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Vague Soft Fundamental Groups

M. Pavithra!, Saeid Jafari?, V. Inthumathi?

Abstract - In this paper, we initiate the study of vague soft path and vague soft path connected spaces in vague soft

topological spaces. Also, we investigate the concepts of vague soft-path homotopy and vague soft fundamental groups.

Keywords Vague soft product spaces, Vague soft-path homotopy, Vague soft-fundamental groups.
2010 Subject classification: 03B52, 5/A40, 03E72.

1 Introduction

Soft set theory, proposed by Molodtsov [17] has been regarded as an effective Mathematical tool to deal
with uncertainty. Many researchers have contributed towards the soft set theory and its applications in
various fields [2, 4, 11, 12, 15, 16, 23, 25, 29]. The theory of vague sets was first proposed by Gau et al. [9].
A vague set V is defined by a truth-membership function ¢, and a false-membership function fy, where
ty(z) is a lower bound on the grade of membership of = derived from the evidence for x, and fi/(z) is a
lower bound on the negation of x derived from the evidence against x. These true membership function
and false membership function noted as ty(z) and fy(x) are associated as a real number in [0, 1] with
each point in a basic set X, which satisfies the condition 0 < ¢y (z) + fv(z) < 1. The vague group was first
introduced by Demirci [7] in 1999. Since then the theory of vague algebraic notions has been established
by [1, 3, 8, 10, 14, 20, 24].

In 2010, Xu et al. [27] combined the notions of vague sets and soft sets and introduced the notion
of vague soft sets and presented its basic properties. The concept of vague soft topology was initiated
by C. Wang et al. [6] which is defined over the initial universal set with a fixed set of parameter. They
studied the notions vague soft interior, vague soft closure, vague soft boundary, vague soft connectedness
and compacetness. The vague soft set theory also have been applied to several algebraic structures like
vague soft hemirings [28], vague soft groups [26], vague soft hypergroups, vague soft hyperrings and vague
soft hyperideals [21, 22] Anti vague soft R-subgroup of near ring [19]. Recently, works on the vague soft
set theory are progressing rapidly. In this work, we study the algebraic structure of vague soft sets by
defining the concept of vague soft-path, vague soft-path homotopy and vague soft fundamental groups.

2 Preliminaries

Definition 2.1. [17] Let X be an initial universe set, P(X) the set of all subsets of X, E a set of
parameters, and A C E. A pair (F, A) is called a soft set over X, where F is a mapping given by F: A —
P(X).
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Definition 2.2. [9] A wvague set A = {(x;, [ta(zi),1 — fa(z)])|z; € X} in the universe
X = {x1,x9,...,2,} is characterized by a truth-membership function t4 : X — [0,1], and a false-
membership function fa : X — [0,1], where ta(x;) is a lower bound on the grade of membership of x;
derived from the evidence of x;, fa(x;) is the lower bound on the negation of x; derived from the evidence
against x; and 0 < ta(x;) + fa(x;) <1 for any x; € X. The grade of membership of z; in the vague set is
bounded to a subinterval [t4(z;), 1 — fa(x;)] of [0,1]. The vague value [ts(x;), 1 — fa(x;)] indicates that the
exact grade of membership pa(xz;) of x; may be unknown, but it is bounded by ta(x;) < pa(z;) < 1— fa(z;),
where 0 < ta(x;) + fa(x;) < 1.

Notations: Let I]0, 1] denotes the family of all closed subintervals of [0,1]. If Iy = [ay,b] and I, =
[as, bo] be two elements of 1[0, 1], we call Iy > I if a; > as and by > by. Similarly we understand the
relations I; < I, and I; = I5. Clearly the relation I; > I, does not necessarily imply that I; O I, and
conversely. Also for any two unequal intervals I; and I, there is no necessity that either Iy > [, and
I, < I, will be true.

Definition 2.3. [27] Let X be an initial universe set, V(X)) the set of all vague sets on X, E be a set of
parameters, and A C E. A pair (F, A) is called a vague soft set over X, where F is a mapping given by
F:A— V(X). The set of all vague soft sets on X is denoted by VS(X, E), called vague soft classes. The
interval [tpe)(x), 1 — fre(x)] of (F,A) is called the vague soft value of x € X for the parameter e € A
and is denoted by Ve ().

Definition 2.4. [27] A vague soft set (F, A) over X is said to be a null vague soft set denoted by @, if
Ve € A, tp(e)(l‘) =0,1- fF(e)(ZB) =0,z e X.

That is, Vi (z) = [0,0], Ve € A,z € X.

Definition 2.5. [27] A vague soft set (F, A) over X is said to be an absolute vague soft set denoted by X,
ifVe€ A, tpey(z) =1, 1= fre(r) =1,z € X.

That is, Viey(z) = [1,1], Ve € A,z € X.

Definition 2.6. [27] The complement of a vague soft set (F, A) is denoted by (F,A)° and is defined by
(F,A)= (F¢, A) and is given by tpeey(x) = frey)(®), 1 = free)(x) =1 —=tpe)(x) , forallec A, x € X.
That is, Vieey(x) = [fre)(x), 1 —tpe(x)], Ve € A,z € X.

Definition 2.7. [6] Let X be an initial universe set, E be the nonempty fixed set of parameters and
T be the collection of vague soft sets over X, then 7 is said to be a vague soft topology on X if

1. @E,XE belongs to T.
2. the union of any number of vague soft sets in T belongs to 7.
3. the intersection of any two vague soft sets in T belongs to 7.
The triplet (X, 1, E) is called a vague soft topological space over X.
Theorem 2.8. [5] Let (X, 1, E) and (Y, 0, K) be two vague soft topological spaces. The vague soft function

gpu: VS(X, E) = VS(Y, K) is called vague soft continuous, if and only if for all (G, K) € o, 9u (G, K) €

T.
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Definition 2.9. [15] Let X be an initial universal set, E be the nonempty set of parameters and v € X a
fized element in X. A vague soft set (F,E) € VS(X, E) is called x-vague soft point, if for the element
e€eF,
) [a,1— 0], if €=e¢ and 2 =u,

Vreen(@) = 0, 0], Otherwise.
foralla’ € X and e’ € E, where a € [0,1] and B € [0,1) are two fized real numbers such that 0 < a+p <1
with (o, 1 — B] # [0,0]. And it is denoted by x,ja1-g (shortly, x.). The family of all x-vague soft points
over (X, E) is denoted by VSP,(X, E).

Definition 2.10. [13] Let Y C X. The vague characteristic set of Y on X is a vague set Xy =
{(@. [ty (@),1 — fiy @) | @ € X} over X, where

1, fr ey, 1, fr ey,
tyy (2) = { ta o and1— f,(z) = { fa forall z € X.

0, otherwise, 0, otherwise.

Definition 2.11. [158] Let X be an initial universe set, E be the set of parameters and let Y C X. The
vague soft characteristic set of Y over E is a vague soft set (Fy, E) which is defined by Fy : E — V(X)
such that Fy(e) = Xy for all e € E. Thus, for all x € X,

1,1, ifzey

Viy () (x) = { 0.0, otherwise, foralle € E. And it is denoted by (x,, E).

Notations: Throughout this paper, we use the notation VSPI1 zoms. (X, E) is the collection of all
z;-vague soft points VSP, (X, E), z; € X. Clearly, VSPx(X,E) = |J VSP,(X,E).

zeX

Definition 2.12. [18] Euclidean space R is the set of all real numbers together with the topology by the
FEuclidean metric, d(x,y) = |z —y|, for all z,y € R.

3 Vague Soft Fundamental Groups

Definition 3.1. Let (G, FE) € VS(X,E),(H,E") € VS(X', E").
(H,E') is a vague soft set (M,E x E') = (G, E) x (H,E") i VS‘(X x X', E x E") which is defined by the
mapping M : Ex E' — V(X x X'), where M(e,e') = G(e) x H(€') such that

M(e,e’) _ {[ min(ta(e) (€) e (@), mar(l—fa(e) (@)1~ Fr(ery (@) ]7 V( x ) € X x X’} for all

(z,2")

The vague soft product of (G, E) and

(e,e) e EXE'.

Example 3.2. Let X = {x1, 25} , E = {ey,es}.
<e [0,0.9] [0.3,0.6]>
1, ) )

<eb [0.2,0.5]7 [0.4,0.5] > |

1 x2 T T2
I F’E = ) GvE = t t ts, th
f( ) [02’07] [17 1] ( ) [02’ 1] [02708] are two vague SOf Sets en
€ e
2 T ) To 2 1 5 7

their vague soft product is given by
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<(e o, 1009 0,09 (02,06 [0.3,0.6]>
P @ m) (2, w2) (w2, 71) (w2, w2)

< ey, 01 [0.09] 021 [0.2,0.8]>
P @y, 1) (wn,20) (22, 21) ) (2, 22)

<(e ), 102,07 02,07 (02,1 [0.4,1]>
2 (wr,21) ) (21,22) (2, 21) (22, 22)

(F,FE) x (G,E) =

<(e e2) (0.2,1] [0.2,0.8] [0.2,1] [0.2,1] >
\ 2,€2), (5517551), (1’1,1’2) ’ (2U2,x1), (552,562)

Definition 3.3. Let (X, 7, E), (X',0,E") be two vague soft topological spaces. The vague soft topology
on X x X' having the base of the form F = {(F,E) x (G,E') : (F,E) € 7, (G,E') € o} is said to
be the vague soft product topology (denoted by T x o) of the vague soft topologies T and o. The triplet
(X x X', 7 x 0, E X E') is said to be the vague soft product topological space of the vague soft topological
spaces (X, 1, E) and (X', 0, E').

Proposition 3.4. Let (X, 7, E) and (Y, 0, K) be any two vague soft topological spaces. Let U and V' be
the subsets of X. Let Xp = (x,,, E) U (X, E), where (x, E), (x,,E) € 7. If [ - (U, 7y, E) — (Y, 0, K),
h: (V,rv,E) = (Y,0,K) are any two vague soft continuous functions such that f(F,E) = h(F,E),
V(F.E)C(x,,E)N(x,,E), then g: (X, 7, E) = (Y,0,K) is defined by

1(G. ), i (G,E) € (x,. E)

1S a vague soft continuous function.

9(G,E) =

Proof. Let (M, K) € (Y,0,K). Now
gil(Mv K) = gil(Mv K) ﬁXVE
— g {(M, K) N ((x,, B) U (x,,, E))
=g (M. E)N(x,, E)] U [ (M,K)N(x,.E)]
=fYM,K)Uh ' (M,K) €.
Hence, g is vague soft continuous. O

Definition 3.5. Let (X,T) be a topological space and @ be the set of all parameters over X. Let U be
the subset of X and (XU’ Q) be the vague soft characteristic function of U. Then the vague soft topology
introduced by T is V(T')q = {(x,,, Q) : U € T} and the pair (X, V(T)q) is said to be a vague soft topological
space introduced by (X, T).

Example 3.6. Let (X,T) be a topological space where X = {a,b,c} and T = {0,{a},{b,c}, X}. Let
E ={ey,ex} be the parameters over X.
Then V(T)p = {(X@’ E), (X{a}’ E), (X{b o E), (XX, E)} forms a vague soft topology where

<€1 [1,1] [0,0] [0,0]>

A k) a k) b ) c bl a

(XWE) =g, (X{a},E) - < [1,1] [0,0] [0,0]> ’ (X{b,c}’E> - < [0,0] [1,1] [171}>
€2, €2, a ) b ) c

a b ¢
Hence (X, V(T)g) is a vague soft topological space introduced by (X, T).

Notation: Let I be the unit interval and ) be the set all parameters over I. Let & be an Euclidean
topology on I. Then (I,V(£)g) is a vague soft topological space introduced by the Euclidean space (I, ).
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Definition 3.7. Let (X, 7, E) be a vague soft topological space and (1,V(€)g) be a vague soft topological
space introduced by the Euclidean space (1,) and
Teladpl, Lo 1o € VSPuw(X,E). A vague soft-path w in (X,7,E) from .01 g to Ty 1) 1S @
vague soft continuous function w: (I,V(§)q) = (X, 7, E) such that w(0) = Ze a5 and w(l) =z, | | 5.
Then the x-vague soft points T [qa,1-5 and x’e,’[%l_a] are called the initial and terminal points of w.

Definition 3.8. Let w be the vague soft-path in (X,7,E) from x¢ja1-5 to x’e/7[%1_5}, where Te(q,1-5 €
VSP.(X,E), x,e’,['y,l—d} € VSP, (X, E). The inverse of w is the vague soft-path in (X, 7, E) from x’e,,[ml_é]
to Teja1-pg defined by w(t) = w(l —t) for allt € I.

Definition 3.9. Let (X, 7, E) be a vague soft topological space and e o, 1-3,], $’€,7[a2,17ﬁ2} € VS’P:C,,:, (X, E).
A wvague soft topological space (X, 7, E) is said to be a vague soft path connected space if there exists
a vague soft-path in (X, 7, E) for every pair Te,ja;1-p:], Ty 0y 1-py) € VS Prw (X, E).

Proposition 3.10. Let (X, 7, E) be a vague soft topological space and x¢ [q, 14,1, x/e’,[a271—62] € Vgpxwr(X, E).
If  there is a wague  soft-path in  (X,7,E) with initial and  terminal  points
Te,ja1,1-B1)> :1:’6,’[%1_62} respectively, then there exist a vague soft-path in (X, T, E') with initial and terminal
points x’e,7[a271_521, Tear,1-p,) Tespectively.

Proof. Let (I,V(()r) be a vague soft topological spaces introduced by the Euclidean space (/,() and
et Jar,1-P1)s Lot [an1—pa) € VI Pow (X, E). Let w be a vague soft-path in (X, 7, E) from @e o, 1-4,) 10 T} 4, 13,
Then w : (I, V({)r) — (X, 7, E) is a vague soft continuous function with w(0) = z.[a,1-5 and w(l) =
Ty 1y1_g- Define o : (I, V(()r) = (X, 7, E) by o(t) = w(1 — t) for every t € I. Therefore o is a vague soft
continuous function with ¢(0) = w(1) =7, |, 5 and o(1) = w(0) = ¢ [a,1-p). Therefore, o is a vague soft
-path in (X, 7, E') with initial and terminal points x’e,y[%l_ﬁ?], Te [ay,1-p,) Tespectively. H

Theorem 3.11. The vague soft continuous image of a vague soft path connected space is vague soft path
connected.

Proof. Let g,,: (X, 7, E) — (Y, 0, K) be a vague soft continuous function from a vague soft path connected
space (X, 7, E) to vague soft topological space (Y, 0, K). Let Yy a,1-4]; y;,’[%ké] be any two (y, y')-vague soft
points in g, (X, 7, ). Then there exist zc (a,1-g], T}, 14 € VSP, (X, E) such that u(z) =y, u(z') =/
ple) = k, p(e/) = K. Since (X, 7, F) is a vague soft path connected space, there exist a vague soft-
path w in (X, 7, F) from z.[41-5 to ., by 16" Thus, there exist a vague soft continuous function w :
(1,V(§)q) = (X, 7, E) such that w(0) = ¢ fa,1-5 and w(l) =z, . ;. clearly, the vague soft mapping
Gruow: (I,V(§)g) = (Y,0, K) is vague soft continuous with (gyu © w)(0) = gpu(w(0)) = gpu(Te[a1-5]) =
Yk jai—g) and (gpu o w)(1) = gpu(w(l)) = gpu(zf/e',h,l—é]) = 3/2',[%1—5}- Hence, g, (X, 7, E) is a vague soft path
connected space. O

Definition 3.12. Let (X, 1, E) be a vague soft topological space and (1,V(€)q) be a vague soft topological
space introduced by the Euclidean space (1,€). Let
Tefar,1-B1)s Lot fan1-Bal Lo s 1] € VISP, o (X, E) and wy & wy be any two vague soft-path in (X, 1, E)
from xe [, 1-p,) to $éf,[a2,1752} & from x’e,v[%lfﬂz] to xle/”,[ag,kgg] respectively. The product of wy and wy is
the vague soft-path wy x wy in (X, 7, E) from x¢[q,1-p, to x/e/”,[a371—,33] which is defined by
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w1 ((2)g,[,1-1]), if

WQ((% - 1)!17[/!,1—1/])7 if

IN
~
IN

(w1 * wa)(tg,(u1-v)) =

N = D
IN
~
IN

for each typ,1-0 € (I,V(§)g).

Definition 3.13. Let (X, 7, E) be a VSTS. Let (I,V(C)g) and (I,V(€)q) be any two vague soft topological
spaces introduced by the Euclidean spaces (I,() and (I,&) respectively. Two vague soft-paths wy € wo in
(X, 7, E) from x¢[a, 1-p, tO 1:;,7[%1762} are said to be a vague soft-path homotopic if there exists a vague
soft continuous function
H:(I,V(Qr) x (I,V(€)g) — (X, 7, E) such that
H(tryi1-6,0) = wiltryi-s) and  H(tr -5, 1) = waltry,1-4])
for each t, 15 € VSP,(I,R) in (I,V(¢)g) wheret € I.
H((]’Nt;,[p,l—u]) = Zefar1-p)  ond 7“(1=t;,[u,1—y]) = I/e/,[o&,l—@]
for each t,  , € VSPu(1,Q) in (I,V(€)g) wheret € 1.
Moreover, the function H s said to be a vague soft-path homotopy between w; and wy, denoted as
Wy = wsy.

Definition 3.14. Let (X, 7, E) be a vague soft topological space and (I,V(§)q) be a vague soft topological
space introduced by the Euclidean space (I,§). Let Teja1-p) € VSP.(X,E). Letw: (I,V(€)g) — (X, 7, E)
be a vague soft-path. If the initial point of w equals its terminal point, that is, w(0) = w(1) = Z¢[a,1-4];
then the vague soft-path w is called as vague soft-loop based at the vague soft base point x¢jo1-g. The
collection of all vague soft-loops based at x¢(q1-p5 i (X, 7, E) is denoted by Q( (X, 7, E), Teai-g )-

Proposition 3.15.  Let (X,7,E) be a vague soft topological space and
Te,ja,1-f] € VSP.(X,E). Then the relation = is an  equivalence relation  on

Q( (X7 T7 E)7 Iev[avl_ﬁ] )
Proof. The proof is obvious. m

Definition 3.16. Let (X, 7,E) be a vague soft topological space and e[, 1-p,] € VSPQE(X, E). Ifw €
QO (X, 7, E), xcai-p ), then [w] denotes the vague soft-path homotopy equivalence classes of vague soft
loops based at e ja,1-pg that contains w and II( (X, 7, E), xc1-5 ) denotes the set of all vague soft-path
homotopy equivalence classes on Q( (X, 7, E), %¢[a,1-5 ). Define an operation o onII( (X, 7, E), Z¢[a,1-5] )
by [wi] o [we] = [w * wa.

Proposition 3.17. Let (X, 71, F) be a vague soft topological — space and
Tefa1-g) € VIP,(X, E). Let wy, wa, M, Ao € Q (X, 7,E), Zeja1-5 ) be vague soft-loops in (X, 7, E). If
w1 Zwy and A = Ao, then wy *x A\ = wy * Ag.

Proof. Let (I,V(¢)r) and (I,V(§)g) be any two vague soft topological spaces introduced by the Euclidean
space (I,() and (I, &) respectively. Since wy = wy and A; = \g, there exist vague soft continuous functions
H, K:(I,V({)r) x (I,V(€)g) — (X, T, E) such that
H(trpy1-6),0) = wi(tyy1-6), H(tr -6, 1) = waltyy1-6))
K(try,1-6,0) = Mt y1-5) and Kt y,1-6,1) = Aa(try1-4))
for each t,.1,1_5 € VSP(I, R) in (I,V()g),
H(0, t;,[w—y}) = H(1, t;,[w—y}) = K(0, t;,[u;—y]) = K(1, f;,[u,l—uﬂ = Te,a,1-5]

for each ¢/ | € VSPy(1,Q) in (I,V(§)q) and T 014 € VSP(X, E).

q7[/'1’71_’/
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Let G: (I,V V()g) — (X, T, E) be such that

1
Jry1- 5]7q[u1 v): if 0<¢t<- and 0<t <1,
2
G(tr -3 Uy i —u] for all

D) iy1—s0 by i —))s <t<1 and 0<t' <1,

if =
- 2
bry,1-5) € VSP(I,R) in I,V(C R)y Uy iy € VSPy(1,Q) in (1, V(£)q). Thus G is vague soft continuous
function.
1
H((2t)1“,[’y,176]a 0)7 if 0 S t S 57
AISO7 g<tr,['y,175]7 0) = 1
K((2t — 1)7«,[%1_5], 0), if B <t<l1,
. 1
wl((Qt)r’[%lfg]), if 0<t< 5,
- 1
M((2t = 1) a-4),s if 5 <<,

g(tn[%l,g], 0) = (wl * )\1)(157«,[%1,5]) for all bry,1-6] € VS’Pt([, R) in ([,V(C)R),

1
H((20)r[y,1-5), 1), if 0<t< 3
Similarly, G(tr e, 1) = :
K((2t = Dy jp1-a),1), if 5 <t<l,
1
wa((26)r.[7,1-0]); if 0<t< 3
A2((2t = 1)1 y1-9), if 5<t<l,

g(tr,[%l_ﬂ, 1) = ((,UQ * )\2)(257,7[%1_5]) for all tr,[%l—(S] € VSPt(I, R) in (I;V<<)R) and

G0, 1 1) = H(O Gy 1) = Tefonply (L 1) = KOLT (100) = Te o)

for each t; |, ) € VSP(I,Q) in (I,V(€)g) and . j01-5 € VSP.(X, E).

Hence, w1 * \1 = wq x \o. ]

Proposition 3.18. Let (X,7,E) be a wague soft  topological  space. Let
[wi], [wo] € I( (X, 7, E), Tefai—pg ) where xejni-p € VSP(X,E) be a x-vague soft point. Then
[wi] o [wo] €II( (X, 7,E), Zejai-5 )

Proof. Assume that, [wi], [wo] € TI( (X,7,E), Tcjai-pg ) where z.a1-5 € VSP(X,E).
We know that, [wi] o [wa] = [wy * wy).

Now by the Definition 3.12, the product w; * wy is also a vague soft-loop based at x, .,1—g. Clearly,
[wl] e} [(,UQ] = [w1 * (,LJQ] € H( (X, T, E), xe,[a,l—ﬂ] ) ]

Proposition 3.19. Let (X,7,E) be a wague soft  topological  space. Let
[wi], [wol, [ws] € H( (X, 7,E), Tejai-g ) where Teni1-5 € VSPy (X, E) be a x-vague soft point. Then
([wi]o [wa] )o [ws] = [wi]o ([wa]o [ws]).

Proof. 1t is sufficient to prove that ((wy * wy )* w3 = wy* (wo* ws ). Now for all ¢, 1,14 € VSP,(I,R)

n (1, V(¢)r),
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4 ) 1
( W1 * Wo )((215)7:7[%1,5]), lf 0 S t S 5,
((wi* wy)* w3) (tyy1-0) = 1
wg((Qt - 1)7~7[%1_5}), if 5 S t S 1.
/ ) 1
wl(<4t)7',[’y,175}>a if 0 S t S Z?
1 1
((wi* w2 )* ws) (brpi-g) = w2((4t — 1rya-0)), if 1 <t< >
1
W3(<2t — 1)7«,[%1_5]), if 5 <t< 1.
( . 1
wi((2t)rfy,1-4))5 if 0<t< >
L1 3
and  (wi* (w2 * ws) ) (brpa-e) = wol(4t — 2)rp1-0), if g<t<o,
3
ws((4t — 3)7«7[%1,5}), if 1 <t <1
\
Now define G : (I,V(Q)r) x (I,V(§)g) — (X, 7, E) by
( 4t , 1+t
w1<<m)r,[%1_5]), if 0 S t/ S 1 and 0 S t S 4 3
, 1+t 24t
G(tr il ty 1)) = wo((4t —1—=1),y1g), if 0<t <1 and <t< ,
4t -2 —t 2+t
W3((<2—t,>)r,[%15]), if 0<t <1 and + <t<1.
\ _

for all t,.(,1 5 € VSP(I,R) in (I,V()r), iy € VSPu(I,Q) in (I,V(€)g). Hence G is a vague
soft continuous function, by Proposition 3.4.

Also, G(t,py,1- 5],0) = ((wrx wy)* wy)(trpyi-e) and Gt y1-5,1) = (w1 * (w2 * ws) )(try,1-0)) for
all t,1y1-4] € VSP,(I,R) in (I,V(¢)g) and G(0, o) = 98 1) = Tefa-p) foreach t) | | €

VSP/(I,Q) in (I,V(€)o) and e a1 f] € VSP,(X,E).
Hence ( [wi] o [wa] ) o [ws] = [wi]o ([wo]o [ws] ). u

Proposition 3.20. Let (X, 7, E) be a vague soft topological space and (I,V(( )R) be a vague soft topological

space introduced by the Buclidean space (I,¢). Also let o : (I,V(¢)r) — (X, 7, E) be the vague soft-loop
defined by o(ty,1y1-6)) = Te,ja,1-4] for each t, 15 € VSP/(I,R) in (I,V(C )R) cmd Tefai-g) € VSP(X, E).
Then — [w] o o] = [0 o [w] w]  for  each

[ ] - H( (X,T, E),:L‘ev[%l_g]).

Proof. Let w : (I,V(§)g) — (X, 7,E) be a vague soft-loop such that w(0) = w(l) = z[a1-5 where
Tefa1-8] € VSPJC(X, E) is a z-vague soft point.
Define G : (I, V(¢)r) x ({,wS(§)g) = (X, 7, E) by

2t 1+t
- 0/ <1 amd 0<E<

T’[’Y’l_a]7 Q7[H‘11_V} o 1 + t/
o((2t — 1)“[%1_5}) = Te,[a,1-B]5 if 0<t <1 and <t<1.
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for all t,p,1 5 € VSP(I,R) in (I, V(Q)g), t | € VSP/(1,Q) in (I,V(¢)q). Hence

) q (,1-v ]
w((Qt)r,['y,lftﬂ)a it 0 S S 5
g (tr,['y,lf(ﬂv 0) = 1
Q<<2t - 1)7‘,[%1—6]) = Ze,[a,1-8]» if 5 <t<1
ThUS, G (trpa-s,0) = (w * 0)(tr,1-9) G (trpa-g.1) = wltrpi-g), for all

try1-0) € VSP,(I,R)in (I,V(Q)r), G (0, i) =w(0) =2cnigand G (1,8 |, ) = 0(1) = Ze[a,1-)

for each ¢, , ,; € VSPy(I,Q) in (I,V(€)g) and @c(a,1-g € VSP,(X, E). By Proposition 3.4, G is vague
soft-continuous function and w * ¢ = w. Thus [w] o [0] = [w].
Similarly the proof of [g] o [w] = |[w] can be obtained by defining the vague soft-path homotopy
H:(I[,V(Qr) x (I,V(§)g) — (X,1,E) by
1t
Q((Qt)h[%l,g]) = Ze,ja,1-8]> if 0<t <1 and 0<t< ,
H (tﬁ[%l*é]? t;,[u,lfu]) = 2+t —1 1—-t ’
W((W%a’[%l,g]), if 0 S t/ S 1 and S t S 1.

for all ¢,,1_5 € VSP,(I,R) in (I, V(Q)r), t ot € VSP(I,Q) in (I,V(£)g).

o((20)r1y1-0) = Tefa,1-); if 0=t %
Hence H (tr[y,1-4),0) = 1

w((2t — 1)T,[%1_5]), if 5 <t<1.
Thus, H (t, Ty, 1-6]5 0) = (o )( Jy,1— 5}) H (t, Tyl 5],1) = w(t, [%1_5]) for all br[y,1-4] € VSP(I,R) in
(L, V(QOr), H (0,8, ,1-,) = 0(0) = zejai—g and H (1,1, ;) = w(l) = Tc[a1-p for each & , , €
VSP.(I,Q) in (I, V( )o) and T (015 € VSP.(X,E). By Proposition 3.4, H is vague soft-continuous
function and g *w = w. Thus [p] o [w] = [w]. Hence [w]o[g] = [g]o[w] = [w]. O

Proposition 3.21. Let (X,7,E) be a wague soft  topological — space  and let
w] € II( (X, 7,E), ®cfai-p ) where Tefni1-p € VSP(X, E). Then [@] € II( (X,7,E), Zcja1-g)-

Proof. Assume that, (X, 7, F) is a vague soft topological space and [w] € II( (X, 7, E), %¢q,1-5 ) Where
Tefa,1-8] € VS’Pz(X, E). Then w € Q( (X, 7,E), ®c[a1-5 ) is vague soft-loop based at @ [4,1-5. Clearly,
the inverse w is also a vague soft-loop based at z 4,15 in (X, 7, E). Therefore, w € Q( (X, 7, E), %¢[a,1-5] )
and hence [w] € II( (X, 7, E), 2¢ja1-5)-

[

Proposition 3.22. Let (X, 7, E) be a vague soft topological space and (o, 1-p, € VSPy(X, E). Let [w] €
H((X,7,E), @eja1-5 ). Then there exists 0] € II( (X, 7, E), Zejay,1-p] ) such that [w]o[w] = [o] = [w]o
[w].
Proof. The existence of [w] follows from the above Proposition 3.21.

Now consider o : (I,V(()r) — (X,7,E) be the vague soft-loop defined by
o(tyy1-6]) = Teja,1—pg) for each &, 15 € VSP,(I,R) in (I, V(()r)-
Next, to prove [w] o [w] = [o] = [@]o [w], it is sufficient to prove that w*w = 0= w*w.

Let H: (I,V(Q)r) x (I,V(€)g) = (X, 7, E) be defined by
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( t
Tejo1-4]; if 0<t <1 and 0<t< 5
/ . , t/ 1
w((2t =) y,1-4))5 if 0<t'<1 and = <t<—,
H(t t ) = 2 2
[y, 1=0]s Y [, 1-v) 1 t’
@<<2t—1—t/>r,[%1_5]>, if 0<t <1 and 3 <t< 1—5,
t/
. /
[ Tefa1-8)) if 0<t'<1 and 1—§§t§1,
for all (19 € VSP(I, R) in (I, V(Q)R), t,,1_,y € VSPs(I,Q) in (I,V(¢)g). Thus
1
W(2t)7«7[%1_5}, lf 0 S t S 5,
H (tn[’y,l—&]: 0) - 1
(D(Qt — 1)T’[%1_5], if 5 <t<I1.

:>~ H (t,n,[%l_(s],[)) = (w* CD)(tr,[%l—(S]), and H (t,n,[%l_g],l) = Zela,1-] = Q(tr7h71_5]) for all Lry,1-6] €
VSP,(I,R) in (I,V(¢)g), H (0,¢ ) =H (1,¢ ) = Zefa1-g foreach | , € VSF/(I,Q) in

~ ) QV[HVI_V] ) QV[MVI_V]
(I,V(€)g) and z¢o1-p € VSP,(X, E). Thus, w*w = p.

Similarly, the proof for w *x w = p can be obtained by defining the vague soft-path homotopy G :
(Iuv(C)R) X (17V<§>Q) — (X7 T, E) by

( t/

xe,[a,l—ﬂ]? if 0 < t/ < 1 and 0 <t< 5,

t/ 1

(2t =) py1-4)); if 0<# <1 and S St<s,
G (o) by puav) = ; y
w((2t =1 —=1)py1-4)), if 0<t <1 and 3 <t< 1—5,

t/

| Tefa1-8) if 0<t <1 and 1—§§t§17

for all t.pyug € VSP(LR) in (LVg), ., € VSP(I,Q) in (I,V()gq)
Thus, @ * w = p. Hence [w]o [@] = [w]o[w] = o] O

Theorem 3.23. The set II( (X, 7,E), Xe[a,1-5 ) of vague soft-path homotopy equivalence classes of vague
soft-loops  at  xen1-g  forms a  group  under an  operation o, is  called  the
vague soft fundamental group of (X, 7, E) relative to the vague soft base point Te [o1-g-

Proof. 1t follows from the Propositions 3.18, 3.19, 3.20, 3.22. O

Definition 3.24. LetII( (X, 7,E), %ejai-p5 ) and II( (Y, 0, K), Y ,1-5)) be any two vague soft fundamen-
tal groups. A function § : 1I( (X, 7,E), ejai-p ) = I (Y,0,K), Yry1-6) s said to be a vague soft homo-
morphism if  flw] o lwi) = fwd]) o f([we]) for all
lwi], [wo] € II( (X, 7,E), Tefai—p ). Moreover the vague soft homomorphism is said to be vague soft
isomorphism if it is bijective.

Proposition 3.25. Let (X,7,E) be a wvague  soft-path  connected  space  and
:B&[a,l,g],x;,’[a/’lfﬁ,] € VSP,(X,E). Then there exists a wvague soft isomorphism of

H( (Xa T, E)v xe,[ml—ﬁ} ) onto H( (X7 T, E)? ‘r;’,[a’,l—ﬁ’] )
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Proof. Proof is obvious. ]

Note 3.26. If f : (X,7,E) — (Y,0,K) is a vague soft continuous function and if wy,ws are the vague
soft-paths with wy(1) = w(0), then f(wy *xws) = f(wr) * f(w2).

Definition 3.27. Let (X, 7, E) and (Y, 0, K) be any two vague soft path connected spaces, [w] € II( (X, T, E),
and [ (X, 7,E) = (Y,0,K) be a vague soft continuous function with f(Zeja,1-5) = Ykpy,1-6- Then

the function f. : II( (X, 7,E), %ejai-g ) = H( (Y,0,K), Yrp,1-4), defined by f.( [w]) = [fw] for all

w] € I( (X, 7,E), 2ejai-p ) 5 called the vague soft function induced by f.

Proposition 3.28. Let (X,7,E) and (Y,0,K) be any two vague soft-path connected spaces. Let f :
(X,7,E) = (Y,0,K) be a vague soft continuous function and Tep1-5 € VSP,(X,E). Then f induces

a vague soft homomorphism §, : II( (X, 7, E), xci-g ) = H( (Y,0,K), f(Tefjai-p) )

PT’OOf. For each [wl]v [w2] S H( (X7 T, E)7 Le, o, 1- 8] )7

fu(fwi] o [wa]) = ful [wr * wo]) (by Definition 3.16)
= [f(w1 * woy)] (by Definition 3.27)
= [fwr * fuws] (by note 3.26)
= [fwr] o [fuw] (by Definition 3.16)
= fu([wn]) o Fu([w2]) (by Definition 3.27)
Thus, f.([w1] o [wa]) = fu([w1]) o Fullwa]) V [wi], [we] € TI( (X, 7, E), Teja1-p )
Hence f, is a vague soft homomorphism. O

Proposition 3.29. Let (X,7,E), (X', 7', E') and (X", 7", E") be any three vague soft-path connected
spaces. If g : (X, 7, E) = (X',7,E') and [ : (X', 7',E") — (X", 7", E") are two vague soft continuous
functions and x.[q1-p 15 a T-vague soft point of (X, E), then (fo g). = f. o g..
Proof. For each [w] € II( (X, 7,E), Tca1-5 );

(Fog):( [w] ) =I[(fog)w]
= [f(g(w))]
f([g9(w)])
f (g ([w]))
(Fe 0 g:)([w])
Thus,(fo g).( [w] ) = (s o g)([w]), V [w] € I( (X, 7, E), Tcfa1-g ). Hence, (fog). =f.og.. O
Theorem 3.30. Let [ be a vague soft isomorphism between the vague soft-path connected spaces (X, 7, E)
and (X', 7', E"). Then §, : II( (X, 7, E), Zeja1-g ) = H( (X', 7, E'), f(%e[a1-p) ) i a vague soft isomor-
phism.

Proof. Let (X,7,F) and (X',7/,E’) be any two vague soft topological spaces. Let
Id(X, E) : (X,T, E) — (X,T,E) and jg( (X,E), T [a1-5) H( (X,T,E), e [a,1-4] ) —
H( (X,7,E), Zcja1-g ) be any two vague Soft identity functions on (X,7,E) and
H( (X,7,F), %ca1-5 ) respectively.

For each [w] € II( (X, 7, E), Zeja1-5 )

(X, E)).([6]) = (X, E) ()] = 6] = Fuqri, o (D)

ThUS, (Id(X, E))* = jO(H(X,E), Ie,[a,l—ﬁ])'

By Proposition 3.28, f induces a vague soft homomorphism
fa : H( <X7 T, E)? Le,[a,1-p] ) - H( (X/77/7E/)7 f(xey[a,l—ﬁ}) )

Now (f_l)*of* = (f_l ¢} f)* = ([d<X, E))* = jD(H(X,E), Te [a1-p]) and Similarly, f*O(f_l)* = jD(H(X,E), Te fa,1-])"
Since (f.)™! = (7)., we have f, is bijective. Hence f, is a vague soft isomorphism. O
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