (&)

and the first order delay difference equations

26

(23)

(24)

ETIST 2021



Oscillatory Behavior of Nonlinear Fourth Order Mixed Neutral Difference Equations

a

AX (n) +(6,0,k)*2q,(n)(n—m+1)*2 (n—m)“ X '71(n -m+k, —2) (25)
[Q(n—m+k, -1 n—-m-1)]* =0,

2 n-m+k r—m+k

aX () + —— () X“1“5(n—m+k—2)[z(ZQl(t,nl))]Zzzo, (26)

qsaf (n—-m+k+1) r=m e
and
(n) iy
AX () + — (ke,)“ [X “ (N—m+K +k, —2)
Qsas (N—M+K+1) (27)

a2
Q.(n—m+k+k, —Ln—m+k +k, —1)]* =0.
are oscillatory, then so is “Equation (1)”.
Proof:
Assume that y is a nonoscillatory solution of “Equation (1)”, say y(n) = 0 , y(n-k) = 0 ,
y(n-m+1) = 0 , y(n+m”) = 0 eventually.
It follows from “Equation (1)” that, eventually
Alg, () (APz(n))*1) = g.(ndy™2(n —m + 1) + g;(n)y 2 (n + m*) = 0 (28)
Therefore, “Equation (5)” is satisfied, and so, by Lemma 2.3 only four cases (I), (II), (IIT) and (IV)
can be done.
Cases (1) and (11):

@5—1

Using A =as = 1,  X=gs*nly(n — k), Y:(K—L_q{n]qsﬁ{n)] in (3),

we get gl vin — k) — g (n)y*s(n — k) = g.(n),

while using A =@, € (0.1}, X= q_ti{n]_j‘{n — k), Y:(i‘?{””ﬁ’inl]ﬂ' in (4),
we obtain —(g(n)y(n — k) — g4(n)y™(n—k)) = g,(n).
Applying these two inequalities, we get
y(n) = z(n) - (a(n) y(n-k) - gs(n1y® (n — kN+(q(n) y(n-k) - g4 )y (n — k)
zz(n) - qi(n) - g2(n)
= (1 -2 ) o)

zlnlt

As z in both cases (1) and (1) is positive and non-decreasing, there exists L = @ fulfilling z(n) = L, and thus,

we obtain y(n) = (1 —M) z(n).

Then, due to “Equation (23)”, there exists k £ (0, 1) such that y(n) = k z(n) eventually. (29)
So, we get

Alg, (N)(A%2(n))™ )= k@, (N)z (N — M +1) + k(N 2% (N+m") > 0. (30)
Case (1):
Using “Equation (30)”, we get

Alg, ((A°Z(n)™ )= kg4 (n)z* (n+m"). (31)

ETIST 2021

27



Dr.S.Kaleeswari', M.Buvanasankari?.

Summing “Equation (31)” from n-ko to n-1, we obtain

n—-1
g, (n) (@%z(n))™ = q,(n — ko J(A%z(n — kg ))™ + Z Mg, (r) (@%z(r))")
r=n-ky
= k% r'_r' kg q!{r] BGr +m")
n-1
k%% +m' —k,) Z gs(r).
r=n-kgy
So, we get
a3 @ —
B22(n) = k=24 G+ m® — ko) (=5 Bizh g, 0: (0 )™ 32)
Summing “Equation (32)”, again from n-k; to n-1, we get
Az(n) = A%z(n — ko) +EP Ik, A%2(r)
23 =23 . =
= Troi o kmze(r+omt - kn](qllrl 0@
=3 ) - L
= k=iz=iln +m* — Ekn.] E,;=ﬂ_;_-“ (m t= i’—hn t]lg':i']jl (33)
Summing “Equation (33)”, again from n-k; to n-1, we obtain
Az(n) = Az(n — ko) +E7 255, A2 (1)
2 o
}kﬂ'z?#h“zﬂ'{r‘Fm _7kn]zrrnn(q E.,- t—ky T2 f])l
i * n—1 r—1 1
=kmiz®in+m' — 3k;) Ef:n—kn t=r—k; (mze- =k, qg{f])
Hence we conclude that, z is a positive and increasing solution of
R
_— n—1 r—1 = H
Az(n) — k®iz%(n + m* — 3k) Z Z — Z g, (£} =0
| = \gle) =
F=M—Kp I=r—Kp £ =I—Kp
while applying Lemma (2.1) II, “Equation (24)” also has an eventually positive solution, which contradicts.
Case (II):
Let X = —g,(A%z)%t = 0 eventually. (34)

By “Equation (32)”, we get
—AX(n) =z k%2 g.(n)z% (n —m + 1). (35)
We know that, eventually,
2(n) = 2(n )+ P24, Az(r) = TI2h, Az(n,)
- - LY E
=(n—n)Azln — 1) _nAz(n — 1) (J. . :I

Since % — 0 as n— oo, there exists &, € (0,1) such that z(n) = n&,Az(n — 1) eventually. (36)

Next, we have
n-1 n-1
Az(n) = Azln, ) + Z Az(r) = Z Atz(n — 1)

=Mz =Mz

M=

= (n—m)a%z(n — 1) = nd’zln — 1) (1 - 22).
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Since r‘: — 0 as n— oo, there exists & & (0,1) such that Az(n) = né,A%z(n — 1} eventually. (37)
Now, weseta=n —m —1 b=a+k; = a.

Then, from “Equation (34)” and “Equation (28)”, we get, eventually

b—1 b-1 L
0 < A*z(b) = A%z(a) +Z A*z(r) =A%z(a) - Xfr]
r=a r=a g, T1(r)
=< A%z(a) — E?;éi_“_ﬂ;h
4y T1(r)
= Az(a) —xfu{b —1)Q,(b.a).
and therefore  A%z(a) = XELI(.!: - 1)Q,(b a). (38)

From “Equations (35-38)”, we obtain,
—AX(n) = k%2 g,(n)z%(n—m + 1)
= (6, k)" 2g.(n) (n — m +1)%2 (Az(n — m))*2
= (6,6,k)%2 g — m + 1% (n — m)®2(8%z(n —m — 1))
= (6,6, k)2 q.(n)(n —m +1)%2(n — m)*==

&a
¥iln—m+k, —2)[Qn—m+k, —Ln—m—1)]%,
Therefore, X is a positive and decreasing solution of
AX(n) + (8,8 k)% g.(n)(n —m + 1172 (n — m) %=

&

Xe(n—m+k —2)[Qn—m+k, —Ln—m—1)]% =0,
while applying Lemma (2.1) I, “Equation (25)” also has an eventually positive solution, which contradicts.
Case (I11) and Case (1V):

In the rest of the proof, let X be as in “Equation (34)”.
Now, z(n) =y(n) +qs(n)y**(n — k) —gs(n)y*=(n — k)

= —gs(n)y*sln — k) eventually.

Thus, y(n—#) = —(Z75)". (39)

5 lnd

Hence, from “Equation (1)”, we get, eventually
—AX(n) z g:(Wy™(n—m + 1) + gz () y™ (n + m")
= g.(n)y®2(n —m+ 1)

T

> g, '::"l:l [zm—rr.+F;+LJJ;;

gsin—m+k+

galnl =

=——= z;;{n—m+k+l]. (40)

g5 T5ln—m+k+ 1]
Case (111):
From “Equation (34)” and “Equation (28)”, we obtain,

,':I,:zlin] = ..':'.:Z':n]_] + E?;h -":"!z':?"] :‘ﬂ:zlinl] _ E;;r{-l XTI

Ii'|2_|li'l

1
1—1 Xz_“i’!—].l
== E?:n.

q'|2_|lrl
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1
=—X=i(n — 1)@, (nn,) eventually,
which implies from “Equation (28)”, we get

Az(n) = Az(n,) + TP2E A%z(r)

Yroa, A%z(r) = - X720 xfn{n - 1)@, (r.n,)

I

1

—X=1(n — 2)ZPZL @, (r.n,) eventually.
Therefore, from “Equation (28)”, we obtain

z(n) = z(ny ) B zp, Az(r) = EJo;, Az(r)
< = SPoH X n — 2)(TE2E, Qu ()]

< —Xﬂ;l{n —3)[Zrzk (B2t @, (t.ny))] eventually.

And thus, from “Equation (40)”, we get, eventually
—AX(n) =z —— 2 e m+k+1)
gsE5m—m+k+1)

(35— m k- DR Qe )|

gsEE(m-m+k+1)

I

e}

B YT —m 4+ k - D[S Q, e )]

g5 ln—-m+k+1)

[

Hence, X is a positive and decreasing solution of

i

AX(n) + _‘7—”}(_'"{11 —m+k — 2)[TRomR (TR g, () )] % 2 0.
g5TE(n—m+k+1]
While applying Lemma (2.1) I, we see that “Equation (26)”, also has as an eventually positive solution,
which contradicts.
Case (IV):
leta=n—m+k+l b=a+tk za,c=matl-1=b-1ld=at+k,—1=c—-1
First, we get, eventually
0 = z(b) = z(@)+ X22L Az(r)
= z{a) + T22LAz(b - 1)
= zla) + (b — a)Az(b — 1)
—z(a) = (b — a)az(b — 1). (41)

Next, we obtain, eventually

c—1 c—1
0=<az(c) =az(b-1) + Z Az() = Az(b —1) + Z Az(c — 1)

r=b-1 r=b—1
<Az(b — 1) +{c— b+ 1)A%z(c — 1)
<8z - 1 +¢(1 - ) 2%2(c - 1.
Since EE;L — 0 as n— o there exists &; £ (0.1} such that
Az(b — 1) = —cB, A% z(c — 1) eventually. (42)
Then, from “Equation (34)” and “Equation (28)”, we have
A%z(d) = A%z(c — 1) + X821 A%=(r)
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1
— 1
X2

< -¥il 7 = -x=(d - 1)Q,(d.c— 1).
qq 1(r)
1
— A%z(d) = X=1{d — 1)Q,(d. c — 1). (43)
Thus, from “Equations (40-43)”, we get
-1 o
—AX(n) = —& % [(b — a)Az(b — 1)]%s
gs™n—m+k + 1)
(1 Lok} . Lok}
= — 2:(n) ko%s[—cB, A%z (c — 1)]%s
g5 (n—m+k +1)
w1 -
= % (ko )=s [}c'-’*l{c -2Q,(c—1.c— 1]] .

g5Tsln—-m+k+1)
which implies, X is a positive and decreasing solution of

]

(KB, )75 [xi{.: —2)Q,(c—Lc— 'L]]%; =0

AX(n) + %
gz E5(n—m+k+1)
(n) iy
AX (n) +—— (keB,)“ [X “ (n—m+K +k, —2)

qsaf(n—m+k+1)

Q(n-m+k+k, —Ln—m+k+k, —1)]* <0.

Using Lemma (2.1) I, “Equation (27)” also has an eventually positive solution, which contradicts. B

To illustrate Theorem 3.1, we have the following results.

Corollary 3.2

Consider that (i)-(iii), “Equation (2)”, “Equation (22)” and “Equation (23)” hold. If the first order advanced
difference equation “Equation (24)” and the first order delay difference equations “Equation (25)” and

LM NSO,

ap
Qsaes (N—M+K+1) ™=m t=h

AX (n) + min

6]

_ d, (n) (kch,)“[Q(N—m+K +k, ~L,n—m+k +k, —1)]
Oses (N—m+Kk+1)

(44)

7]
X (n—-m+k+k; —2)=0.
are oscillatory, for ez = 1 = @, and &;.8,. 8- € (0.1}, then “Equation (1)” is also oscillatory.
Corollary 3.3
Let @g =1 > a, and oy =a; =a,. Suppose that (i)-(iii), “Equation (2)”, “Equation (22)” and
“Equation (23)” hold. If

rE'-_EE‘: sup E?;rjz'—kn ( F;aj:—kn (ﬁ EE—;JE_;_-H f?g{f])q_l) = oo, (45)
lim supg, (N)(n—m+2)*2(n—m)*2Q,[(n—m+k, —1,n—m—1)]*2 = oo, (46)
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a

lim sup — e —— [ER R (TR, (t.n, )]s = oo, (47)
== geEsn—-m+k+1)
and
L (m) = —m+k+k —1, :_
lim sup ———— (ko cf, )75 [ Qufn —m : ; ] = 2, 48
e J-}li'sﬁ'i’!—i'1'.+ic+1_l { ) D] n_m+k+k!_1'] ( )
then “Equation (1)” is oscillatory.
Corollary 3.4
Let 1 = as = ary. Suppose that (i)-(iii), “Equation (2)” and “Equation (22)” hold.
Assume lim Q(n) = 0, where Q(n) = “ﬂi(z— q_t{n])ﬂ;_ﬂ* (gs(n))=s. (49)

Let 8;.8,.8. € (0.1). If “Equations (24-27)” are oscillatory, then so is “Equation (1)”.
Corollary 3.5 Let1 = az = a,. Assume that (i)-(iii), “Equation (2)”, “Equation (22)” and “Equation (49)”
hold. Let &;.8,.6. € (0.1). If “Equation (24)”, “Equation (25)” and “Equation (44)” are oscillatory, then
“Equations (1)” is oscillatory.
Corollary 3.6 Let 1 = o5 = &, and &; = &, = o./as. Assume that (i)-(iii), “Equation (2)”, “Equation (22)”
and “Equation (49)” hold. Let ;. 8,.8, € (0.1}, If “Equations (45-48)” hold, then “Equation (1)” is
oscillatory.
4 EXAMPLES

The following examples are illustrative:

Example 4.1 We consider the equation

11 E
ﬂ({n + 20 (E’ (j‘{n] + ;j‘ﬂin -1 —yin - 1])) )

= n*yln —3) + (n + 3Vv(n + 6). (50)
Now “Equation (50)” is in the form “Equation (1)”, where

o, =6, =g = 3, 05 ='J.,n_1:§,k=1,m:=1-.m':ﬁ-.
a.m) = (1 +2)% gu0m) =n*,q:(m) = (14 3%, q) = £, g50m) = L.

Then, (i)-(iii) are fulfilled, and so is (2), because
1

Quba)= i) =T =T e
Now we may pick (see Note 2.4)
kg =k, =k, =1land k; = 2.
and thus “Equation (22)” is fulfilled, and we get
n+m —3k, =n+ 3,
n—m+k —2=n-m+k-2=n-5
n—m+k—24+k =n-—3

Furthermore, we have a5 =1 = &, and & < &; = w5, so by Corollary 3.3. We choose g = g, and then

T 1=

0.0 + . =2 () (g0 (@7 +2.3% (g0 ((as ) ®

= ('l+éjl—~ﬂasn—~m.

3n
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And so, “Equation (23)” is fulfilled. We also compute

Er;:__kn( ot (T T, qgm)*] = (*—)

qq (T qy(n—1)

golnlln —m+ D%l —ml=[Qn—m+k —Ln—m-—1)]%

=g.(n)n —3)n—-4[Q,(n—4n-5]=nln-4),

]
a
il

— gz(nl [EE;:TR{EF:—;‘:*—R Q, (t. n]_:]}]ﬂﬁ = n* > n;
g5 T5(n—m+k+1) ln-5)3
and
== o n-—mtkthk—Ln—m+k+k —1]=

g T5ln—m+k+ 1

L piy y O - .
=M [Qy(n—2.n = D5 = g, () (Z==2) = (2)5n°
Hence, “Equations (45-48)” hold. Now all the conditions of Corollary 3.3 are satisfied, and so
“Equation (50)” is oscillatory.

Example 4.2 We consider the equation

11 2
Al (n + 20 (E’ (j‘{n] + ;yiin —1)—yiln - 1]))

= nfyln - 3) + (n + 3¥y(n + 6). (51)

In the above equation all the statistics are the similar as in “Equation (50)”, excluding a5 =

0l |ra

Furthermore, we have 1 = &z = o, and &3 = &, = ./ s, from Corollary 3.6.

We compute Qn) = (5 q4{n]): (gs(m))~t = ﬁ -0 asn — oo,

and so “Equation (49)” is fulfilled. All other conditions of Corollary 3.6 are satisfied in the similar way as in
Example 4.1, and therefore “Equation (51)” is oscillatory.
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