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Graduate and Research Institution, offering 26 UG, 12 PG, 13 M.Phil and 10 Ph.D Programmes, 
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PROPERTIES OF FUZZY BETA RARELY CONTINUOUS FUNCTIONS 

 
1Dr.M.Saraswathi, 2Dr. J. Jayasudha 

 
Abstract:In this paper we introduce the concepts of fuzzy rarely β-continuous functions, fuzzy rarely slightly β-

continuous functions and fuzzy rarely weakly β-continuous functions.  Some interesting properties are investigated 

besides giving some examples. 

Key Words:Fuzzy rare set, fuzzy rarely β-continuous, fuzzy rarely slightly β-continuous, fuzzy rarely weakly β-

continuous functions. 

 

1.Introduction 

 

 The study of fuzzy sets was introduced by Zadeh [8] in 1965.  The idea was welcomed because it addresses 

the uncertainity, something classical cantor set theory could not address.  Fuzzy set theory provides a natural way 

to deal with inaccuracy and a strict mathematical frame work for the study of uncertain phenomena and concepts.    

The concept of fuzzy topological space was introduced by C.L.Chang [4] in 1968.  Continuity is one of the most 

important and fundamental properties that have been widely used in Mathematical Analysis.  Jafari [6] introduced 

the notion of rare continuity as a generalisation of weak continuity.  The concept of β-open sets was introduced in 

[1] and studied also by Allam and El Hakeim [2].  In [3] this concept has been generalized to fuzzy setting.  

 The purpose of this paper is to introduce the concepts of  fuzzy rarely β-continuous functions, fuzzy rarely 

slightly β-continuity and fuzzy rarely weakly β-continuity.  Relationship between these continuous functions are 

investigated besides giving some examples. 

 

2. Preliminaries 

 

Definition 2.1.  A fuzzy topology on a set X is a collection δ of fuzzy set in X satisfying  

i) 0 δ and 1 δ 

ii) µ and ρ belong to δ then so does µ ρ δ 

iii) if µi δ for each i I then  δ 

δ is a fuzzy topology on X and the pair (X,δ) is called a fuzzy topological space.      Every member of δ is 

called fuzzy open set.  A fuzzy set is closed if and only if its complement is fuzzy open. 

 

Definition 2.2. Let λ be any set in fuzzy topological space (X,δ).  We define the closure of  λ and the interior of  λ 

as, 

cl λ = {µ/µ  λ, µ is fuzzy closed} 

Int λ = { σ / σ λ, σ is fuzzy open} 

 

Definition 2.3. A fuzzy set λ in fuzzy topological space (X,δ) is said to be fuzzy β-open if λ cl (int (cl(λ)) ).  The 

complement of a fuzzy β-open sets is said to be fuzzy β-closed.   

 

The fuzzy β-closure and fuzzy β-interior are defined as follows. 

 β-cl (λ) =  {ƞ:λ  ρ, ρ is β-closed} 

 β-int (λ)= {ƞ:λ  ρ, ρ is β-open} 
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Definition 2.4. A fuzzy set in X is called fuzzy singleton if and only if it takes the value 0 for all y  X except one, 

say, x X.  If its value at x is (0< 1), We denote this fuzzy singleton by xɛ,where the point x is called its 

support. 

 

Definition 2.5. A fuzzy set λ in a fuzzy topological space (X,δ) is said to be 

i) fuzzy β-open if  λ  cl (int (cl(λ)) ) 

ii) fuzzy pre-open if  λ int (cl(λ))  

iii) fuzzy semi-open if  λ cl (int(λ) )  

iv) fuzzy regular open if  λ=int (cl(λ))  

 

3. Main results 

 

Definition 3.1. A fuzzy set R is called fuzzy rare set if int(R)=  

 

Definition 3.2. A fuzzy set R is called fuzzy nowhere dense set if int(cl(R))=  

 

Definition 3.3. Let (X,G) and (Y,H) be two fuzzy topological spaces.  A function  f: (X,G) (Y,H) is called 

i) fuzzy β-continuous if for each fuzzy point x X and each open set V containing f(x) there exists a β-

open set U SPO(x) containing x such that f(U) V. 

ii) fuzzy slightly β-continuous if for each point x X and each clopen set V containing f(x) there exists a 

β-open set U of x containing x such that f(U) V. 

iii) fuzzy weakly β-continuous if for each fuzzy point x X and each open set V containing f(x) there 

exists U SPO(x) containing x such that f(U) cl(V). 

 

Definition 3.4. Let (X,G) and (Y,H) be two fuzzy topological spaces.  A function f: (X,G) (Y,H) is called 

i) fuzzy rarely β-continuous if for each fuzzy point x X and each fuzzy open set V in (Y,H) containing 

f(x) there exists a fuzzy rare set W with V Int(cl(W))=   a fuzzy β-open set U in (X,T) such that 

f(U) V W. 

ii) fuzzy rarely slightly β-continuous if each fuzzy point x X and each clopen set V containing f(x) there 

exists a fuzzy rare β-open set W with V cl(int(W))=  containing x such that f(U) V. 

iii) fuzzy rarely weakly β-continuous if for each fuzzy point x X and each open set V containing f(x) 

there exists a fuzzy rare set W with V cl(int(W))=  such that f(U) V. 

 

Example 3.1. Let X={a,b,c}. Define the fuzzy sets A,B and C as follows: 

 A={x,( , ,  )}, B={x, ( , ,  ) } and C={x, ( , ,  ) }  

Then T={ , Ix ,A} and S={ , Ix,B} are fuzzy topologies on X.   

 Define f: (X,T) (X,S) as a identity function.  Then f is a rarely β-continuous function. 

 

Proposition 3.1. Let (X,G) and (Y,H) be any two fuzzy topological spaces.  For a function f: (X,G) (Y,H) the 

following statements are equivalent: 

i) The function f is fuzzy rarely β-continuous at xi in (X,G). 

ii) For each fuzzy point xi X, f is fuzzy rarely slightly β-continuous. 

iii) For each open set V containing f(x) and for each fuzzy rare set W, f is fuzzy rarely weakly β-

continuous. 
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Proof: (i) (ii) Let K be the fuzzy open set in (Y,H) containing f(xi) X cl (int(K)), then there exists a fuzzy rare 

set L with cl(Int(K)) cl(R)=  and a fuzzy β-clopen set U in (X,G) containing xi such that f(U) cl(int(K))  L.  

We have cl(f(U) K)=cl(f(U)) cl(int(G))=  

 (ii) (iii) Let K be a fuzzy open set in (Y,H) containing f(xi). Then there exists a fuzzy -open set L 

containing xi such that cl(f(K) int(K).  We have let U be a fuzzy -clopen set in (X,G) containing f(xi) and for each 

fuzzy rare set W such that cl(K) W= . Then cl(int(K) W=  and f(U)  K then f is weakly β-continuous. 

 (iii) (i) Assume that K be a fuzzy open set in (Y,H) containing f(xi).  Then there exists a fuzzy rare set 

W with Int(K) W=  such that xi cl(f -1(int(K)) W).  Let V=cl(f -1(int(K)) W.  Hence K is a fuzzy -open set in 

(Y,H).  Therefore f(K)  cl(int(cl(K))) W.  Hence we have cl(f(K) W)= f(K) V W and f is fuzzy rarely 

β-continuous. 

 

Proposition 3.2. Let (X,G) and (Y,H) be any two fuzzy topological spaces.  Then the function f:(X,G) (Y,H) is 

fuzzy rarely β-continuous if and only if f -1(K) intβ(f -1(K L)) where K is fuzzy open set and L is a fuzzy rare set. 

 

Proof: Suppose that K be a fuzzy rarely β open set in (Y,H) containing f(xi).  Then K int(cl(L))=  and V be a 

fuzzy β open set in (Y,H) containing xi such that f(V) K L.  Hence xi V f -1(K L)  f -1(K) intβ f -1(K L). 

 

Definition 3.5. Let (X,G) and (Y,H) be fuzzy topological spaces and f:X  Y be a map. Then the map f is said to 

be fuzzy stronglyβ*-continuous if for each fuzzy semi open set  in Y, f -1( ) is fuzzy β-open set in X. 

 

Example 3.2. Let X={a,b},Y={c,d}.  Let  and  be fuzzy sets in X and Y defined by 

(a)=0.1, (b)=0.2, (c)=0.4 and (d)=0.5.  Let δ1={0, ,1} and δ2={0, ,1} be the fuzzy topologies on sets X 

and Y respectively.  The map f:X  Y defined as f(ai)=bi, i=1,2 is fuzzy strongly β-continuous. 

 

Proposition 3.3. Let (X,G) and (Y,H) be fuzzy topological spaces and f:X  Y be a map.  Then f is fuzzy strongly 

β*-continuous iff for each fuzzy set λ in X, s(int(f(λ)) f(β-int(λ)) 

 

Proof: Let f:(X,G)  (Y,H) be a bijective map.  Suppose f is fuzzy strongly β*-continuous.  If λ is a fuzzy set in X 

then f(λ) is a fuzzy set in Y.  Since f is fuzzy strongly β*-continuous, we have f -1(s-cl(f(λ)) β-cl(f -1(f(λ))).  Since f 

is bijective        β-cl(f -1(f(λ)))=β-cl(λ).  Since f is onto, we have s-cl(f(λ)) f(β-cl(λ). 

 Conversely, let µ be a fuzzy semi-open set in Y.  Then s-cl(µ)=µ.  Also f -1(µ) is a fuzzy set in X.  

Further since f is one-one, -cl(f -1(µ)) f -1(µ).  Thus f -1(µ) is a fuzzy β-open set in X and the map is fuzzy 

strongly β*-continuous. 
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