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Abstract

In this paper, an attempt is made to represent the uncertainity in fluid pressure using trapezoidal

intuitionistic fuzzy numbers. Further, the horizontal membership functions are used as intuitionistic

fuzzy pressure values by which the exact initiation of the stress, its distribution over the cylinder and the

maximum point which it can attain so that the structure does not attain deformation can be predicted

accurately. Horizontal relative trapezoidal intuitionistic fuzzy number (HRTrIFN) is applied in a few

numerical problems of hydrodynamics in analysing the stress of thick and thin cylindrical shells and the

result is compared with the traditional method using crisp values.

Keywords: Horizontal trapezoidal intuitionistic fuzzy number , thick and thin cylinders, fluid pressure

AMS classification(2010): 94D05, 97I80

1 Introduction

Intuitionistic fuzzy sets were introduced by Krassimir T. Atanassov [1]. The multi-dimensional relative

distance measure interval arithmetic (RDM - IA) was developed in [7] which includes a multiplier α ∈ [0, 1]

that converts the membership and non-membership function from linear/curvilinear into planar form. The

horizontal membership functions were introduced by Prof. A.Piegat in [8] which defines a fuzzy number not

in the form of µ = f(x) but as x = f(µ). This form enables using fuzzy values in mathematical formulas of

type y = f(x1, ......., xn) together with crisp values. In [4], complex trapezoidal intuitionistic fuzzy numbers
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were introduced. A new definition of Horizontal relative trapezoidal intuitionistic fuzzy number (HRTrIFN)

is defined in [5] with the geometric representation and its advantage over other intuitionistic fuzzy numbers

is that it enables relatively easy aggregation of crisp and intuitionistic fuzzy values together in arithmetic

operations. In [6], the stress and deflection of a composite bar is found using horizontal relative trapezoidal

intuitionistic fuzzy number. The various analysis and applications of stress and strains in cylindrical shells

are presented in [9].

In real life computations, uncertainity is natural because the processed values are from human measurements

which cannot be really accurate. But in the mathematical modelling, these uncertainities are mostly avoided

by the design and control of the experimental setup. A thin shell has the thickness very small when compared

with its diameter. Thick cylinders are cylindrical shells whose wall thickness is large when compared with

the diameter. Some examples of cylindrical shells are steam boilers, reservoirs, reactors, nuclear container

tanks. The stress analysis of thick and thin cylinderical containers has uncertainity with both the system and

the environment. In reality, the pressure cannot be defined exactly, it is based on the depth of the container,

motion of the container and expressing them as a constant value may not be an accurate prediction. So,

representing the internal and external pressure values as intuitionistic fuzzy number takes into consideration

of all the uncertainities and provides a better result for the stress analysis in thin, thick and built-up cylinders.

In this paper, the stress analysis of thin and thick cylindrical shells subjected to fluid pressure are studied.

Based on the geometrical parameters of the shell and the forces present in it, the stress induced in the walls

of the shells are found by using horizontal relative trapezoidal intuitionistic fuzzy number (HRTrIFN) as

pressure values.

The paper is organised as pre-requisites in section 2, necessity for the usage of intuitionistic fuzzy values

is given in section 3, the subsection 3.1 discusses the stressess in thin cylinders with a numerical example

and is compared with the crisp values, and the stress analysis of thick cylinders is studied in subsection 3.2.

The section 3.3 gives the inference and advantages of using intuitionistic fuzzy values. Conclusion is given

in section 4 with the advantages of the proposed method and the scope of further research.
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2 Pre-requisites

[3] A Trapezoidal intuitionistic fuzzy number(TrIFN) A is an intuitionistic fuzzy set inR with the membership

and non-membership fuctions as given below:

µA(x) =



x−a
b−a x ∈ [a, b]

1 x ∈ [b, c]

d−x
d−c x ∈ [c, d]

0 otherwise

νA(x) =



b−x
b−a′ x ∈ [a′, b]

0 x ∈ [b, c]

x−c
d′−c x ∈ [c, d′]

1 otherwise

where b ≤ c and (b− a) ≥ 0 which gives b ≥ a. (d− c) ≥ 0 which gives d ≥ c. Therefore, a ≤ b ≤ c ≤ d.

Also, (b− a) ≤ b − a′. Therefore, a′ ≤ a and similarly, d ≤ d′. Hence, a′ ≤ a ≤ b ≤ c ≤ d ≤ d′.

Thus ATrIFN = [a, b, c, d; a′, b, c, d′]. [5] Let the parametric form of an intuitionistic fuzzy number

A = ⟨[a, b, c, d; a′, b, c, d′]⟩ be X = ⟨[x, x], [x, x]⟩. For every r-cut of membership values and r′-cut of non-

membership values, let

x(r) = a+(b−a)r x(r) = d−(d−c)r x(r′) = a′+(b−a′)r′ x(r′) = d′−(d′−c)r′

where x(r) ≤ x(r) , x(r′) ≤ x(r′) and r, r′ ∈ [0, 1]. Then a horizontal relative trapezoidal intuitionistic fuzzy

number (HRTrIFN) H of A, is defined as

H = {⟨x, x(µ, αx), x(ν, βx)⟩ : x ∈ X,µ, ν, αx, βx ∈ [0, 1]}

where x(µ, αx) denotes the horizontal relative membership function of H given by x(µ, αx) = [a + (b −

a)µ] + [(d − a) − (d − c + b − a)µ]αx, µ, αx ∈ [0, 1], x ∈ X and x(ν, βx) denotes the horizontal relative

non-membership function of H given by x(ν, βx) = [a′+(b−a′)ν]+[(d′−a′)− (d′−c+b−a′)ν]βx, ν, βx ∈

[0, 1], x ∈ X and αx and βx are the relative distance measure of membership and non-membership functions

of H respectively. For example, consider the trapezoidal intuitionistic fuzzy number ⟨[3, 4, 5, 6; 2, 4, 5, 7]⟩.

The horizontal relative membership function x(µ, αx) = [3 + µ] + [3 − 2µ]αx and horizontal relative non-

membership function x(ν, βx) = [2 + 2ν] + [5− 4ν]βx are represented in Fig 1.

3 Stressess in cylindrical shells

Uncertainity in fluid pressure

The pressure at any point in a static fluid depends only on the depth at the point and the density of the fluid

3
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Figure 1: Horizontal membership and non-membership function

and the atmospheric pressure. Fluids located at deeper levels is subjected to more force than fluids near the

surface. The atmospheric pressure changes with the height of the container and the internal and external

temperature. When the fluid is in motion, the internal pressure changes with respect to the atmospheric

changes and surrounding conditions. Example: moving cylindrical trucks, oil containers. The internal fluid

pressure cannot be an accurate crisp prediction due to the atmospheric changes and also the external fluid

pressure due to the environmental conditions. So considering these factors, the internal and external fluid

pressure values are taken as a range of intuitionistic fuzzy values so the accurate prediction of stress along

the cylindrical shells is possible. The degree of possibility that the parameter takes the value, degree of

non-possibility that the parameter takes the value is predicted more accurately than the traditional method

with single crisp value. It reflects the lack of information in a more clear way. When the thin cylindrical

shells are subjected to internal pressure, two principal stresses called Hoop stress or circumferential stress,

a stress in the tangential direction and longitudinal stress or axial stress, a stress parallel to the axis of

cylindrical symmetry is developed in the material. Both the stresses are mutually perpendicular to each

other and tensile in nature when there is internal pressure. Both these stresses will be compressive when the

pressure is external.

3.1 Stresses in thin cylinders

Let the internal diameter of the cylindrical shell be ’d’ its length be ’L’ and the thickness of the wall be ’t’.

Consider an elementary portion ’ds’ of which subtending an angle ′dθ′ radian with the centre at an angle ′θ′

from XX axis. Circumferential width of an elementary portion ds = d
2 .dθ. Surface area of this elementary

portion = d
2 .dθ. Normal pressure on this surface area = P.L.d2 .dθ. Vertical component of this pressure

= P.L.d2 .dθ. Therefore, total vertical upward force on the upper half of the cylinder is V =
∫ 0

π
p.d.L

2 sinθdθ.

V = pdL. Similarly, total vertical downward force on the lower part of the cylinder is V = pdL. These forces
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tend to burst the cylinder into halves circumferentially along XX axis. Area of cross-section resisting this

bursting force is 2Lt. Therefore stress developed in this area = pd
2t and is called hoop stress or circumferential

stress denoted by σc. Similarly longitudinal stress is σl =
pd
4t . Any part of the cylinder is subjected to these

two mutually perpendicular stressses.

Numerical example 1

A built-up cylindrical shell of 2 metre diameter and 20mm thickness is subjected to an internal pressure of

2.4MPa. The efficiencies of circumferential and longitudinal joints are 70 percent and 80 percent respec-

tively. Determine the hoop and axial stresses developed in the material of the cylinder.

Crisp method

Internal pressure p = 2.4MPa = 2.4N/mm2, diameter of the cylinder d = 2m = 2000mm, thickness

of the metal t = 20mm, efficiency of circumferential joint= 0.7, efficiency of longitudinal joint= 0.8.

Circumferential stress or hoop stress σc = pd
2tηl

= 2.4×2000
2×20×0.8 = 150MPa. Longitudinal or axial stress

σl =
pd
4tηc

= 2.4×2000
4×20×0.7 = 85.71MPa.

Intuitionistic fuzzy values

Here we change the internal pressure value to intuitionistic fuzzy value as p = ⟨[2.1, 2.2, 2.4, 2.5; 2, 2.2, 2.4, 2.6]⟩N/mm2,

diameter of the cylinder d = 2m = 2000mm, thickness of the metal t = 20mm, efficiency of circumferential

joint= 0.7, efficiency of longitudinal joint= 0.8.

Circumferential stress or hoop stress σc =
pd
2tηl

= ⟨[150, 157, 171, 178; 142, 157, 171, 185]⟩MPa.

Longitudinal or axial stress σl =
pd
4tηc

= ⟨[65.62, 68.75, 75, 78.12; 62.5, 68.75, 75, 81.25]⟩MPa.

3.2 Stresses in thick cylinders

Consider an annular thick cylinder of radius x and radial thickness dx subjected to internal pressure P1

and external pressure P2. The internal radii and external radii are r1 and r2 respectively. On any small

element of this ring, px will be the radial stress and fx will be hoop stress. Bursting force in vertical direction

= −2l(pxdx+ xdpx) and resisting force = 2× dxx. Equating the two gives fx + px + xdpx

dx = 0. Considering

the assumption that their longitudinal strain is constant, σl

E − v fx
E + v px

E = constant. And the radial stress

of the thick cylindrical shell is given by px = b
x2 − a. Since fx = px + 2a, the hoop stress or circumferential

stress of the thick cylindrical shell is given by fx = b
x2 + a. These expressions for radial stress and hoop

stress are called Lames expressions.

Numerical example 2

The internal and external diameters of a thick hollow cylinder are 80mm and 120mm respectively. It is

subjected to an external pressure of 40N/mm2 and an internal pressure of 120N/mm2. Calculate the cir-

cumferential stress at the external and internal surfaces and determine the radial and circumferential stresses
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at the mean radius.

Crisp values

The Lame’s expression for radial stress is px = b
x2 − a . At x = 40, px = 120N/mm2 and at x = 60,

px = 40N/mm2. Substituting these values in (1), and solving for a, b gives a = 24 and b = 230400. Cir-

cumferential stress is given by fx = b
x2 + a. At x = 40, fx = 230400

402 + 24 = 168N/mm2. At x = 60,

fx = 230400
602 + 24 = 88N/mm2. At the mean radius, 40+60

2 = 50mm, the radial stress = 68.16N/mm2 and

circumferential stress = 116.16N/mm2.

Intuitionistic fuzzy values

The external and internal pressure are taken as intuitionistic fuzzy values as below.

External pressure = ⟨[38, 39, 40, 41; 37, 39, 40, 42]⟩ .

Internal pressure = ⟨[118, 119, 120, 121; 117, 119, 120, 122]⟩ .

Rewriting the Lame’s expression with intuitionistic fuzzy pressure values and applying horizontal functions

gives the horizontal relative trapezoidal linear system of equations,

b− 1600a=1888 + 16µ+ [48− 32µ]αx

b− 3600a=1368 + 36µ+ [108− 22µ]αx

solving these equations give a = 26− µ− (3− 0.5µ)αx and b = 230400 + 5100µαx.

Circumferential stress is given by fx = b
x2 + a. At x = 40, fx = 230400+5100µαx

402 + 26− µ− (3− 0.5µ)αx. At

x = 60, fx = 230400+5100µαx

602 + 26− µ− (3− 0.5µ)αx. At the mean radius, 40+60
2 = 50mm, the radial stress

= px = 230400+5100µαx

502 − 26− µ− (3− 0.5µ)αxN/mm2 and circumferential stress = 230400+ 5100µαx50
2 +

26−µ− (3−0.5µ)αxN/mm2. Giving values for α and µ, values of stress at different points in the cylindrical

shell can be found.

3.3 Inference

Since the internal and external pressure is subjected to various changes, the distribution of stress over the

volume of the cylindrical shells cannot be a certain single crisp value. So, the intuitionistic fuzzy valued

output which is distributed over an interval clearly reflects the uncertainity of the origin of stress, its distri-

bution and variation and the maximum value it can attain inside the specific cylindrical shell respective to its

shape, size and the environmental conditions which is not the case in the traditional method of calculating

stress with a single crisp output value. The maximum stress point which it can attain so that the structure

does not attain deformation can be predicted accurately. With the varying values of α and µ, the stress

at any point in the shell can be calculated with the same single expression resulting in a multi-dimensional

solution with easy computation and time efficiency.

6
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4 Conclusion

In this paper, the horizontal relative trapezoidal numbers are used in the stress analysis of cylindrical shells.

The main perspective of the paper is to apply these concepts in relatively simple numerical problems that

interprets the idea of uncertainity easily and more accurately. Further scope of these concepts when applied to

engineering problems reduces computational complexity and provides more insight on the lack of information

in real life models.
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